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PREFACE TO VOLUME III 


4 aan present volume continues the theory of series begun in Volume II, 
and then proceeds to the theory of measurement. Geometry we have 
found it necessary to reserve for a separate final volume. 


In the theory of well-ordered series and compact series, we have followed 
Cantor closely, except in dealing with Zermelo’s theorem (*257—-8), and in 
cases where Cantor's work tacitly assumes the multiplicative axiom. Thus 
what novelty there is, is in the main negative. In particular, the multi- 
plicative axiom is required in all known proofs of the fundamental proposition 
that the limit of a progression of ordinals of the second class (ze. applicable 
to series whose fields have &, terms) is an ordinal of the second class (cf. #265). 
In consequence of this fact, a very large part of the recognized theory of 
transfinite ordinals must be considered doubtful. 


Part VI, on the theory of ratio and measurement, on the other hand, 
is new, though it is a development of the method initiated in Euclid Book V 
and continued by Burali-Forti# Among other points in our treatment of 
quantity to which we wish to draw attention we may mention the following. 
(1) We regard our quantities as in a generalized sense “vectors,” and 
therefore we regard ratios as holding between relations. (2) The hypothesis 
that the vectors concerned in any context form a group, which has generally 
been made prominent in such investigations, sinks with us into a very 
subordinate position, being sometimes not verified at all, and at other times 
a consequence of other more fruitful hypotheses. (3) We have developed 
a theory of ratios and real numbers which is prior to our theory of measure- 
ment, and yet is not purely arithmetical, ie. does not treat ratios as mere 
couples of integers, but as relations between actual quantities such as two 
distances or two periods of time. (4) In our theory of “vector families,” 
which are families of the kind to which some form of measurement is 


* Cf. Peano’s Formulaire, 1. (1895), pp. 28-57. 
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applicable, we have been able to develop a very large part of their properties 
before introducing numbers; thus the theory of measurement results from 
the combination of two other theories, one a pure arithmetic of ratios and 
real numbers without reference to vectors, the other a pure theory of vectors 
without reference to ratios or real numbers. (5) With a view to geometrical 
applications, we have devoted a special Section to cyclic families, such as the 
angles about a given point in a given plane. 


The theory of measurement developed in Part VI will be required in the 
next volume for the introduction of coordinates in Geometry. 


We have to thank various friends for their kindness in bringing to our 
notice mistakes and misprints noted in the Errata, both in this and in 
previous volumes. 


AN. W. 
B. R. 


15 February 1913 
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SECTION D. 


WELL-ORDERED SERIES. 


Summary of Section D. 


A “well-ordered ” series is one which is such that every existent class 
contained in it has a first term, or, what comes to the same thing, one which 
is such that every class which has successors has a sequent. We will call a 
relation in general well-ordered if every existent class contained in its ueld 
has one or more minima. Then a well-ordered series is a series which is a 
well-ordered relation. 


Well-ordered series have many important properties not possessed by 
series in general. A well-ordered series is Dedekindian, except for the fact 
that it may have no last term; te. every section having a last term is 
Dedekindian. A well-ordered series which is not null has a first term, and 
every term of the series (except the last, if there is one) has an immediate 
successor, A very important property of well-ordered series is that they 
obey an extended form of mathematical induction, which we shall call 
“transtinite induction,” namely the following: If o is a class such that the 
sequent (if any) of any class contained in o and in the series is a member of 
o, then the whole series is contained in o. (It will be observed that A is 
contained in o, and therefore, by «20614, B‘P is a member of o.) This 
differs from ordinary mathematical induction by the fact that, instead of 
dealing with the successors of single terms, it deals with the successors 
of classes. A closely analogous property, which holds for all well-ordered 
relations, whether serial or not, is the following. If o is a class such that, 


whenever Pa Ca, where z is any member of C‘P, « itself belongs to o, then 
C‘PCo. If P is well-ordered, this property holds for all o's ; and conversely, 
if this property holds for all o’s, P is well-ordered. Hence this property 
is equivalent to well-orderedness. 


If P is a well-ordered series, minp selects one term out of each member 
of Clex‘C*P. Hence C*P, which is minp‘‘Clex‘C*P, is a member of the 
multiplicative class of Clex‘C*P ; hence the multiplicative class of Cl ex‘C*P 
exists, and therefore the multiplicative class of any class contained in 
Cl ex‘C*P exists (by *88'22). It follows that if s‘* can be well-ordered, and 
A~ex, the multiplicative class of « exists; and that, if every class can be 

R.&w. lL 
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well-ordered, the multiplicative axiom holds. The converse of this latter 
proposition also holds, as has been proved by Zermelo (cf. *258). 


Another important set of properties of well-ordered series results from 
#20841 ff. Two ordinally similar well-ordered series can only be correlated 
in one way; and no proper section of a well-ordered series is ordinally 
similar to the whole series. (A “proper” section is a section not the 
whole.) 


From the uniqueness of the correlator of two similar well-ordered series, 
it follows that all the uses of the multiplicative axiom in #164 can be avoided 
if the fields of the relations concerned consist of well-ordered series. Ie. 
taking *164°45, which is the fundamental proposition in this subject, we 
have, without assuming the multiplicative axiom, 


P, Qe Rel? excl. 3: ! Psmor Qn Ri‘smor .=. Psmor smor Q, 


whenever C‘P and C*Q consist of well-ordered series. Hence, under this 
hypothesis, the multiplicative axiom disappears from the hypotheses of all 
the consequences of #16445. 


Ordinal numbers (*251) are defined as the relation-numbers of well- 
ordered series. (This definition is in accordance with usage: otherwise, there 
would be no special reason against defining “ordinal numbers” as the 
relation-numbers of series in general. The relation-numbers of series will 
be called serial numbers.) Suins of an ordinal number of ordinal numbers 
are ordinal numbers, but products of an ordinal number of ordinal numbers 
are not in general ordinal numbers. The product of an ordinal number of 
serial numbers is a serial number, and the product of an ordinal number (not 
zero) of ordinal numbers other than zero is not zero, i.e. 8 product of ordinal 
numbers, in which the number of factors is an ordinal number, does not 
vanish unless one of the factors vanishes. (For relations in general, the 
corresponding proposition requires the multiplicative axiom.) If v is an 
ordinal number, and y is any serial number, wexp,y (ie. mw’ as it would 
naturally be called) is a serial number; but if p>1, wexp,y is not an 
ordinal number unless »v is finite. 


The theory of sections aud segments (#252, *253) is much simplified for 
well-ordered series, owing to the fact that every proper section has a sequent. 
Proper sections are identical with proper segments, and both are identical 


with P*C<P, The series of sections, s‘Py, is P}P4+C*P. The series of 
segments, ¢‘P, is Bp or Pippy C*P according as there is or is not a last 
term of C‘P, The series of sectional relations, Ps, is PDBPE GPP; 
its domain is PLSBucep, and its field is PEPacep viP. If 
we CP, PLP@ is never similar to P. 
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The theory of greater and less among well-ordered series and ordinal 
numbers is dealt with in *254 and #255. Cantor has proved, by means of 
segments, that of any two different ordinal numbers one must be the greater. 
This is proved by showing that of any two well-ordered series which are not 
similar, one must be similar to a segment of the other. We define an 
ordinal number @ as less than another @ if series P and Q can be found such 
that P is an a and Q is a @ and P is similar to some relation contained in Q, 
but not to Q. It can be proved that all the ordinals less than Nr‘Q belong, 
one each, to the proper segments of Q. Hence to say that the ordinal 
number of P is less than that of Q is equivalent to saying that there is a 
proper segment of Q to which F is similar. 

When two series have the same ordinal, they also have the same cardinal, 
in virtue of *151:18, but the converse does not hold. When the cardinal 
number of one series is greater than that of the other, so is the ordinal 
number. When two classes can be well-ordered, any well-ordering will make 
the one class similar to a part of the other, or the other similar to a part of 
the one, in virtue of the properties of segments of well-ordered series. Hence 
of two different cardinals each of which is applicable to classes which can be 
well-ordered, one must be the greater—a property which cannot: be proved 
concerning cardinals in general. 

In *256 we deal with the series of ordinals in order of magnitude. We 
show that, this is a well-ordered series. and that the series of all ordinals of 
a given type has an ordinal number which is greater than any of the ordinals 
of the given type. This constitutes the solution of Burali-Forti’s paradox 
concerning the greatest ordinal: there is no greatest ordinal in any one 
type, and all the ordinals of a given type are surpassed by ordinals of higher 
types. 

#257, #258 and *259 deal with “transfinite induction” and its appli- 
cations, of which the most important is Zermelo’s theorem, namely, 
#258°34. bs. prel.d:SeesClexu. =. 

(qP).PeQ.CP =m. S=minpf Cl ex‘p 
where © is the class of well-ordered series. This proposition leads to the 
following : 
#25836. Fs peC(Qul.s.gleasClex™y 

Je. a class can be well-ordered or is a unit class when, and only when, a 
selection can be made from its existent sub-classes. Hence we arrive at 
«25837. ':Multax.=.0°Qv1=Cls 

Je. the multiplicative axiom is equivalent to the assumption that every class 
can be well-ordered or consists of a single member. 

The proof of Zermelo’s theorem uses an extension to transfinite induction 
of the ideas of *90 and *91, which is explained in *257. 


#250. ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES. 


Summary of *250. 

A relation is called “ well-ordered” when every existent sub-class of its 
field has one or more minima. A well-ordered series is defined as a well- 
ordered relation which is a series. We shall denote the class of well-ordered 
relations by “ Bord,” which is an abbreviation for “ bene ordinata” or “ bien 
ordonnée.” The class of well-ordered series will be denoted by 0. Thus 
our definitions are 

Bord =? (Clex‘C‘PC G‘min) Df, 
0 = Ser a Bord De 
Well-ordered relations other than series will be seldom referred to after the 
present number. 

By applying the definition of “ Bord” to unit classes, it appears that a 
well-ordered relation must be contained in diversity (#250104). A well- 
ordered relation is one whose existent upper sections all have minima 
(#250°102). Hence by *211:17, 

#250103. | : Pe Bord. =. P,, e Bord 

Hence by *250°104, 

#260105. +: Pe Bord. >. P,, E67 

By considering couples, it can be shown (#250°111) that a well-ordered 
relation in which no class has more than one minimum is connected ; hence 
by *204-16 and *250°105, it is a series. Thus we have 
#250125. b: PeQ.=. EN minp“Cl ex‘C*P, 

Ie. a well-ordered series is a relation such that every existent sub-class 
of the field has a unique minimum. This might have been taken as the 
definition of 0. 

By the definition of 2 we have 
#260121. b:. PeQ.=:PeSer:aCO'P.qta.>..E!minpa: 

=: PeSer:qianO‘P.>,.E!minp‘a 

Applying this to C‘P we have 

#25013, b:PeQ—vA.D.EI BP 
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We have also 
#260141. ': PeX.3.PDaeN 
425017. +:.P,QeQ-—A.D: PsmorQ.=. Pf d'Psmor Qf a‘Q 

This proposition justifies the subtraction of i from the beginning, and is 
useful in the theory of segments of well-ordered series. 

We have next (#250°2—'243) an important set of propositions on P, when 
PeQ. The most useful of these is 
#26021. +|:Pe0.5.D‘P=D‘P, 

Ze. in a well-ordered series every term except the last (if any) has an 
immediate successor. (It is not in general the case that every term except 
the first has an immediate predecessor.) Another useful proposition is 
#250242, +: PeQ.3.P=P, P,P 

The next set of propositions (*250°3—-362) is concerned with “ trans- 
finite induction.” We have 


Ht 


#25033. +.Q=connexa Pia CO!Pae.D,. seqpta Co :3,. OP Co} 

Ie. a well-ordered series is a connected relation P such that the whole field 
of P is contained in every class « which is such that the sequent (if any) of 
every sub-class of 0*P ag is a member of o. 


“ > 
#25035. +.Bord=P{weC'P. P'aCo.3,.2€0:9,.0°P Co} 

Fe. a well-ordered relation is a relation P whose field is contained in every 
class « which contains every member of C‘P whose predecessors are all 
contained ing, We may say that a property is “ transfinitely hereditary” 
in P if it belongs to the sequents of all classes composed of members of C‘P 
which possess the property. In virtue of *250°33, if P is well-ordered) 
every transfinitely hereditary property belongs to every member of (“P, and 
conversely. 

Our next set of propositions (*250'4—44) is concerned with A and 
couples. We prove that Ae (#2504) and that a+y.d.a]yeQ 
(*250°41), 

*250'5—'54 are concerned with selections. We have 
*2505. +: PeQ.3. 

minp [Cl ex‘C*P ¢ es‘Cl ex'C*P , u'C*P = Prod‘Cl ex‘CP 
whence 
#25051. biaeC*O.D.q! esfCl exta 

Observe that CQ is the class of those classes that can be well-ordered. 
From *250°51 we deduce 
#25054. +: C“Qui=Cls.3. Mult ax 


The converse, which is Zermelo’s theorem, is proved in *258. 
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%*250°6—'67 are concerned with consequences of *208. We show that 
two well-ordered series cannot have more than one correlator (#250°6) ; that 
if P is a well-ordered series, and # is contained in a proper section of P, 
PCB is not similar to P (#25065); and that if P is any well-ordered 
relation, and a is any class such that there are terms in C‘P which are later 
than any member of an C*P, then P is not similar to P[ a (#250°67). 


#25001. Bord= P (Clex‘C‘PCC'minp) Df 

#25002, 0 =Sern Bord Df 

#2501. +: PeBord.=.Clex‘O*PC U‘minp [(#250°01)] 
4250101. b:.PeBord.=:q!anC'P.>,.q!minpfa [#250'1. #20515] 


#250102, | : Pe Bord. =.sect‘P — ‘A C min, 


Dem. 
b.4250°1. Dk: PeBord. >. sect*P— uA C P'minp () 
F. #20519. F. min (Pyq)fa= min (Pye) Pye 
[*205°68] = minp'Py Ma (2) 
b .#90331. #21113. 2b: qlan OP. >. Py aesect’P — A (3) 
F.(8).D bs. sect! — eA CU'minp. Di gian OP. d,.q 1 minp(P_ a). 
((2)] >..qtmin(P,,)a. 
[#205-26] >..g! minp‘a: 
[#250101] D>: Pe Bord (4) 
F.(1).(4). D+. Prop 


#250103. |: PeBord.=.P,,¢Bord [%#250°102. *211:17] 
#250104 +. Bord C RIC 


Dem. 
+ .#2501.3+:PeBord.ceC'P. Si eeminpiees 
[*205°194] D.~(¢Px): D+. Prop 


*250°105. +: Pe Bord. 3.P,,G J [#250°103'104] 

¥25011. +:: Peconnex.3:. PeBord.=:qlan'P.>,.E!minp‘a: 

=:aCC'P.qia.d,.E! minp‘a 

[250-1101 . %205°32] 
#250111. + :. Pe Bord. 3: P econnex. =. minpe1—»Cls 
Dem. 

£42501. #711. 

bi: Pe Bord.minpe1—»Cls.3:..r.ye OP. D3: (eeu ity) — Pees vityyel: 

(#54°4] Dieu ily— P(e ey)=Uae.v. 
au ty — Pee vey) =y (1) 
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F.(1).Dt:. Pe Bord. minpel+Cls.a,yeO'P.a¢y.d: 

ye Puta Vly).Ve ge Puta vu ofy): 
[*250°104) D:iaPy.v.yPc (2) 
i. (2). %*202:103. 3+: Pe Bord. minpe1—Cls. 3. P e connex (3) 
F . (8) .*205°31. 3+. Prop 


*250'112. + : Peconnex m Bord .=. E!! minpCl ex‘O*P 
Dem. 
b.#250°1:111.5 
+; Peconnex m Bord. =. minpe 1 —Cls.C) ex‘C‘P C U‘minp. 


[*71-16] =. EN minp“d‘minp. Clex‘C*P C O'minp. 
(%205°15:16] =. E! minp“Cl ex‘C*P: D+. Prop 
*250113. +. connex n Bord = 0 
Dem. 

F. #2041 . (#25002). +. OC connex n Bord (1) 
+ .*250105.3: Peconnex a Bord. >. Peconnex.P,, EJ. 
[#20416] >. PeSer (2) 
F. (2). (*250°02). DF: P econnex n Bord. 3. PeD (3) 


F.(1).(3). D4. Prop 
#25012. +:PeQ.=.PeSern Bord {(#250°02)] 


#250121. f:. Pe OQ.=: PeSer:aCOP.qita.3,.E! minp ‘a: 
:PeSer:qianC'P.3,.E!minp‘a [*2501211)} 


Mh 


«250122. F:. Pe OQ. =: PeSer: gq! OP n pP(a aC'P).9,.Elseqp'a 
Dem. 
F.x20618 . #250121 .D 
be PeQ. 3: PeSeri gi O'Pnp Pan OP)... Etseqea (1) 


+ 420462. 7 
= 
+:PeSer.qtanOP.d.q!0'PaptPp'P (an CP). 
=> 
[*40-62] Dig !OP np PHP a pP(anv'P)} (2) 


F.(2).#101.3 

bi. PeSer:q! OP ap Pan CP). 3..Elseqp'a: 2: 
qianO'P.),.E! seqp*{O*P npP\a nCP)}. 

[*206°131-54} D,. Ei minpfa: 

[#250121]: PO (3) 

F.(1).(3). DF. Prop 
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4250123, bs. PeQ—VA.=: PeSer: gp Pan C&P) .D,.E! seqe'a 


Dem. 

+ .*250°122.9 

br PeSer:g!p'P"(an OP)... E!seqp'a: >. Pe (1) 
b .#*40°6 . *#2452.9 

big tp Pa aC'P).3,.Etseqp'a: 3. ElseqpA. 

[%206:18] D.qIP Q) 


F .%250°122 . #4062. 9 
ki.PeQ.3:PeSer:qtanCP. a! tphPe(anC*P). D..E!seqp‘a (3) 
t.*20614.Dh:anCiP=A.). seqeta= BP 


[*205°12] =aninp' CP (4) 
b 33-24. #250121. DF: PeQ-UA.D.E! minp'C!P (3) 
b.(4).(5). Db: PeN—UA.canCP=A.D.E! seqp'a (6) 
F.(3).(6).2 

br PeQ—UA.d: PeSer:q!p'P "(an CP). D,. El seqpta (7) 


F.(1).(2). (7). DF. Prop 
¥250°124. F: Pe N.5. Pe Ser. sect*P—u'C'P C T'seqp 


Dem. 
F . #250°122 . #211703. Dk: PeQ.3. PeSer. sect*P—iC'P C U'seqp (1) 
b.e21i7. Dt: PeSer.sect‘P — u'C*P C U'seqp. 3: 
Besect(P ~U'A. Dp. E! seqp(C'P — B)- 
[¥#211-723] De. E! minp‘s: 
[*250'102'12] 3:Pe (2) 


F.(1).(2). 3+. Prop 


#250125, k: Pe XQ. =. Ett minp“Clex‘C’P [*250°112:113] 


The above proposition might be demonstrated, independently of 
#250°112113, as follows: 


(a) If Eltminp'Clex‘C*P, it follows that 2eC’P.3.E! minpfe‘s, 
whence weC'P.D.~(aPzx), whence PG J. 
(6) If E' minp“Cl ex‘C*P, it follows that 
vyeCP.cty.D.E! minp (ete v ey). 
whence it follows that 
uPy.~(yPa).v.yPa.~(aPy). 
Hence Peconnex. P? GJ. 
(c) If Et minp“Clex‘C*P it follows that 
aPy.yPz.>.ESminp (ie vey 2), 
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whence aPy.yPz.3.~(zP2), 
and by P?GJ (which has just been proved) 
aPy.yPz.3.04#2. 


Hence, since, by (8), P e connex, we must have 

aPy.yPz.3.«Pz, ie. Pe trans. 
Hence E !! minp“Cl ex‘C'P. >. Pe Ser. 
Hence the above proposition is obvious. 


#250126. f: Pe Q. BE! maxpa.~E! seqp'a.3. BP. a. BP = maxp’a 
Dem. 


~ 
+. #250123. Transp. +: Hp. d.~ gq! piP an 'P). 
e 


[#20565] D.wq! Pimaxpfa. 
[¥#33°4] D.maxpfarve DIP. 
[*93'103] D>. maxp‘ae BP : 
[#202'52] >. maxpfa= BYP: Db. Prop 
#25013, -:PeQ—-e .D. EH! BP 
Dem. 
+ .488-24. Jk: Hp. d. qi OP. 
[¥250°121] . D.E!minp‘CP. 
[#205°12} 3. E!: BP: 3+. Prop 
#250131. :.PeQD.D:q!P.s.E! BP 
Dem. 
b.#98-102 438-24. DF: EIBP.D.q IP qa) 
F. (1) .#25013. 34. Prop 
¥25014. +: Pe Bord. >.RI‘PC Bord 
Dem. 


* #2501 . #20526. 3 

k:PeBord.QEP.3.Clex'C¢PCU'minp. minpfClex‘C'QEming. (1) 
[#60°42.%35-64] D>. Cl ex*C*QC Clex‘C*P. U‘'minp n Clex*C*QC U'ming (2) 
b.(1) (2) «#2244621 .D +: PeBord. QGP. >. Clex*O'QC Aming. 
[#2501] 3. Qe Bord: D+. Prop 


#250141. t:PeM.D.PhaeQ [#25014 4204-4] 


#250142. +: Pe Bord. >. RifP a connexC 0 
Dem. 
bk. #250°'14.3+:Hp.>. Rl*P aconnex C Bord n connex 
[*250°113] CO:S+. Prop 
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425015. f:PeQ. E1B'P.>.PeDed 
Dem. 
b.#250101.D6:. Hp. dig tan O'P.>,.q!minp'a (1) 
+.420614. Dk Hp.d:anO'P=A.2,.q! prece’a (2) 
F. (1). (2). Dh: Hp.>.(@).q! (minp'ew preop'a). 
[*214-1] >. PeDed. 
[21414] >. PeDed: >. Prop 


> 
#200151. : PeQ.reA'P.d. PE Py‘a e Ded 


Dem. 
= 
b. 4250141. : Hp. >. PE Pyiz (1) 
> 2 > => 
+. #20541. Db:Hp.d. BCnv( PE Pye) = max p'Pyfe 
[*205-197] “te. 
[*53'3] D.E! BCav(Pt Pyé2) (2) 


b.(1). (2). #25015 . DF. Prop 
#250152. +. CsemiDed [#2147 .#250°124] 
425016. +: PeQ. gq lan O'P.>. Pemin;a=p'P “(an OP) 
[#205°65 . #250°121] 
#25017. bi. P.QeQ-cA.D: PsmorQ.=. PE A‘Psmor QCA‘Q 
[#204-47 . 250-13] 


This proposition is useful in connection with the series of segmental 
relations in a well-ordered series, for the series of proper segmental relations 
in a well-ordered series is (as will be proved later) 


~» 
PUPIPEGP, 
and this is ordinally similar to P[G‘P. Hence, by the above proposition, 


two well-ordered series which are not null are ordinally similar when, and 
only when, the series of their segmental relations are ordinally similar. 


#2502. +: PeBord.>.D‘P = D(P= P?) 


Dem. 
e 
b .e83-4. Dive DP. =.qt Pe (1) 
- 7 ee 
#25071. #20516. Db :. Pe Bord. 3:q! Pa. =. ql minp!P'c. 
[205-251] =.ceD(P+ P4) (2) 


b.(1).(2). DF. Prop 
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425021. k:PeQ.3.D‘P=D‘P, [4201-63 . 4250-2] 


In virtue of this proposition, every term of a well-ordered series (except 
the last, if any) has an immediate successor. 


#25022. +: PeSern Ded. DSP =D‘P,.d. PeQ-UA 


Dem. 
F.#214101.3+:Hp.~E! maxp‘a. >. E! seqp‘a (4) 
b . #20645. Db: Hp. maxpfaeDP >, El seqemax,fa. 
f*206'46] 2. E!seqp*a (2) 
k.(1).@). Dk: Hp. 3: ~(inaxp‘a = BP) +D,- EH! seqp‘a: 
[#93118] 3: ~ (BP ea).3..E!seqp‘a: 
[*202'511.%2145] Di qi p'P“(an O'P).D,.E! seqp'a: 
[%250°123] D:PeQ—vA:. DF. Prop 


425023. bt: PeQ. EIBP.=. PeSera Dec. D‘P =D*P, 
Dem. 


F.4250-22.a2145 D+: Pe Sern Ded. D‘P=D‘P,.3.PeQ.E! BP (1) 
b.¥25015-21. Dk: PeQ. E!BP.D. PeSern Ded. DP=D'P, (2) 
F.(1).(2). DF. Prop 


425024. b:PeQ.3.P1 P= PEDP 


Dem. 
b. #2011. 41312.3+:.Hp.cP%2.D:yPc.D.yP%zry=a.d.yPs: 
[Transp} Din (yP%z).D.~(yPe).y $a? 
[%201-68.%202:108] DiyPyz.D.0Py q) 
F.(1).#201-68. DhiHp P%.2Py.d.ePy.a,yeD'P (2) 
b #25021. Dhilp.2,yeD'P.2Py.d.(qz).yPiz. 
[#20163] D.(qe).yPz.2P,y. 
[434-1] D.a(PNP)y (3) 


b .(2).(8). DF. Prop 


#250241, t: PeQ.D.P,| P?=(C‘P,)] PP [Proof as in #250°24] 
#250242. +: Pe2.3.P=P,uP,|P 


Dem. 
+. #20163. 3+::Hp.d:.¢Py.=:aP,y.v.aP*y: 
[*250°21] siaPyy.v.(qz).¢Pyz.aPty: 


[#250241] =raPyy.v.(qz).eP,z.2Pyi 3b. Prop 
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«250243, k: PeQX.9. PE AP, =(UP,)1(Piv P| P,) 
[Proof as in *#250°242] 

The following propositions deal with the extended form of mathematical 

induction which is characteristic of well-ordered series. 
> 

#2603. +:.PeBord:aCC’Pao.d,.seqp'aCa:3.C8P Co 

Dem. 

ay 
b.*250°101.5+:PeBord.q!C’P—o.3.q!minp(C'P—«). 


[*205°14] aes -(qz).ve ore o. Pre Co. 
[*206'4.%250°104] D>. (qa). ce Cis o.P'rCo.k select) : 

[#18195] D.(qz,a).¢=Pe.acd eesti o.reseqpia—o. 
[*10°24] D.(qa).aC Pao. qt seqpa—o (1) 


F.(1). Transp. +. Prop 


> v > 
*260°301. F: P econnex.~q !minp‘t.0 = C{P—~ P'r.aCo.). seqp'aCa 
Dem. 
= 
b . #205'122 .*202°501. DF: Hp.d. 0 Cp'Pr. 


e 
[#40°67] ae a ale qd) 
F. *206134.3+:Hp.aseqpa.d. Pie —p'P\a 
_ 
[#4016] C— pi Po 
{Q)] c- Ts 
[%37'462] Dare Pht, 
[*206:18.Hp] D.cea: Db. Prop 


*250°31. bi: P econnen:.aC OP na.2,.seqgp'aC ord, OP Cord. PD 
Dem. 
F . #250301. > 
bs. Peconnex .q!O'Par.cg! mint. c= COP= Pr.3: 
aCo.D,.seqp'aCa:qg!0'P—o (1) 
F.(1). #1028. 
bs. Peconnex :(qr).-q1OPar.wq!minp'r: 3: 
(qa):aCo. >, .seqpaCa:g! OP—o (2) 
- (2). Transp . > 
bi: Peconnex:s.aCa.>,.seqp'aCo: dy. OP Can: 
qiCtP ar. d,.qtminps: 
[*250'101] 3: Pe Bord (3) 
b.(3).*250'113. DF. Prop 


— 
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#26032. b::. Peconnex.3:: Pe Bord.=:. 
~ 
aCOPac.d,.seqp'aCo:3,.0°P Co [*250°3-31] 
a ~ 
#25033. +|.,Q=connexa P {aC OP ac.d, «seqp'aCo:3,.0'PCo} 
[*250°32'118] 
#25034, +:.Pe Bord: zeC*P.PaCa. D,.2e0:2.C°PCo 
Dem. 
~ 
b.a25011. Db: Pe Bord. gq !C'P—o.D.q!ininp(C*P~a). 
4 
[*205°14] D.(qz).ceC'P-0.P'eCo (1) 
F.(1). Transp. IF. Prop 


*250°341. buseO Ps Pates deveee (DP Crs Pe Bod 

Dem. 

b #205122 . 437-462. 3 

brqiGtPar-wq! mitt. c=O'P— Pp. 2eOP. Pinto. 
ene Pr qt O'P—o. 

[Hp] D.cec.qiO'P-—o qd) 

b.(1).#1028. 9h. (qr). qlOPar.wgimibp'r.D: 
(qo) :ceOP, PaCo.d,g.aecr qt OP—o (2) 

+. (2). Transp. Di. Hp. 2: q!0'Par.d,.q!minp'r: 

{*250°101] 2: Pe Bord:s. I. Prop 


Qe = 
#25035. +.Bord= P{[reOQ’P. P'aCo.3,.2¢¢:3,.CSP Co} 
[%250°34°341] 


> y 
*25036. f:.PeQ:irCao.qlrAnC'P.9,.seqpACo:d. Pia Ca 
Dem. 


+ .e250121. 3b: Pe Q. gq! Po —o.>. El mine(P"o ~ 0) Q) 
b . #205°14. *37°46. 9 
oy 2~ => v 
Fia=minp(Po—¢).d.qlon Pic. Pan(PMc-a)=A. 
7 = y 

[%24°311] D.qlon Pa. Pe—ao C— Po (2) 
F. (2). #202501 .3 

4 a a > 
Fk: PeSer.c=minp\(Po—v).d.qtan Pa. Pia—o Cp’P“(an CP). 


> = — 
[*40°16] D.qlonP%.P%a-o Cp'Pe(o n P*2). 
> 
(*4061] >. Pix — 0 C Pan Pee) (3) 


~ > > 
F.(8). +: Hp(38).3. P&C (on Pia) v Pon Pa). 
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= 
[206171] D>. a= seqp'(an Pfr). 
> > > > 
[(2)] D.qion Piae.con PaCa.~ {seqr(an Pia Co}. 
~ 
[¥10-24] D.(qr) AC org dn CP .~(seqe'h Co) (4) 
+.(4). Transp. >: Hp. D.E!minp(PMe—o). 
{(1)-Transp] >. Pg—o=ArDt. Prop 


2] > 
#250361. b:. PeQ. Pye Cot rCo.q! (An CP). Ds. limaxp'rCo:d. 


Pg Co 
Dem. 
> - 
F. *206-4643.3h: Hp. Co. E!maxp'A.).seqp'r = Pjfmax pr. 
> 
[Hp] 2. seqp'r Co (1) 
~ > 
+ .#2074.Db: Hp. rACo.qi (Aan COP). ~ El maxp'? ..seqp‘A = limaxp'r. 
= 
[Hp] D.seqprCa (2) 
> 
F.(1).(2). DF: Hp. Dix Co. g!(An OP) .D,.seqp'rACo: 
[#250°36] D: Pg Cos. Db. Prop 
¥ ~ 
#250362. t:.PeOX. Pio Ca:rCo.qirnO'P.d,. liminp'AC ao: dD. 
Palo 
| «250361 . 12126] 
#2504. F.AeD 
Dem. . . 
F.x6033. Dk. Clex*C*A COmin (A) a) 
b. (1). #2501. 9b. A e Bord (2) 
F .(2) «#20424. +. Prop 
*25041. Fia¢y.d.nbyeQ 
Dem. 
b.*60°39. Dr.Clex'O(a } y) = Utley eftty vite vu tty) (1) 
b.*205-18 . Dt:Hp.P=aly.d.minpic=xr.minpity=y (2) 
F.#20518). Dt: Hp(2).d.minp(eevity)=x (3) 
F.(1).(2).(3). DE: Hp(2). 3. Clex‘O(x } y) CO‘minp. 
[*250-1] D.2) ye Bord (4) 


F. (4). #20425... Prop 
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v > ~ 
#25042. +:PeQ—UA.D.E!2p.2p=P/ BP. P2p=U BYP. PE Pp=A 
Dem. 


be x1QL13.Dbie= 2p. c= PYBP (1) 
F. #25013. +: Hp. >. EI BP. 

[#250°21.42047] >. EY PBYP (2) 
F.(1).(2). D+: Hp.d.E! 2p. 2p= Ps BP (3) 
[«204°71] >. Pedy = VBP (4) 
[#200°35] >.PEP2p=A (5) 


F.(8).(4) (5). D+. Prop 


#25048. £.0,=20 C0 


Dem. 
b.#56104. 3D: Pe0,.=.P=A. 
[#250'4.433°241] =.Pe0.0PHA. 
[#71'37.454-1] =.PeQn0“0:3+. Prop 
425044. +.2,=On 2 
Dem. 
F.w5611.3+2.Pe2,.=:(qay)-oty.PHily: 
[*250°41] =:PeQ:(qa,y).ct+y.P=aly: 
[#361138] 2:PeQn02.PAP=A;: 
[20414] =:PeQn 021.3. Prop 


#2605. +:PeQ.D.minp[Clex'C'Pe ea'Clex'"P. 
uC*P = Prod‘Clex'C'P = [#20533 . *250°1 . 115-17] 

This proposition is of great importance, since it gives the existence- 
theorem for selections from any class of existent classes whose sum can be 
well-ordered (cf. *250°53, below). Observe that “aeC“” means “a is a 
class which can be well-ordered.” 
#25061. biae CO. 3. qtea‘Cl exta [*250°5] 
#25052. FiaeC"O.8Ca.Dd.qtesClex'B [*88:22'2.%250°51] 
#25053. bisteeO"O. Anew. Dd. qteate 


Dem. 
F .*60°23'57. +: Hp.d.« C Clex‘s‘«. 
[%88'22.%250'51] D> qteate: Dt. Prop 
#26054. +:0°OQv1=Cls.>. Multax 
Dem. 


b . 25053. *83'4.Db:. Hp. DtAnex. 3. ql eate: 
[*88°37] >: Mult ax:. DF. Prop 


16 SERIES [PART V 


The above proposition states that if every class which is not a unit class 
is the field of some well-ordered series, then the multiplicative axiom holds. 
The converse of this proposition has been proved by Zermelo (cf. #258-47). 


#2506. +: P,QeQ.PsmorQ. 3. PsmiorQel [*208-41 . *250'12°1) 


This proposition is very useful, since it enables us, when two similar 
series of similar well-ordered series are given, to pick out the correlators of 
all the pairs without assuming the multiplicative axiom. J. given 
P,Q ¢ Rel? excl. Se Psmor Q.SCsmor, if Ne CQ, the correlator of S‘V 
and N will be 1(S*N) aimor N if S‘N,NeQ. This enables us to dispense 
with the multiplicative axiom in the hypotheses of «16444 and its con- 
sequences, whenever the relations concerned have fields whose members are 
well-ordered series. 


#25061. +:PeQ.5.Pswor P=e(If CP) (*208-42] 
#25062. +: Pe Bord. Secror’P.3.~ (qa). (Six) Pa [*208:43] 
«26063. b:PeQaCnv"Q.3.RNPaANrP=UP — [*208°45] 


This proposition will be useful in showing that a finite series is not 
similar to any proper part of itself, and is a series which is well-ordered and 
has a converse which is also well-ordered. 


e 
«26064. +: Pe Bord. SecrorfP.>.C’PapiPODIS=A_  [*208°46] 


In virtue of this proposition, a part of a well-ordered series can only be 
similar to the whole if the part extends to the end of the series. Thus eg. 
no proper section of a well-ordered series can be similar to the whole. 


«25065. +: PeQ.aesect(P—UC'P.8Ca.d.~{Psmor Pf 8} 
Dem. 


b.e4016. Dh: Hp.d.pP“O(P Ea) Cp'P“C¢(PE A) (ql) 
.¥211188.D+:Hp.avel.d.a=C%PLa). 

[¥211-703 ] Dd. qtp'P“C(Ph a). 

[a] >.g1p"PHO“PE B) 2) 
b. (2).440662. D4: Hp.awel Gq! P.d.q10'P ap PC(P EB). 
[*208°47] D>.~{Psmor(PEB)} (3) 
be x2111. x2413.3+:PSA.D.sect(P~uCP=A (4) 
F.(4). Transp. OF:Hp.d.qiP (5) 


+. #20035 #250104. 24: Hp. gq! P.ael.3.~{Psmor(PEB)} (6) 
F.(3).(5). (6). D+. Prop 


#250651. : PeQX.3.Nr'P a P[(sect*P—uCP)= A  [*250°65] 
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4250662, +: Pe Bord. 0€ P. gg 1 CP n p'PHOQ. D.(P smor Q) 
[208-47] 


*250653. |: P eBord.q!C'Pa Pa aCP).3.~(Psmor Pf a) 
Dem. 
b.x3741.34. 0¢PLa) Can OP. 
[x4016]) Db. p Pan OP) C p'PHO(P Ea) 
F.A(1).  DE:Hp. digit OP a p'PHC(Pf a). 
[*250°652] D.~{Psmor(Pfa)}: DF. Prop 


(1) 


«25066. +: PeQX.aesect(P.Psmor(Pfa).3.a=C'P  [¥250°65 . Transp] 


425067. b:PeQ.ceOP.> ~{Psmor (PE P*x)} 


Dem. 
> 
F.*211302.5h:Hp.>. Pfeesect’P qd) 
> 
r.#*20052. Dt: Hp.d. Pet OP (2) 


+. (1). (2) .*25065. 34. Prop 
=> 
#2507, bt: PeQ.=:2eOP.3,.Ph PyimeQ: PeSer 
Dem. 


> 
b.#250141. 36: PeQ.dirveOP.d,. Ph PyiceD (8) 
+ .%250121.5 
> > 

FraeOP.3,.PEPyeeQ:e:ceOP.gtanO(Pt Pyfa).Dz0+ 

E! min(Pf Py‘n)'a: 

ar 

[*202:55] D:veCU‘Pna.d,,.E!min(P[ Py'x)a: 


[*205:27] Dz,. +E! minp‘a: 
[¥10°23] Jiq!C'Paa.d,.E 1 minp a (2) 
F.#205°18 . *202'52 . D+: Pe Ser va= BP 3. Et minpfa (3) 
F (2) .(3). Dh weOP.I,.PE Pye Q: PeSer:>: 

¥ gqtlanC'P.3,.E! minp‘a: 
[*250°121] 2:PcD (4) 
F.(1).(4). 3b. Prop 


This proposition is used in proving that the series of ordinals in order of 
magnitude is well-ordered (*256°3). We prove first that if PeQ, the 
ordinals up to and including Nr‘P are well-ordered; thence, by the above 
proposition, it follows that the whole series of ordinals is well-ordered. 


R.& W. Ut. 


*251. ORDINAL NUMBERS. 


Summary of *251. 


The name “ordinal numbers” is commonly confined to the relation- 
numbers of well-ordered series, and will be so confined in what follows. The 
relation-numbers of series in general are commonly called “order-types*.” 
Thus a is an order-type if ae Nr“Ser, and @ is an ordinal number if a ¢ Nr. 
Tn the present number we shall be concerned with a few of the simpler 
properties of ordinal numbers and of the sums, products, and powers of well- 
ordered series. 


We put NO=N0 Df, 
where “NO” stands for “ ordinal number.” 


We prove in this number that any relation similar to a well-ordered 
relation is well-ordered (#251:11), and therefore any relation similar to a 
well-ordered series is a well-ordered series (#251111). We prove 


4251132142. t:aeNO.3.a¢1eNO.=.i+aeNO 
#2511516. +.0,,2,¢NO 
¥251:24. F:4,8eNO.3.a4@8eNO 


We prove that if P is a well-ordered series ot mutually exclusive well- 
ordered series, £{P is a well-ordered series (*251:21); that if P is a well- 
ordered series of series, (I‘P is a series (*251°3); that if P isa series and Q 
is a well-ordered series, P? and P exp @ ave series (4251°42); that if P, @ are 
well-ordered series, so is P x Q (#251°55), and therefore the product of two 
ordinal numbers is an ordinal number (*251-56). 

In virtue of the uniqueness of the correlator of two well-ordered series, 
we have 


#25161. b:. P,QeRelexcl.COPCDQ.D: 
q !(Psmor Q) 9 Ri‘smor. = . P smor smor Q 


whence, without assuming the multiplicative axiom, 


* We shall also speak of them as ‘serial numbers,” 
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«251621. b OCP CO. gq! (P smor ) n Rifsmor. >. 
ENriP = TNr‘Q . TI Nr'P = 1 Nr'Q 
#25165. bFiae NO-—iA.BeNR.P eB. OPCa.9. 
=INrP=6 xa. TINr'P=aexp, 8 
Finally, we have propositions (*251'7°'71) showing that the existence of an 
existent in any type is equivalent to the existence of 2, in that type, and 
therefore holds for every type of homogeneous relations, except (possibly, so 


far as our primitive propositions can show) in the type of relations of 
individuals to individuals, 


#25101. NO=Ne“Q Df 
#2511. braeNO.=.(qP).PeQ.a=Ne'P [(#251-01)] 


#25111. +: Pe Bord. Psmor Q. 3. Qe Bord 


Dem. 
b .#205°8 .*25071 . *37°431.5 


b:. Pe Bord. Se PsmorQ.d:aCCP.qta.2..q! nigel 
[#37-63-431] 3: Be SCl extOP G18. Dp eq Luring’ : 
[a71-491] 1B Cl ex B“CP. Dy. q ming’ Bt 

[#1 51-11-1391 487-25] :BeClex*O'Q. Desf! ming’@ : 

[#2501] 5: QeBord:. D+. Prop 


>) 
2) 


#251111. §: Pe QQ. PsmorQ.d.QeQ [251-11 . #20421] 
#25112. +:Pe Bord. 3. Nr‘P C Bord [#25111] 
#251121. b:PeNQ.3.NrePCn [#251111] 
#251122. F:aceNO.3.aC0 [#2511211] 
#25113. +: PeBord.z~w~eC'P.=, P+yze Bord 
Dem. 

aaty 
420583. #2501. Db Hp. Gg tCPaa.d.qtmin(P 2a () 
F.x205-8381, DE: Hp.C(Ppanasez.d.qtimin(Pz)a (2) 
FexlGhl4a. Dis. Hp.giC(P+2z)na.o: 

gil Paav.CPaa=A.qluena: 
[#16114] Digi C’Paa.v.C(Ppsana=z (3) 
F.(1)-(2).(3).2 
=> 

br Hp.DiqtO(Pp2) oa... 4! min(P-+ z)%a (4) 
b. (4). #250101. Dk: Pe Bord, ze CP... P+ ze Bord (5) 


b.#250'14104. *20041. 04: Pee Bord, 3.2 Bord. zve CP (6) 
F.(5). (6). DF. Prop 
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#261131. t: PeQ.zre OP. =.PtyzeQ [*20451 #25113] 
*251182. k:aeNO.=.a+ieNO 


[parT Vv 


Dem. 
be x251111. 418112. 3b: PeQ. =.) ASP ED. 
[¥181°11.(*181°01).*251131] =. Phaed. 
[#181°3.4251-1] =.Nr'P+ieNO (1) 
F.(1).*2511. 35+. Prop 
x25114. b: PeBord.z~eC'P.=.2¢ Pe Bord 
Dem. 
bk. *205'832. #16112. > 
~ > 
b:.Hp.D:zvea.>.min(z¢ P)a= minp‘a: 
[¥250:101] Di: q!(anC’P).zrea.d.q! rnin (2 ¢ P/)a Q@) 
F . #205'833 .*161:12. 3 
b:Hp.cea.qtP.d.q fmin (ze Pita (2) 
F.(1).(2).3 
Fr Hp. gq! P. dig tance P).d,.q !min (ze Pa: 
[*250'101] D:2¢ Pe Bord (3) 
F.¥161-201.42504. Dk: P=A.d.2¢+ Pe Bord (4) 
F.(3). (4). Dt: PeBord.z~eC'F.3.24¢ Pe Bord (5) 


F . #250°14104. #20041. D+:2¢ Pe Rord.3.PeBord.zveC'P (6) 


F.(5).(6). 3+. Prop 
#251141. 
#251142. 
#26115. 


25117, 
*261:171. 
#251-2. 
Dem. 
b. #16225. DhkiqlanGSP.D.qlan FCP. 
[¥87-264] Dig 1O'P a Fea 
b.437-46. 4335.34: Qe Fa. d.qlan CQ 
F. (1). (2) «#250101 . > 


2,41¢NO [¥251-16-132] 
Pe Rel*exel m Bord . (*P € Bord .>. SP ¢ Bord 


bi.Hp.D:qtanQ'S'P.>.(qQ).Qminp Fa. gq! mingsa, 


[#205'85] Deg tmin (SP) 
F. (3).&250101. D+. Prop 


b:PeQ.zreCP.s.24 PED [*204°51 . ¥251-14] 
t:aeNO.=.i+aeNO [Proof as in *251°132] 
+.0,eNO [4250°4 , #15311] 
*25116. +.2,¢eNO [#250°41 . #153211] 
bimaty.ot+z.ytz.d.e]y+zeQ [251131 .*250-41) 
k. 
Fs 


(1) 
(2) 


(3) 
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#25121. fF: PeReltexcl nQ.CSPCOQ.D.2°PeD [#20452 . 4251-2] 


#251-211. : Nr‘PeNO.Nr“C‘PCNO.3.2Ni‘*PeNO 


Dem. 
zm a 


b . 18216162. Dh: Hp. >. Nre]3PeNO. iP eRel* excl (1) 
b #1820511 .¥151°65.F: Hp.d. Nr“C*] IPENO @Q) 
F.(1). (2). #251122. #2 Hp. >d. | 3PeReltexelaQ.0.p3Pcn. 

”) a 


[251-21] >.3p3PeQ. 


[#25 1-1.(#183-01)] >. ENP eNO: F. Prop 
#25122. +:P,QeBord.COPaCQ=A.3.P4Q Bord 
Dem. 

} #1623 .*163-42.9+:Hp.~(P=A.Q=A).>. 
P 1 QeBord.C(P | Q)C Bord. P| Qe Rel? excl. 
SPL Q)= PQ. 

[*251°2] D>.P#Q «Bord (1) 

b, #16021. *2504.3+:P=A.Q=A.3.PRQe Bord (2) 

b, (1) .(2).34. Prop 


#25128. £:P,QeQ.CSPACQH=A.D.PHQED [2045 . ¥251-22] 


#25124. b:a,8eNO.3.a4+8eNO 


Dem. 
bk. #251111 . ¥180-1211.5 


bt PQeQ.d.fAn OQ) uIP ED (ANOP) | QEN. 

CL An CQ)iPaC(An CP) LjuQ= A. 
[4251-23.(#181-01)] 9. P+QeQ. 
[*180°3.%251-1] D.NrP$Nr‘QeNO (1) 
b. (1). #2511. 3+. Prop 


#25125. b: P*QCN.=.P,Qe0.CPanCQ=A 


Dem. 

b.*204°5. Dt: PHQED.D. P,QeSer. OP a CQaA (4) 
b.(1) «#20584. Dh: PHEQED.Iig!CPaa.d..q!minpa: 
[*250-11] 2:PeBord (2) 


b ..(1).#205°841 . Ds. P#QEN.9: = 
qta—OP n O(PAQ). 32. L ming(a—C*P): 


22 
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ay 
[¥160°14.(1)] Din lan CQ.I..q lming(a—-CP). 

> 
[*205'15.(1)] D..q min, ‘a: 
[%250°102] 3:Qe Bord 


F.(). 
F.(4). 


#25126. 
¥2513. 


#25131. 
Dem. 

Fk 

- 

i 


#251'32. 
Dem, 


#25133. 


#25154. 
Dem. 


#25135, 


(2).(3). DE PHEQED.I.LPQeX. CP aCQ=A 
#25123... Prop 


bra,BeNO-t'A.=.a¢BeNO~tA [#25125] 
BF: PeMX.CPCSer. 3. 0'P Ser [#20457 . #2501] 
FrEN BOOP. DBE CP e PaO? 


x71L571. 2: Hp. >. BP OP el Cs. TBP OP) = OP 
-493'103.+. BEF 
« (1). (2). #8014. DF. Prop 


Fi: EN BOCOP gt P. >. BECP =BIlP 


a 
b.¥172162. 3+: Hp.>. BUS = ByteP 
[*82°21] =t( BECP): 3+. Prop 


b:OPCO-VA.IP.D. qe. BR OP = BUP 
[250-13 . 251-32] 


t: Pe Reltexcl. COPCQ—UA.D. 9g LesfOCOP 


b.#251'38.4173-:16. DF: Hp. !P.>.q!Prod‘P. 
[¥173:161] D.q! Prod‘C“C*P 
[115-1] D.qleaSOCOP 
b.x8815.3F:P=A.D. gteasO“CP 

f.(1).(2). >t. Prop 


bu Pet. Dh 


GB) 
(4) 


qd) 


(2) 


qi) 
(2) 


> > 
aPaB.sra,B eClhO'P: (qz).zea—B.an Pe=Bn Pz 


- #1702. 
> > 
ta, Be CIC'P: (qz).zea-B.anPe=BaP%:d.aPy8 


(1) 


> > 
rHp.diaPyB.d:4,ReClhOP:(qz).zea-—B.anPz=Bn Ps (2) 


(1). 


F 
f 
F.#170-23°1 . *250°7121.5 
t 
Fk 


(2). +. Prop 
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4251351, bi: Pe QD. DaPyB-=! 
ro & 
a, Be ChCP : (yz). zeB—a.an Pze=Ba Po [*25135. ¥170°101] 
#25136. b:PeQ.D. PyeSer 
Dem. 
k.xL7017.3+.P EJ (1) 
F.#25185. Dh Hp. 2: aPud- Pay. >: 
(qz,w).zea—B.weB—-y. jak PeapaPy, Bo Pw = ya Py (2) 
Ff. #20114. 
4 > 2 > 
» Hp.zea—B.weB—-y.an Pz=Bn Pz. Ba PwH=yn Pw.d: 
PUD: easy eal sin Pe (3) 
> 
b.#201-14. bs. Hp (8). D1 wPz.D.wea—y.an Pw ayn Pw (4) 
+. (2). (3) « (4). #202104. 425135. DF: Hp. D1aPy 8. BPyy.D.aPay (5) 


Tr 


+. 250121. 

t:Hp.a,Be ClKOP.a+8.3.(qz).z=minp{(a—f)v (8—a)}. 

[*205'14] D.(qz)-ze{(a—-B)¥(B—a)}. in Pimpin Pes 
[*251-35] >.a(Pyw Py) (6) 


+ .(1).(5).(6). DF. Prop 


#251361. FP eO.D.PyeSer [*25136. #170101] 
425137. b:PeQ.d.Py=Py [#25135 . #1712] 
4251871, b: PcO.D. P= Pp (425137. 4170-101. 4171-101] 


#2514. b: Pe Rel*arithm a Bord. C‘P C Bord. C*2'P C Bord. 3. 


S‘=°P ¢ Bord 
Dem. 


+, 2512.3: Hp. >. =‘Pe Rel?excl a Bord. C*S‘P C Bord. 
[*251°2] 3. 3'S'P ¢ Bord: D+. Prop 


#25141. +: Pe Rel®arithnaN. OPC .CSPCO.D. SP cD 
[20454 . 4251-4] 
425142. b: PeSer.QeQ.d.P%,(PexpQ)eSer [x20459 .*2501] 
#25143. b:aeNR.aC Ser. @eNO.). (aexp,6)eNR. (aexp,@) C Ser 
[18613 . *251-42] 
¥251:44. +:aeNO-—1'0,.8eNO—t0,.3.aexp,8 +0, 
Dem. 
b. «165-27 ..5 
trHp.Pea.Qe@.d.PLiQeQ-vA.CPILIQCN—UA. 
[2513341761] >. 5 1(P exp Q) Q) 
. (1). #18613... Prop 


24 
#2515. 
¥*251'51. 
#25152. 
#25153. 


#*251'54. 
Dem. 


*251°55. 
#25156. 
«2516. 


Dem. 


#25161. 


Dem, 
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Fig! P.Qe Bord. >.P 1 3Qe Bord [¥165°25 . #25111] 
Fig! P.QeQ.d.PL3QeN [¥165°25 . #20421. *251'5] 
bt: Pe Bord. 3. O°P 13QC Bord [#16526 . #231-12] 
F 2PeO.3.OP LiQeO [#165-26 . #20422 . #251°52] 
bk: P,QeBord.3.P x Qe Bord 


b.#165°21 . #251°5°52.5 
FrHp.q!Q-3.Q] 3P¢ Rel?excl n Bord. C°Q | 3P C Bord. 
fs A 

[#251-2.4166-1] 2. P x Qe Bord a) 
b. #16613. *2504.39+:Q=A.3.Px Oe Bord (2) 
b. (1). (2). DF. Prop 
Ft P,QeQ.d.PxQeQ — [x231-54. ¥20455] 
Fra,BeNO.d.axXBeNO [#18413 .%25155'1] 
f:P, Qe Rel’excl. CP CQ.S8¢ Psmor Qa Ri‘smor. 

p= ((qN). Ne CQ. A= (SN) smor N}.D. 


UP we cate. Sty e P sinor smor Q 


b.*250°6 .*2dD-111.>+:Hp.d.4C1. 
[83-43] D.tfPpecstp- (@3) 
[*164°43] >. su"“we P smor smor Q (2) 


F.(1)-(@).35. Prop 


br. P,QeRelexcl. COPCO.9: 
4! (P stnor Q) n Ri‘smor. =. P smor smor Q 


F. 42516. 9+: Hp. q!(P smor Q)n Rifsmor. >. PsmorsmorQ (1) 


Ff.) 
*251°62. 


Dem. 


» #16417. 3+. Prop 
+: Hp *251-61.9q!Psmior Qa Ri‘fsmor. >. 
=P smor =‘Q. TP smor IE‘Q. 
ENr‘P = TNr'Q. WNrP = IENr'Q 


+. 4164151. *25161.5+: Hp. >. 2'P smor SQ (1) 
+. 4172-44. *25161. D+: Hp.d. I‘ Psmor II'Q (2) 
b.(1). #18313. Dt: Hp.>.2Nr'P==Nr‘Q (3) 
b.(2). #1851. Dh: Hp.2.TINreP=NNrQ (4) 
F. (1). (2). (3). (4). DF. Prop 
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In the above proposition, the hypothesis “ J’, @ ¢ Rel? exel” is lumiceessary 
for SNr(P = INvQ and (Nr = 1Nr'Q, as appears from ¥i83-14 and 
#18512. Thus we have 


#251621. §: CCPC OQ. q!(P sor Q)n Ri'smor.D. 
INP = Ny. ENP = Nr 


Dem. 
b #1SLG5 #8205162. Dk. | PCP e( | IP SimoF Pn RiSsaor (1) 
sat | ae 
(1). 1351-162. Dh: Hp. deg h(| MPysaor( 1 5Y) aRismor (2) 
SE ay 


Fe (1).#251111. #18216. 3b: Hp. dC LIP CO. P32, | fe Reléexel (3) 
F.(2).(3). #25162. #18314. #18512. +. Prop 


#25163. FiaeNO-i'A. Be NR. Pe Relexcl.PeB.CPCa.d. 
EP eBxXa. SNP =3xa 
Dem. 
b. #16447 .#165:27'21.3 
HrHp.Qea.a#0,.9.QLiPes.CULIPCa. PQ Pe Rel excl. 


(#164°47] D.q! (Qy 3P)smor P a Ri‘smor. P,Q $ iP e Rel excl. 
(#251-61] >. Cer 3P)smor smor P. 

(#164:151.41601] 3.(P x Q)smor BP. 

[#18413] a. 3'PeBxXa qd) 
F.(1). Db: Hp.a+t0,.3.2'P eB xa (2) 
b. #16242. Transp. +: Hp.a=0,.9.2(P =A. 

[#18416] D.o'PeBxa (3) 
b.(2).(8). DE: Hp. >. SPeBxa (4) 
[¥183:13] DSN P=B xa (3) 


+ .(4).(5). +. Prop 


#25164. +: Hp#251-63.9.11'P ¢(acxp,8)- UNr'P=aexp, 8 
[Proof as in *251'63] 


#25165. bracNO-t'\.@82NR.PeB.CPCa.d. 
SNr'P=6xa. UN? =acxp, 8 


Dem. 
b . #18216. #183:231. > 
trHp.Qea.d. 1 sPe Rel excl. J Pe NP. CO] PENQ. ay 
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[#25163] >. ENré]3P=Nr'PXNrQ. 
% 


[18314] 3. SNr'P=Nr'PxXNrQ 


[#152°45] =BxXa (2) 
F.(2).*10%5. Dt: Hp.d.=NrP=hxa (8) 
F. (1). *251°64.9+:Hp.Qea. >. IINr‘ 1 +P =(Nr‘Q) exp, (Nr‘P)- 
[#185112] >. TENr‘P = (Nr*Q) exp, (Nr‘P) 

(#15245) =aexp, 8 (4) 
+. (4).#1023. J: Hp.d. TINr‘P=aexp, 8 (5) 
F.(3).(5). DF. Prop 


In virtue of the above proposition, the usual relations of addition to 
multiplication, and of multiplication to exponentiation, when the summands 
or the factors are all equal, can be established without the multiplicative 
axiom, provided the summands, or the factors, are ordinal numbers. 


«2517. bir qgiQ-tAnina.=.q!2,ntoa=.qi2ota.=.q!2, 
Dem. 

b.x6455. DEG! Q—wA ntya.=.(qP).PeQ—UA.COP Cha (1) 

b.*20012. DF: PeQ—UA.D.(qay).ayeOP.cty. 


[#153:201.455°3] D.q!2,0 REP (2) 
b.(1).(2).Dkrq!O—vAntya.d.(qP). OP Ct'a.qi2,oRVP,. 
[#33-265} 2. (qQ). Qe OQ Chia. 

[*64°55] DG! 2 A too’a (3) 
b. 4251-16122. Db gq 12,9 tga. Dd. TI Q—-UA n tela (4) 
+.(8). (4). Dig! Q—UAn toa. =. Gl 2, nm tole (5) 
b #6455. Dhiq!2, n toa. =. (Gey) @ty.%, yeh a. 

[*63'62] =. (qa,y)- ety eu eyeta. 

[#5426] =.qi2nta (6) 


F.(5). (6). (#6501). >}. Prop 


aQ5171. bog !O—AntyfCls.q!} 0 — tA a toRel 
[4251-7 . *101-42-43] 


*252. SEGMENTS OF WELL-ORDERED SERIES. 


Summary of *252. 
The properties of sections and segments are greatly simplified in the case 
of series which are well-ordered, owing to the fact that every proper section 


has a sequent, whence it follows that the class of proper sections is POOP; 
and this is also the class of proper segments. Hence also the series of proper 


sections or of proper segments is the series P3P (*252'37). The series of all 
sections is P3P+4sC‘P (#252°38) ; hence (*252'381) 
Nr‘s‘Py = Nr'P +i. 
The most useful propositions in this number are (apart from the above) 
#25212. b:PeQ.D. 
> > 
sect! P —uOP = Dé Pe — OP = PMO . sect§P = POOP uv O"P 
7 > 
#25217. b:PeQ—UA.D.sect*P— ut A= PMP uv UCP 
#252171. bs Pe M.D. scct!P =A — UCP = PHP 
#252372. bs. PeQ.I:5'PeQ: EL BP. D.Nrs(P=NeP: 
~ELBP.2.NrigfP=Nr'Pti 
#2524, ob: PeQ.rACsect’P.qirh.d.prer 
#2521. +: PeQ.aesect*‘P—uC'P.3.E!seqp’a [*250°124} 


#25211. b: Pe... sect“P — uCtP =sect’P mn (‘seq 
Dem. 
b. «206-182. 34. O'P~e M‘seqp (0) 
b.(1).#2521. 5+. Prop 
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*25212, :PeD.D. 
> > 
sect*'P = UUSP = DEP. OW = PECP .sect§P = PHC vu UCP 


Dem. 
by &211-24.4252 11. Db: Hp.aescct*P— CP. I. ae De (1) 
b.k21L15. Di Hp.aeD Pe CP. Dd. aesect*P — OP (2) 
FAD) (2). DE:Hp. Disco! OP = DIP. vO? (3) 
> 
vr. x2113uz.#252 11.3: Hp. 2. sect§P — CP = POCeP (4) 


F.(3). (4) #21126. 9b. Prop 
In dealing with sections and segments of well-ordered series, it is necessary 
tu distinguish series with a last term from such as have no last term, If 
a series has no last term, C6? = P“COP, so that C’PeD‘P., But if a 
> 
series has a last term, CoP ~e De; in this case, D'Pe= PYC*P, Thus 
> 
DP: is either P“C*P or sect*P, according as there is or is not a last 
term. In either case, 
~ 
sect*P = PCCP vu CP, 
as lias been already proved in *252°12. 
y = 
#25213. b:PeQ. EI BP .D.sect(P—uC'P=DiPe= PUCP. 
=> 
sect'P= D(Peu C8P = POCP ou UCP 


Dem. 
F .*250°21.%21136.3+:Hp..sect’P—-DiPe= CP. 
[¥24492."21 115] D.sect’P — CP =D‘ Pe qd) 
~~ 
[*252°12] = Pu(Kp (2) 


F. (1). (2).#21126. 4. Prop 
¥ > 
#25014. bs PED. SELB P.D . sect!P = DiPe= PUCP UP 
[*250-21. #211361. *252°12] 
> 
#25215, 2 Pe. D'Pe= POD P ueDP 
Lem, 
v s a Td 
+. #25213. 9b: Hp. Et BP... DiPe= POD PP ue PBP 
[202-524] = POP uv eDIP (1) 
v > 

b.a25214.9b: Hp. SEI BP.2. DP. = PDP v oD? (2) 

b.(1).(2). DF. Prop 
225216. bt PeQ—2..9.D Pes sect(P EDP) 

dieu. 
b.a204271. 0b: Hp. d.DiPrel, 
[2202-45 | D.C(PEDD)=DP, 

[e200 e25212) Dect PED) = PED RAD? v eee 
ABT A221 | = Pepyep wed 
ravoDES| = DfPer DF. Prop 
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KQBQAT, br PeQ—UALD sect’P — A = POP UP 
Dem. 
b. 425212. DF: Hp. Dd. sect! P— A = (PHP A UEP 
~ 
[33-41] = PMP OOP Db Prop 
> 
#252171. : Pe OX. Dd. sect’ P — vA — UP = POOP 
Dem. 
ak 
b.#25912.D bt Hp. Dd. (sect!P = CEP) — EN = PEP HN 
> 
[433-41] = PHP 23k. Prop 
> 
42523. bs Pe QD. D's'Py= POOP [421217125212] 
425231. br PeD. Gt Pd. %s! Py = PHO Veep 
[212172 . #25212] 
4252311. bs Pe OD. Gt PLD. ('s'Py = PEP UCP 
[#2125171 . #25217] 
425232, b: PeQ.d.D'sP=PHDP [4212-132 #25215] 
425233, b: PeQ—A.D. CSP = POD u EDP 
[219-183 . 4252-151 
425234. fr Pe QD. EL BPD. 05's POCep 
Dem. 
> 
F.4202524. DF: Hp. d. PRP HDY, 
[#25233 | D.C%s!P = Peep; D+. Prop 
, y > 
425235. b: PeQ—UA. SEI BP. D. OP = POOP u HOP 
[#212133 . #25214] 
425226, +: PeD. EIB P.D.s'P= PP 
Dem. 
Ss 
b.212'25 . #25234. Db: Hp. dd. PIP =(stP)E (CSD) 
[*36°33] =sfPi Db. Prop 
> 
425237, b: Pe M.D. (5*P)E (— UCP) = PsP 
Dem. 
+ .#363. DE. (SPE (— OP) = (SP) E (CSP — HCP) 
[4212133134] =(s§PYP (DP. CHP) (1) 
> 


b.(1) #25212. Db: Hp. 2. (PY E (—ukOP) 2 (s4P)E (PHO: 
[#21225] =P3P: D+. Prop 
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. > 
#252371. bs PeQ. NEI BOP .3.59SP=PiPPCP 


Dem. 
b.#212-25 425282. DE: Hp.d. PIP =(6‘P)E (DSP) (1) 
b, «212133, Db: Hp. qi P.>.C'P=BCnv's'P (2) 
b. #25232. D+: Hp.3.D‘6iP =Pecep : 
[#200°12.%204'34] D.DsPrel (3) 
b.(1).(2). (8). #204461.3+:Hp.q!P.> BiP-pCP = s(P (4) 


b.w212134.41612. Dt: Hp. P=A..9P=A.PiPPOP=A (5) 
F. (4). (5). F. Prop 


4252372. b:. PeQ.DisPeO: EL BP.D.Nr's(P=Nr'P: 
wEI BP. >. Nrs(P=NrPti 
Dem. 
b. 4252-36. #20435 .Db: Hp. E1 BP. >. 6'Psmor P. 
[x251-111.¥152321] D.5(PeQ.Nr's(P=Nr'P (1) 
b. #252371 . #20435 . *#200°52.D 
F:Hp.~E!BP.3.NrssP=NeP $i. (2) 
[4251132] D.sfPeD (3) 
F.(1).(2).(3). D4. Prop 
425238. b: Pc D.2.5'Py= PSP COP 
Dem. 
b #252°12 . 4212-24. 5 
bs: Hp. D:.a(s‘Py) B. =14,8eP“COP uP .aCB.atB: 
[¥37-6.#200°52] 
=Hgay).nyeCP.a= Pe. g=Py. Pot Py. Pot Py vy, 
(qz).ceC'P.a=P&.B=CP: 
[*204-33'34] =: (qa, y).ePy.a =P -B =Pty wv. 
(q2).06C'P.a=Pax.B=CP: 
~ > 
[#150522] S:a(PiP)B.v.acCPiP. B=COP; 
{*16111] = :a(P3P-4C*P) B i: Db. Prop 


#252°381. Fb: Pe .3.5'Pye DQ. Nr's‘Py = NP $i 
[425238 . *#200°52 . *204°35 . 4251-131] 
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#2524 bs Pe QD. ACsect!P. Gir. Dd. prer 


Dem. 
b.a211441.3b:Hp.P=A.3.r.=0A, 
[#5301] D.prer (1) 
b.«212-172. Dt: Hp.q!P.d.r1CCs*Py. qin. 
[*252°381.%250°121] >. E!min(s‘Py)o. 
[#210-222.%211°67°66] D>. prer (2) 


F.(1).(2). 34. Prop 
#25241. F: PeQ.rCsect*P. q!d.D.sXer [Proof as in *252-4] 


#25242, bz. PeM.(Cav's‘Py) “a Co: 
ACo Gdn Cos Py Drs Cs'Pyer: >. 
(Cav‘s‘Py) ao Co 
[#250°361 . #252°381 . #212322] 


4252-43, +: PeO.(5'Py)o Co: 
NCao.q Inn Cis'Py. Dd, p09 C%s'Py)eaiD. (s'Py) a Co 
Dem. 
F.¥212181. 2+. (Cav's*Py) smor (5*Py) (1) 
+. (1). #252:381.5+: Hp. >. Cnv‘s‘ Py e 2 (2) 
F. (2). *212°34 . #250362... Prop 


*253, SECTIONAL RELATIONS OF WELL-ORDERED SERIES. 


Summary of #253. 

In the present number we shall consider the properties of the relation 
P; (defined in #213) when P¢Q, The relation BP; has great importance in 
this case, owimg to the fact (to be proved later) that Nr‘D¢P, is the class of 
all ordinals less than Nr, and that, if P, Q are any two well-ordere: scries, 
either P is sintilar to a member of C*Qs;, or Q is similar to a member of 
CPs, whence it follows that of any two unequal ordinals one’ must be the 
greater, 


The present number consists merely of the more elementary properties of 
P; when PeQ. The interesting properties connected with greater and less 
will be treated in the following number. 


The most useful propositions of the present number are the following : 
425313. Pe OD. DP = PEOPOOUP = Pl POCHP 
¥25318. 2: PeO.D.CP, CPE PeUeP ve. CP; CO 

Instead of CPSC PT ePuqep vt‘P we shall have equality, unless 
P= A (#25315). 
#2532, :PeQ—-2,.9.Nr°Pp=Ne(PE UP) +1 

The case when P ¢ 2, has tu be excluded, because then PE (‘P= A. 
e25321. br: PeQ.D.1 FNP, =NrPFi 

This proposition involves Nr&P?;=Nr‘P when P is finite, but when P is 
infinite it involves NréP; = Nr? +1 (cf. #261838). 
253-22. b:PeQ.3.Ps[ D'P,smor PE A'P 
#25324. b:PeD.3. PED 
«25340 br PeQ-eA.D. 

CP, =Q (QR). P=QER.v.(q2).P=Qpa} 

¥253 421. : PC O.Qe DIP, «dD. (Qsmor P) 
#25344. bra,@ceNO-VA.B40,.3.a4B4a 
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This proposition marks a difference between ordinals aud cardinals. An 
ordinal is always increased by the addition of anything at the end, whereas 
this is (often if not always) not the case with a cardinal if it is reflexive 
and greater than the addendum. The above proposition ceases to be true 
if we add @ at the beginning instead of the end: 6 4+a=a will be true if a is 
infinite and © X8 is not greater than a (For the definition of , ct. *263.) 
*253-45. biaeNO-~tA—t0,.d.a¢142 

Similar remarks apply to this proposition as to #25344, 

*«253-46. +: PeM.Q,ReUP,.Qsmor R.D.Q=R 

Je. no two different sections of a well-ordered series are similar. 

Tt follows from *253-46 that the series of the ordinals of proper sections 
of a well-ordered series P is similar to the series of proper sections, ad 
therefore, by *253'22, tu the s. 1s P with its first term omitted (#255463). 

We have next a set of propositions (#253-5—'574) on the circumstances 
under which Nr‘P;= Nr and those under which NrfP,;=Nr€P +i. As 
a matter of fact, the former holds when P is finite, the latter when P is 
infinite. But the distinction of finite and infinite will not be introduced till 
the next section. In the present number, we prove that (assuming P ¢ 2) 
Nr‘P,=Nr'P if GP, =P. BY BP, and if not, then NrP,= NP $i 
(#253:56). This is proved by using P, as a correlator. (P, as a correlator 
moves every term one place down, except the first, which disappears.) For, 
if PeQ, we have P} P= PE D‘P(*253°5); hence we prove P[ UP, smor PE D‘P 
(*253°502),and hence, if C‘P,=(°P, we obtain Pf d‘Psmor Pf Dé P (# 253-503). 
Hence by *253°2 (with special consideration of the case when P ¢2,) we have 
the two propositions 


425351, b:PeO.0'P, =P. Et BP. >. NP, = NreP 


H25S511. br Pe OD. OP,=GP.WErBP.D. 
Ni'Ps = Nr P 4 1. NPL OP = NP 

But if there is a term, say 2, belonging to U*P — A‘P,, use P, as a correlator 
for the predecessors of x; we thus find that, in this case, Psmor PE C‘P. 
Hence, by *253:2, NrfP; = Nr‘P +1. 

The hypothesis d‘P, = G‘P.E! B*P means that there is a last term, and 
every other term has an immediate successor. This, as we shall prove later, 
and as is indeed obvious, is equivalent to the assumption that P is finite but 
not null. 


From the above propositions it results immediately that 


v 


#253578. bs. Pe O.3:0'P, =P EV BP. =.14 Nr P+ NriP 

Hence it will follow that finite ordinals other than 0, are those which are 
increased by the addition of 1 at the beginning. We have also 

R.&W. ur 
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4253674, bs. Pe OQ—0fA.3:0'P, = O°P EIB. =i 4Nr‘P =Nr'P+i 
Whence it will follow that finite ordinals are those for which the addition 
of i is commutative. 
42531. +:PeQ.3:QOPsR.=. 
=> 
(qa, 8).0, Be POOP viOP.q18—a.Q=Pla.R=PTB 


F.#213'1.#25217.5b:. Hp. qi P.o:QPsR.=. 
> 
(a, 8). 2, Be P“U‘P uC’ sg 18—a.Q=Pa.R=PLB (1) 
b.483241, hs. P= A.D: PHP uP mutA: 
[424-53] D0 (qa, B).a BePOUP VKO'P. gi B—a: 
[h213-3]:QP,R.=. 
> 
(qa, B).a,Be PSAP viOP gt B—-a.Q=Pla.R=PUB (2) 
F.(1).(2). 3+. Prop 
#25311, bi: Pe0.3:.QP:R.=: 
~ > 
(qa, y).ceQ'P.ePy.QW=Pf Pe. R=Pf Py.v. 
=> 
(qa). 2eTP.Q=PEPa.R=P 


Dem. 
be aBS'152. Dhra=OP. Be POOP vi? .dI.vq1B-a (1) 
=> 
F.*20052.(1). Dk: Hp.aePOSP.B=CP.D.q1B—a (2) 


b.(1). (2). #2531. 5b:: Hp.3:.QP,R.=: 
(qa,8).2,8eP“UP.q!B—a.Q=Pba.R=P[B.v. 


ee 
8) aeP“OP. B= OP. Q=PLa.R=PELB: 
[H87-6.086-93) (9,8). a6 8 Q=Pta te 


> > > > 
=:(qe,y).cyeAP.qiPy—Pa@.Q=Pt Pa.R=PtPy.v. 
=> 
(qa). ceQ'P.Q=P[ Pa&.R=P: 
[#211°61.%210°1] 
> 7? 2 3 > > 
=t(qay).ayeU'P. Pal Pty. Pot Py. Q= Pt Pie. R=Pt Py. 
(qa). ceO'P.Q=P} Pa.R=P: 
(¥204'83'34] =: (qa,y).2,yeC'P.«Py.Q=PL Pw. R=PLPy.v. 
=> 
(qa). 2e0'P.Q=P[ Pa&.R=P (8) 
+. (3). 483-14. +. Prop 
425312. F: PeD. Pred .d.Pr=(PESPIPL UP) 4>P 
Dem. 
+. #204:272.3+:Hp.3.d*‘Prel. 


[#202-55.4213151] >. PL“PeasP=OPEPRSPLaP (1) 
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b.(1).*25311.3+::Hp.3:.QPceR.=: 
QE PPLOP)R. v.QeC(PEPIPL OP). R=P: 
[#16111] =: Q (PP PIPE AP)P} Ri: dt. Prop 


4253121, b: PeO..PweCPESPIPE UP 


Dem. 
£.#20052.t:Hp. 3. OP re POOP, 
[436-23] D.PreCPEi PIPE OP: D+. Prop 
425313. +: PeQ.2. DP, = PEP UP = PP PMorp 
Dem. 
b. 219-141 .4252171. Db: Hp.>. DP, = PE Pap (1) 
+. 487-22 .425013..9 
b:Hp.qtP.>. PE“PMOP = PEP? u PL BBP 
[433-41 Transp] = PLOPOeP vA (2) 
f.425042. 3h: Hp. gt P.d. Ae PLPOOP _ (3) 
F.(2).(3). DE: Hp. Gt P.d.PE“PHOP = PLePedey (4) 
b.#39-241. Dh: P=A.>.PL“P“COP=A.PLSPOOP =A (5) 
b.(4).(5). DEE Hp. dD. POPP = PLePaaep (6) 


F.(1).(6). DF. Prop 


#20314. +:PeQ.3. 
> ~ 
OP, = (PL“PHUP uP) — fA = (PEOPHOP UeP)— A 


em, 
+ .¥213°162. +: Hp.>.0'P; = Pp ‘eect*P — 0A 


[4252°12.436:33] =(PEPHOP utP)-vA (1) 
~ 
[4253-13] = (PLP PueP)~n (2) 
F(1).(2).DF. Prop 
— ~) 
4253-15, b: PeQ—UA.D.OP, = PEPOUP uP = PL OPH u UP 
[*253'13'14] 


#25316. -:PeQ-UA.D. BYP, =A. BP, =P  [*213°155°158 . «25013] 


ey 

#25317. |: Pe0.3.Ps>D‘Ps=PPPsPl AP 
Dem. 

F.*253-11.5 


b::Hp.>.QP,R.=:Q(PUPIPE GP) R.v.QePh“P“U'P.R=Pt. 
~ 
[4253121] :. Q(B EDP.) R.=. Q(PEEIPE GP) Rit DF. Prop 
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#25318. :Pe0.2. CPSC PEePugep VP CP. CO 
Dem. 
b.*253°11.) = 
Fr Hp.d:.QeC'Ps. Di(qz).weU'P.Q= PE Pw.v.Q=P: 


ite 
[¥37°6] 2: QePPMPOUEP ueP (1) 
b. (1). #250141. Hp. 3.02, 0 (2) 


F.(1).(2). DF. Prop 
*253'181. F: PeQ.3.C°P,C DIP, uP [*253:18'13] 
«2532, +:PeQ—2,.D.Nr'P,=Nr( PE OP)+i 


Dem. 
b. 25312121. 2: Hp. d. NP, = NPP PIPE IP +i 
[#213-151.4252171] =NYPiPEaP+i 
[#20484] = Nr(Pt GP)41: 3+. Prop 

«253-21. +:PeQ.D.14NrPs=NriPfi 

Dem. 
b.*2532. Db:Hp.Pve2,.d.14Nr'P, = 14 Nr(PE OP)Fi 
[*204°46:272] =NrfP$i Q) 
b*213-32.5+:Pe2.d.14Nr'P,=142, 
[*161-211] =2,41 
[Hp] =Nr'P+i (2) 
F.(1).(2). DF. Prop 


It would be an error to infer from the above proposition that 
Nr‘P, = Nr*P, since addition of ordinals is not in general commutative. 
When Pe, Nr‘P;=Nr‘P holds when CP is finite, but not otherwise. 
When C*P is not finite, i+ Nr‘P, = Nr*P,, so that Nr‘P, =Nr'P41; but 
NrfP+NrP +i. 

#25322. §:Pe«Q.3.P;[ D‘Pssmor Pf UP 
[%253°17 . *213°151 .%252°171 . #20434] 


*253-'23. b:.PeQ.3:Nr6P=Nr'Q.=.Nr'P; = Nr‘Q; : 
Psmor Q.=.Pssmor Q; 
Dem 


b. #18133. 3b: Nr'P=NrQ.=.Nr'P+i=NrQt1 (1) 
b.(1).*253-21.3 
F:.Hp.3:Nr‘P=Nr‘Q. 
[¥181-33] 


Ml 


LE Nr P, = 14Nr‘Qs. 
» NrfPs = Nr‘Qs i. DF. Prop 


Hl 
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*253-24. +: PeO.D3. P60 


Dem. 
b .#253'2 . #2EO 141 . #251132. 3+: Ap. P~e2,.3.Nr'PeeNO (1) 
b .213:32. #25116. 3+: Pe2,.3.Nr‘Pye NO (2) 
F.(1).(2). Dt: Hp.>.Nr'P,e NO. 
[#251122] >. P,eQ:Db. Prop 


#25325. b:.P,QeQ—-UA.D: Pst DP, smor Q@E D‘Q;. =. P smor Q 
[259-22 . #250°17 | 
> > > 
#2533. Fk: PeD.D. PSP = PLOP OOP = PL PMOOP = DP, 
[#213'243 . 253-13] 
> > 
#25331, +:.PeO0.3:QPsR.=. Re PECPOCP UP Qe REROR 


Dem. 
F.#213-245 #25313. 


as 
br Hp. d:QPR.=. Re CPs. Qe RLEROR, 
= 
[#33-24.42133] =. ReCOPr. qi P. Qe RLOR“OR, 
> 


[4253-15] =. Re PL POOP uP. gt P.QeRLOR “OR (1) 
b. 43729 43324. 9b: Qe RPO OR. I.G!R: 2) 
[413-12] DH: QeREOR OR. R=P.D.Gq!P (3) 
MOOR: DE: RePE“PMCP.>.q1P (4) 
F.(3).(4). Dri Re PE BHP ve. Qe RECRCR. 2. GIP (6) 


F.(1).(5). 4. Prop 


=> > 
#25332. b:PeQ. ReCPs.3.P8R=REORSOR= DR, 
[#213°246 . #253:13] 


~ 
¥253'33. b:. Pe O.9:Q(PsE DP) Roz. Re PEPMOr. Qe RECRMOR 
[4213-247 . 425313] 


If « is any ordinal number, and Pea, the ordinal numbers of the 
sectional relations of P are all those ordinals which can be made equal 
to a by being added to, ze all ordinals 8 such that, for a suitable y, 
a=B+y. (Here y must be an ordinal or 1.) Further, in virtné of *250°67, 
no member of D‘P; is similar to P; hence, if a is an ordinal, and a=84y, 
where ¥+0,, it follows that a+. (Observe that a+-y does not follow from 
B+0,.4= 8+.) These and kindred propositions, which are important in 
the theory of ordinals, are now to be proved. 


#2534. 0b: Pe Q—UA.D.0°P, = ((qR).P=Q4ER.V. (qa). P=Qpa} 
(K213-41 . #250°13] 
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4253401. b:PeO.>. 
PL“PHCeP uP =O ((qR)-P=Q4R.Vv.(qz). P=Q+a} 
Dem. 
b.w253415.9+:Hp.qiP.>. 
PLPHeP uicP =O (qk). P=Q4R.v.(ga)-P=Qpa} (1) 


b. 487-29. Db: PHA.D.PEMPOCP uP aA (2) 
b.#160°14. 433-241.Db:.P=A.2rP=Q4R.=.Q=A.R=A: 
[¥10-281] D:(qR).P=Q4R.=.Q=A ey) 
b.x16113. #83241, Db: P=A.3:P=Qpa.=.Q=A: 

[10-24-23] D:(qz).P=Qpa.=.Q=A (4) 
+.(3). (4). Db P=A.3:.(qR). P=QPR.v. (qe). P=Qpo:=-Q=A. 
[2] =.QePL“PHoP uP (5) 


b.(1).(5). DF. Prop 


*253-402. bk: PeQ—c'A.D. 
DP, =O (qk). R+A.P=Q4LR.v.(q2).P=Qpal 
Dem. 
+. *253:164.5 
br: Hp.3:.QeD°P,.=:Q4P:(qR).P=QER.v.(q2).-P=Qpex (1) 
b. #16114. %20041.3+:Hp.P=Qpe.d.26OP.cre OQ. 
[413-14] >.Q4P (2) 
F.*16021.3F:Q+P.P=Q4R.9.q18 (3) 
+. #16014. *200°4. 5 
trHp.P=QtR. GIR... gGiOPaCR.ngGgiCQn CR. 
[13°14] 2.P+Q (4) 
ROO E) 
bi: Hp.3:.Q4P:(qR).-P=QtR:=.(qR).REA.P=QtR (5) 
.(1).(2).(5). Dk Hp. 3. Qe D*P,.=: 
(qR).R+A.P=QHhR.v.(qe).P=Qpe:n Db. Prop 


#25341. b:.PeD.QeC'P,.9: 
(qa).aeNO. NP =NrQ ¢a.v. NP =NrQei 
Dem. 

F.42133. 3b: Hp.d:P+A: 
[4253-4] D:(qR).P=Q4R.v.(qe).P=Qpe: 
[211°283.420041] 

D:(qQR). P=QER.OCQnCR=A.v.(qa).P=Qpz.cre0Q: 
[*180°32.4181-32] >: (q@R).Nr‘P = Nr'Q + Nr‘R.v. NveP =NrQ di: 
[*251'26] 3: (qa).aeNO.Nr‘P=NrQ4a.v.Nr'P=NrQ+i:. D+. Prop 
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#25342, +: PeQ.3.Nr'PaDPe=A [*250°651 . *213:141] 
#253421, b: PeQ.QeD‘P,.d.~(QsmorP) [*253-42] 


#25343. bi. Pe. aye O'P.9: Pt Pesmor PE Py.=.0=y 
Dem. 


= 2 
+.*25311.3t:Hp.«Py.>.(Pt Pa) Ps(Pt Py). 
oe = 


[4213-245] Dd. Pt PceD(PE Py). 
[4253-421] D.~ (PE Pa) smor(PEP*y)} 


ke 2 > 
Similarly F: Hp. yPa2.>.~{(PE Pfr) smor (Pt Py)} 
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(i) 
(2) 


> > 
b.(1).(2).3 Fs. Hp. 3: (PE P'x)smor (Pf Pty). 3. (@Py).~(yPx). 


[*202°103] D.a=y 
F. (3). #15113. 5+. Prop 
*253°431, b: PHQeN.Gq1Q.d.NreP+Nr(P4Q) 
Dem. 
+. *253402.+:Hp.>.PeD(P#Q): 
b. (1). #253421 .3+. Prop 


#253432. b: PypweO. gg! P.D.Nr'P4Nr(P+y2) [*253-402421] 


#25344. b:a,BeNO-—iA.840,.0.a+B+a 

Dem. 
F.*251+1 . #15534. 5 
F:Hp.>.(qP,Q).P,QeQ.a=Nur'P.B=NrQ. 7! Q. 
[#1803] 

D.(GP,Q)-P,QeM.a=Ner'P.R=No'Q.41Q-a48=Nr(P+Q) 

F. *180°12 . *253-431 . («180°01). > 
bi P,QeQ.1Q.>.Nr(P+Q)+Nr'P. 
[¥155-16] >. Nr(P + Q)+Ne'P 
F.(1).(2).D 
F:Hp.>.(qP,Q).P,QeQ.a=NrP.B=NrQ.a+¢8+NxP. 
[#13195] D.a48+4+a:3b. Prop 


#25345. biaeNO—A-00,.3.a¢i+a 
[Proof as in #253:44, using *253°432 instead of *253-431] 


#25346. +:Pe0.Q,ReC'P;.QsmorR.3.Q=R 
Dem. 
+ .#253-42116.>F:Hp.Q=P.>.R=Q 
F.*25316. Dt: Hp.Q+P.R+P.3.Q, Re D‘Ps. * 
[#253-13] D.(qa,y)-2,ye0P.Q= Pt P'x.R=Pf Py. 
[¥253-43.Hp] >.Q=2- 
bE. (1). (2)... Prop 


(3) 


(1) 


(1) 


(2) 


()) 


@) 
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#253461. b: PeQ.D. Nr C'P, ell 

Den. 

+, #25346. 3b: Hp. @, Re O'Ps. Nr'Q=Nr'R.D.Q=R:3+. Prop 
#253°462. : Pe QX.D. 

> >. 
Nr (Pp) PPdPelal. Nri3PESPIPE OP smor PE UP 
[4253-43] 
#253463. +: Pe D.D. 
Nr (Pst D‘P,) smor Psf DOP; Nvi(Psf DP ) smor PE AP 
[4253:462-17-22] 
#25347. §:PeQ—-UA.D. 
NrOOP, =4'(q8). a4 8=NrP.viatl=aNrP) [#2534] 
#253471, +: PeQ.3. 
Nr(D°P; v UP) =@ ((q8).at B=Nr'P.v.at i=Nr‘P} 
(#253°401-13] 

The following propositions are concerned in proving that Nr‘P, is either 
Nr‘P or Nr‘P+i. This is proved by using P, as a correlator, The 
methods employed anticipate the discnssion of finite and infinite series ; 
in fact, when P is finite, Nr‘P;=Nr‘P, and when P is infinite, 
Nr*P, = Nr‘P - i, But it is important at this stage to know that Nr‘P, is 
either equal to or greater than Nr‘P, and the propositions are therefore 
inserted here. 

#2535. br Pe0.3.P3P=PET DP 
Dem. 
b. *201°63 2425-411. 3h::Hp.3:.P=Piu Ps. 
[x150-11] 3 i.@(PiP)w.si(qy2)toPytyPiz.viyPt2:wPyz: 
[*204°7] =2:(q2).aPjw.wP,z.v.(qy,2) Py .yP'z wP,z: 
[*250°21-24] =:aP,w.weD'P.v.(qy).oP,y.y,weDP.yPwt 
[#33 T4841] =rx(P,w PP, Pyw.we DP: 


[33°14.4250°242] =: a.we DSP. aPwi: D+. Prop 
#253501, t: PeO.9.P,iP=PLAP, 
Dem. 
+ .4250242.D:Hp.d.P, P=P, PoP, P,P 
[#71191.%204-7] =INGP,o(P,)4 P. 
[150-1.#50°65] >. PP =(P,)1 Pw (G'P)1P P, 


[%250-243] = PEP, :3+. Prop 
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#253502. : PeD.. 3. PE AP, smor PE DIP 
Dem. 
F. #2533. #15036. DF: Hp.d.PED'P=P3(PLEGP) = (a) 
be #L5b21. #2047. Db:Hp. >. Pi (PE AP, smor PE USP, (2) 
F.(L).(2). D+. Prop 
#253503. F: Pe. U°P,=Q'P.3. PE OP smor PE DIP [#253502] 
This proposition shows that if P is a well-ordered series in which every 
term except the first has an immediate predecessor, the series obtained by 
omitting the last term (if any) is similar to that obtained by omitting the 
first term. The converse also holds, as will be shown later. The hypothesis 
PeQ.0‘P,=C'P is equivalent to the hypothesis that P is finite or a pro- 
gression, (Here a progression is not what was defined as “ Prog ” in #121, but 
what Cantor calls w; ie. if Re Prog, R,, is a progression in our present sensv.) 


426351. b: Pe. UP, =P. EL BP. D>. Ne Py = Ne'P 
Dem. 
b.*253-2. Dh: Hp.Pve2,.d.Nr'Ps=Nr(PEaP)+ i 


[*253°503] =Ne(PE Di) +i 
(204-4.61:272} = NP () 
b. #21332. 3+: Pe2,.D>.Nr°P, = Nr'P (2) 


F.(1).(2). DF. Prop 


4253511, bs PeO.0P, =P. SELBY... 
NivfP, = NP 4 LNYP EOP = NeeP 


Dem. 
F.*93'108 . #20252. 3+:Hp.d.P>DiP=P. 
[*253°503] D.NrP PE dP=Nr'P. (1) 
[*253°2] D.NriP,=NeP +i (2) 
F.(1).(2). DF. Prop 


4253-52, b: Pe OQ. c= minp(U'P-C'P,).>. 
> > > vam > 
OP n Pix COP,. Pi Pla = P's. PEP = Pho - BP 


Dem. 
. > 
b.#20514. DE: Hp.d.d'Pa PwC dP, (1) 
> = > 
b. #250242. 3b:Hp.3. Pe=Piov PP 
> 
[*33'41.Hp]} = PP a. (2) 
y, > > 
[«72°501.*204°7] DPM Pca Plan dP, (3) 
> > 
F.(1). D+: Hp.d.d'Pa Pwe=UPa Pen dP, 
> 
[1 21°305] =OP a Po (4) 
Va 2 
F.(3).(4). Dk: Hp.d. Pi Pie = Porn GP 
> 
[*33°15.%202:52] = Por — BOP (5) 


F.(1). (2). (5). DF. Prop 
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= 
#253521. bk: PeQ. we A'P—-O'P,.3. P%,dPrel 


Dem. 
+. *201°66 . DE: PeQ. Piwel.d.aeMP, (1) 
F.(1). Transp. #:Hp.>.Pevel (2) 
F. 201-662. Dt: Hp.d.d‘Prel (3) 


+ .(2).(8). Dt. Prop 


a 
4253522, k: PeQ.a=minp'(U'P—OP,). $= Ph Paw IP Pye. D- 


GPL AP)=P 
Dem. 


+. #84°25°26 . *50°5°51 3 
> < 
F:Hp.>.93(P[ OP) =(Pip PaypPl AP u (If Pyia)iP a 
> & < > oy 
(Pit Pia) | Pi IP Pyicu lp Pyia| P| Pie} P, 
>, = => - 
J50°6'61.%150°36.%35'452] = (P,P P'e)}Pu Pl Py‘au P,f Pio| Ph Py fou 
< ae 
Pyia| PP P'e| P, 
> < > & 
[#7 4°14] 4253'52.%200381]=(P, P P'a))P w PE Pye w Pee) P,| PP Pyfa 
> - > = 


[#250:242. Hp] =(P,} P'a)iPu PE Pyfow Pert PP Pyle 
[#15036] =(P3P)E P“Pinw PL Pye w Pee} PP Py‘ 
[4253°5-52] =P [Pe eet Pfau Pro] PE Pyfa 
[435-413.*200381] =P (Pinu Pye) 

[202101] =P: Dt. Prop 


#25353. +: PeQ.2=minp(d‘P—C‘P,).3. 


> - 
P,P Pwolf Py'ee {Psmor (Pt A‘P)} 
Dem. 


> e< 
b. 42047 #200381. 3b: Hp.d.P,PPaculP Pyeel—l (1) 
b.#253'52 . #50552. > 


> = > - 
t:Hp.>.0(P, | Paul} Py‘) = (Pe — ' BYP) v Pyka 


[#202101] = OP ~uBIP 
[x93'108] =P 
[#202-55.%253'521] =O(Pt d‘P) (2) 


=> = 
b.*253°522. +: Hp.d.(P,f Paul Pye)(PPAUP)=P (3) 
b.(1).(2).(3). #15111. 34+. Prop 
¥253'54. +: PeQ.q!C'P-OP,.3.Psmor PE OP 
Dem. 
+ .*250:121.3+:Hp.>.E! minp(A‘P —-C‘P,) (1) 
F.(1).%*253°53. D6. Prop 
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#25355. F: Pe XQ. q!0‘P— O‘P,.3.NrP, = Nr'P+1 
Dem. 
F. #253521 .*204272.+:Hp.3.P~e2, (1) 
b. (1). *253°54'2. 3+. Prop 


425356. +s. PeQ.3:0°P, =U'P. EL BP. .Nr'P,= NP: 
~(U'P, = OP. Et BYP). NP, = NP $i 
(*253°51°511'55] 
425357. bs Pe. 0'P, =P. BL BP... 
i4NreP=Nr'P¢i.i-Nr'P + Nr‘P 


Dem. 
b.#258-51.>+:Hp.>.Nr‘P, = Nr'P. 
[¥253°21] D.i14Nr'P=Nr'P+i. (1) 
[*253-45] D.14+Nréip+ NrP (2) 


F.(1).(2). D+. Prop 


#253871. : Pe O.~ (UP, =O'P. Et BP). > .i¢Ne'P = NefP 


Dem. 
b.,#253'56. Db: Hp. D.Nr'P; = Nr‘P +1. 
(*253:21] D.14NrPii=Nr'P+i. 
[*181°33] >.14NrP=NrP:3+.Prop 


#253572. b: PeQ VAs (UP, = OP. EL BP). .14 NP$ NrP $i 
[253-571-45] 


#253°573, bi. Pe. 9:0'P,=O'P. EI BP. =. 14 Nr'P+ NP 
[4253-57571] 


4258574. bi. PeOQ—VA.9:0'P, =0'P. EIB P.=.i¢ NP = NrPti 
[2583-57572] 


#254. GREATER AND LESS AMONG WELL-ORDERED SERIES. 


Summary of #254, 

In the present number we bave to prove that of any two well-ordered 
series one must be similar to a sectional relation of the other. From this it 
will follow that of any two unequal ordinals one must be the greater. The 
propositions of the present number are due to Cantor*. 

Our procedure is as follows. We define a relation “RP _Q,” meaning 
“FR is a proper section of P, and is similar to @,” te. 

RPowQ- =. Re DW,. Rsmor Q. 

In virtue of ¥*253°46, if P,QeQ, Pyne l—aCls (25422) and 
Poy P D'Qs ¢ Ll (#254222), Thus if S is any proper section of Q which 
is similar to some proper section of Ps, the proper seetion of P to which 
it is similar is P,,‘S. It is easy to prove that P,..3Qs[ D*Qs is a section of 
P; and if D'P; C A'Qa,, 1@. if every proper section of P is similar to some 
proper section of Q, we shall have (254261) 

Pst D6Ps = Pam? Qs [ D‘Qs. 
Hence it follows (*25427) that if, further, D‘Q: C “Pin, 
P.[ D*Ps smor Qs f D‘Qs, 
Le. by *253-25, PsmorQ (#25431). 
Thus (A) if every proper section of P is similar to some proper section of Q, 
and vice versa, then P is similar to Q. 


we shall have 


Consider next the case in which every proper section of P is similar 
to a proper section of Q (ie. D&P;C AQ,m), but not vice versa, so that 
ai bD‘Qs.- 1P.,. It is easy to prove that, under this hypothesis, if 
SeDQs -UPon, then DOP; C AS... (25482), But if S is the minimum 
(in the order Qs) of the class D‘Q,;— ‘P,,, then DS, C G‘P,,. Hence, 
by (A), 

Ssmor P  (*254821). 
Thus (B) if every proper section of P is similar to a proper section of Q, but 
not view versa, then P is similar to a proper section of Q (#25438). 
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From (B), by transposition, we find that if every proper section of 2 is 
similar to a proper section of Q, but P itself is not similar to any proper 
section of Q, then every proper section of Q is similar to a proper section 
of P, whence, by (A), P is similar to Q (#25434). Hence, if there are 
proper sections of P which are not similar to any proper section of Q, the 
smallest of such sections (say P’) must be similar to Q, since it is not itself 
similar to any proper section of Q, but all its proper sections are similar to 
proper sections of @. Hence (C) if there are proper sections of P which are 
not similar to any proper section of Q, then there is a proper section of 2 
which is similar to'Q, ce. 


BrP, QeQ. gq! DP; — AQ D- Qe TP, (#25435), 
Thus either (1) q@!D*Ps—U‘Qm, in which case Qe U'Pyy, or 
(2) qi D‘Qs—- U'P,,,, in which case Pe TQ,,, or (8) DPs C AQ, and 
D‘Q; C ‘P,,,, m2 which case, by (A), ?smorQ. Thus (D) if P and Q are 


any two well-ordered series, either they are similar or one is similar to a 
proper section of the other (#25437). 


We now proceed to define one well-ordered series P as less than another 
well-ordered series Q if P is similar to a part of Q, but not to Q, Ze. we put 


less = POP, QeQ. Gq! RINQa Nr P.~(PsmorQ)} DF. 
(Observe that we have RI‘Q in this definition, not D*Qs.) 

It follows from (2D) that, P and Q being well-ordered series, if P-and Q are 
not similar, one mnst be less than the other («2544). It follows also from 
#25065 that if P is similar to a proper section of Q Q cannot be less than 
P (*254181). Hence J is less than (Q when, and only when, / is similar to 
@ proper section of Q, ie. 

PlesQ.2-P,QeQ.PeWQy, (441). 
Hence if each of two well-ordered series is similar to a part of the other, the 
two series are similar (4254-45); and in any other case, one of them is similar 
to a proper section of the other. 

From the above results we easily obtain the following propositions, which 
are useful in the ordinal theory of finite and infinite. 


#26451. b:Plessy.=.P?,QeQ. REP A NQ=A 


Ze. one well-ordered series is less than another when, and only when, 2 
part of it is similar to the other. 


e 
425452. fF: PeMQ.aCOP.g!CPa pi Pia... PD alessP 


Le. any part of a well-ordered series which stops short of the end is less 
than the whole series 
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#25455. +:.QlessP.=:P,Qe0:(qR). RsmorQ.REP.q! OP np PHOR 
Te, one well-ordered series is less than another when, and only when, it is 
similar to a part of the other which stops short of the end. 


#25401. less= BQ {P,QeQ. qi RI'Qn Nr'P.~(PsmorQ)] Df 

#25402. Pay =(D‘P;)]smor Df 

#2541. +:PlessQ.=.P,QeQ. qi RiQaNr'P.~(PsmorQ) [(*25401)] 
#254101. b: P,Qe2. PGQ.~(PsmorQ).d. PlessQ [#2541] 
#25411, +: RP..Q.=.ReD‘P,. RemorQ [(*254-02)] 

#254111. bP Q= DP, a NrQ [a25411] 

#25412. b:QeM'P,,.=.q1DPra NrQ — [*254111] 

#284121, +. DP, COP, [#25412 . 152°] 


#25413, +:. Psmor P’, Qsmor Q’. 3: PlessQ.=. P’ less Q’ 
[15115 . #152321 . #2541] 


#25414. +:SeD‘Q;.T¢PsmorQ.3.7Se DSPs a NrS 
Dem. 
b.#213'141. Db: Hp.3.(q8).Besect*'Q—vA-CEQ.S=Q>R8 (1) 
b.#150°37. Dk: Hp.S=Q> 8.3. 73S =(PIQ)t TB 


[#15111] =PET“g (2) 
b.x2127. Dh:Hp. Besect(‘Q. 2. 7B esect*P (3) 
+.487-43. Db: Hp. Gesect"(Q—A.D.q! 7B (4) 


b.x15022. DE: Hp. TB=CP.3. TB = THOR: 
[#72481] Db: Hp. T“B=C'P. Besect*Q.3.8=CQ: 


[Transp] Dr: Hp. Besect*Q— 109.3. PB + OP (5) 
F.(3).(4).(5).D 

Fk: Hp. Besect*Q — A — CQ... TB sect§P — tA —UOP (6) 
b. (1). (2). (6). Db: Hp. 3. (qa). aesect(P—uA-VOP.TIS=PPa. 
(#213-141] >. TIS eD'P, (7) 
bo ael5121. Dt: Hp.>.(T38)smorS (8) 


F.(7).(8). Db. Prop 


#254141. F: Psmor Q.3.D'Qs COP,» DEPs CT Qam 


Dem. 
b.*2541214.5b:.Hp.3:8eDQ,.9.SeA°P,, (i) 


b.(1).#151-14.9 6. Prop 


HOBA1AZ, b: Re OP, oD. Ryn © Pom 


Dem. 
F, #213241 .5+:Hp.>.D‘#; CDP, qd) 


+. (1). #25411. 3+. Prop 
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4254143, bk: QeM'P,,.3.0Q: CO Pyy 


Dem. 
+, #25412.3+:Hp.3.(qR).-ReD‘P;.RsmorQ. 
[#254141] 3. (qR). Re D'P, . D'Qs CT Ram « 
[#254142] 3. DQ; CO Pam « 
[¥213-16.Hp] >. Qh “(sect’Q — UA) COP ya « 
[*213-1] 3. CQ; CO Pyy 2 DE. Prop 


#254144. b:P=A.3.P., =A [x219'3.*25411] 


425418. £:.Q,, 60. q! BP. Py GJ oD: Ve T'Pyy 0 = OQ COP yy, 
Dem. 


b #254143 . Dh Qe A’ Pyy sD. Os CO Pan 

F #213142 211-26. 3b: Hp.qiQ.3:QeCQs: 

[22-441] 3:0; CO Pay D. Qe Pom 
Fe «21118. Dt: Hp.d.q!sect‘Pal. 

[#20035] D>. Ae PE “(sect'P— 1A). 

[#213-16]} >.AcD*P,. 

[*254°121] D.AeTPom 

F, (2).(3). Db: Hp.3:0°Q: CU'P,y 3. Qe OP, 
F.(1).(4). 34. Prop 


~ > 
#25416. bs. Qsmor Q’. 3: Pan'Q= Pam'Q’ 2 Qe T' Pam =- Q’ eA Pam 
Dem. 
> > 
b #254111 4152321. Db: Hp. 3: PanfQ= PanQ’! 


= 
[#1319] Dig! Pg Qe =. 9! Pn’: 
[433-41] 3:QeC'Py, -=.Q' CO Pyn 


b.(1).(2).3F. Prop 
#254161, |: Psmor P’. 3. O‘P,,, = U'P’ 
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Q) 
(2) 


(3) 
(4) 


qQ) 


(2) 


(1) 


Dem. 
b.e254:14, Db: Te Psmor P’. Se D'P’,a Nr'Q. 2. TiSe D'P; n Nr‘Q: 
[#25412] Dt: Te Psmor P’.Qe A‘ Pn D-Qe A Pan? 
[#151-12] Dt: Psmor P’.D. 0° P sy CO Pam 


F.(A). «15114. Db: Psmor P’. 3. Pom C OP om 
b.(1).(2). D4. Prop 


#254162. + :. Psmor P’. Qsmor Q’. 3: Qe MU‘ P,,-=-Q’e TP 'em 


[25416161] 
¥254:163. b: Re A Qan+ + ORam © OQem 
Dem. 
b,*25412.>b: Hp. >.(qS). Rsmor S$. Se DQ; . 
[254-161-142] D.(qS) « TRym = T' Sen + T Spin © TQam « 


[#13195] 3. O Bam © T'Qam 2 IF. Prop 


(2) 
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#254164. F: DEP, COQ, 6D. DIPS = Pay (DQs 9 TP) = Pram D'Qs 
Dem. 
b.25¢11. 3b: Hp. Re DOP,.3.(qS). Se DQ. Rsmors. 


[#25411 | 2. (qS).S e DQ: BP om S - 
(#37-1] 3. Re Pan Ds (1) 
b.x25411. DE. Pant DQ, € DEP, (2) 
F.(1).(2).3': Hp. >. D'Ps = Pe D'Qs 
{#37-26] = Py (DQ; 9 O' Pan) 1 DE. Prop 
#25417, b:Pe0.QeDiP,.REQ.3.~(RKsmor P) 
Dem. 
£.*20421.3F:PeOX.REP.RsmerP.3.ReSer, 
[%204-41] 2.R=PEOR (1) 


b. #25065. Transp. 

B:PeQ. RsmorP. R= Pl CRO. ~ (qa). aesect’P—vorP. CR Ca. 
(*231133-44] D.~(qQ)- Qe PE “(sect’P — OCP). REQ. 

(e213-141] Den(yQ)-QeDP.. REQ (2) 
b.1). (2). DF: PeQ. RsmorP.REP.D.~(qQ).-QeDPs.REQ (3) 
+.(3). Transp. 3+. Prop 


#25418. b:QeD°P,.3.~0(PlessQ) [254171] 


4254-181, +: Qe MP, .D.~(P less Q) 


Dem. 
b.#2541912. D+: Hp.3.(qR). RsmorQ.~(P less R). 
[25413] D.~(P less Q): Db. Prop 


#254182. b:PeOQ.QeD&P,.D.QlessP [#254101 . *253'421°18] 


#2542, bs Pe QD. QeU'P,,.D-Qless P 


Dem. 
b.x25411. Db: Hp. 3.(qR). Re DP. RsmorQ. 
[#254182] D.(qR). Riess P. Rsmor Q. 
[#25413] D.QlessP: 34. Prop 


#25421, F: PEN. Ve, REQ. ReQ.9. RlessP 

Dem. 
b.#25412. DF: Hp. d.(q, 7). SeDPs. TeSsmorQ. 
[4151-21.%150°31] Dd.(qS, 7). SeDPs. TeSsinorQ. TR smor kh. TIRES, 
[#25417] D647). Ti Rsmor R. TIRE P.~(L3R smor P). 
[#I51-17] D.4q7). TRsmor KR. TIRE P.~(Rsmor P). 
[*254°1] D. less Pi Db. Prop 
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#26422, :PeD.D.P,,¢€1—4Cls 
Dem. 
Feak25411. 362. RPO SPQ. 9: R, SeD‘Ps. Rsmor 8: 
[#253-46] 2:PeM.3.R=8 a) 
F.(1).Comm. 3+. Prop 


#264221. §: PeMX.3.0'P,,, C0 


Dem. 
b #25412. *253:13.9 


FsHp.QeQ‘P,,,.3-(qk, a. R= Pa. Rsmord. 
[4250°141.#251-111]D.QeQ:DF. Prop 


#264222, +: P,Qe0.3.Paf DQselvl 
Dem. 
re kQ5411. 0b B(Pay fl D6Qs) 5. RB (Pom f D6Qs) 8’. 3: 
S,S'e D‘Q;. Rsmor 8. Rsmor Ss": 
(*253'46] 3:QeN.D.8=8’ e5) 
F.(1).Comm. 3+: Hp. 3. Py f D'Qs eCls 1 (2) 
b. (2). #25422. 3+. Prop 


#254223, |. Cnv“( PoP D'Qs) = Qam Pf D'Ps 


Dem. 

b.e25411.3+:R(PfD'Q)S.s.Re DPs. Se D'Q;. RsmorS. 
(*151'14] =.SeDQs.Re DiPs,.Ssmor hk. 
[#25411] =. 8(Qonf D‘Ps) Ri DE. Prop 


#254224. F:QeQ. EL Py SS. Se D'Qs. 3.8 = Qen! Pon iS 
Dem. 
b  k254203.. Db. Hp. Dt SQpn (Pent) «= © (Pam'S) Pom (1) 
b. (1). #8032. #25422. D+. Prop 


425423. bt Pe. QeA' Py. Dd. Pa O=t(D'Pyn NreQ) [#25422111] 


*25424. b: P,QeQ. Re D§Pya WQ,,. Se BUR 9 D'Py. dS A Qan 


Dem. 
+. #21324, D+:Hp.d.Se Dh. 


(#254143. Hp] 3.8¢ OQ: 9+. Prop 
R&W. Til 
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4264-241, bP e0.Q, Re CP,.3: Re AQ,,.=.ReDQs 
Dem. 


b.4254121. 3+: Re DQ,.3. Re AQ,, a8) 
b. #254142. 5b: Hp. Qe CRs. 2. Qua © Ron, (2) 
b. «25842. Db: ReQ.D. Re AR, (3) 
+. (2).(8). DE:Hp.QeCR,.2.R~e HQ, (4) 
+. (4). Transp. (3). 3b: Hp. Re QQ... 3.Qr~e OR, QR. 
[%213°245] D.~ (QP:R).Q+R. 
[*213°153.Hp] D>.RP;Q. 

[%213'245] 2.ReDQ, (5) 


t.(1).(5). 3+. Prop 


#254242. +: Q¢0.7Te Pamor Q.SeD'Q,.3. TS = PS 
Dem. 
b.#25414.3b:Hp.d.73Se DP, a Nr'S. 
[e254°11] D.(L38) PaySs 
[25422251111] 3.258 = PyS: Db. Prop 


#204243. §:Qe0.SeDQ,.TePsmorS.S8’Q,8.3. 758’ = PS’ 
» Dem. 
F . #213'245 . «25318. +: Hp.3.8eX.S' eDS;. 
[*254°242] 2. TiS’ = Py 6S’: D+. Prop 


4254244, Fs P,QeO. SeD Qs aU’ Py,» Te (Py iS) sine? S.8'Q,8.D. 
TIS = Pag S « T38! = Py’ S' « (TI8’) Py (V58) 


Dem. 
+ .¥254243.3+:Hp. R=P,,‘S.3. TiS! = Ry 'S’ <1) 
+. #25411. DJt:Hp(l).3.ReD‘P,. (2) 
[#254142] 3D. Bom € Pom (3) 
b. (1). (8). *25422.3+:Hp(1).3. TiS’ = Py S” (4) 
bxl5l11. D+: Hp(l).d.R=78. (5) 
{(2)] D.TiSe DP, (6) 
b.(1).(5).#25411. Db: Hp(1). 2. TiS’ e D( TIS) (7) 
+. (6).(7).#213-244. 3+: Hp(1). 3. (758") P; (T3S8) (8) 
F.(5). D+: Hp.d.1S8=P,., ‘8 (9) 


F.(9).(4).(8). D4. Prop 
#254245, b: P,Q QD. Se DQ, a O' Pyne 8’ Qs « D+ (Pam'S’) Ps (Pan'S) 


Dem. 
b.#254-2211.5+: Hp.d.(Pan'S) smorS (1d) 


FF, (1). #254244. +. Prop 
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#25425. £2. P,QeQ.S,S’e DQ: a OP s 22 8:8 0. (Pam 8’) Ps (PaaS) 
Dem. 
b,#254245. 3b: Hp. 3:8'Q:8.3.(Pan'S’) Ps (Pan'S) qd) 
Pm'S, Pam'S', P, 

F.(1) a 2 ae) 
Fs. Hp. 3: (PomiS’) Ps (Pam'S) «3 «(Qa Pam'S’) Qs (Qam’PamS) « 
[254-224] 2.S'Q8 (2) 
b.(1).(2). Db. Prop 


¥25426. $:P,QeM.3.Qsf (DQs0 TP) = Qam( Pst D&Ps) 
Dem. 
b. #25425. 3Db:: Hp. 3:8’ (Qst (DQ: a OP, n)} S.=: 
S, Se D'Q: 0 O' Pom» (Pam'S \Ps (Pam‘S): 
[#25422] =:8, 8’ e DQs: (gh, BR’). RPy SR’ PS’. BPR: 
[#254223] =: (qR, BR’). SQmmR 8’ QR’. R, R'e DP,. BPR: 
[#15011] =: 8S’ [Qsni(Ps t D‘Ps)} Si: D+. Prop 


#284961. b: P,Qe. DQ, COF,y,-2- Ql D'Qs = Qand(Pst D'Ps) 
[#254-26] 


#25427, b:P,QeQ. DSPs CAQ.n» D6Qs C TO Pan De 
Qem P C(Ps [ D‘Ps) (Qs | D'Qs) smox (Ps [ D*P,) 
Dem. 
f.*254222. Db: Hp... Qa PO(Ps[ DiPs)e lal (1) 
b.x8741.0 Db: Hp.d. CPs D’Ps) COQ (2) 
b. (1). (2). #254261. #15122. +. Prop 
In virtue of the above proposition, we have, when its hypothesis is 
realized, 


(Qs ¢ D‘Qs) smor (Ps [ D‘Ps), 
whence, by *253:25, Qsmor P. 
This proposition is the converse of *254°14J. 


In the above proposition we take Qanf CPs D‘Ps) as the correlator, 
rather than Q,, [ D‘?s, so as not to have to make an exception for the case 
when P ¢2,. For if Pe2,, D‘Pse1, but Ps DP; =A. Thus Qsm[ D‘Ps is 
not a correlator in this case. 


The following propositions, down to the end of the present number, are 
important, and give the foundations of the theory of inequality between well- 
ordered series and between ordinals, 
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428431. £:P,QeQ. DP, CAQ,,, . D'Qs CAW,,, «3. P smor Q 
Dem. 
b. #25427. Db: Hp. 3:(Psf D4’s) smor (Qs f D‘'Qs) + 


[*253°25] D:qiP.q!Q.3.LsmorQ (dy 
b.4254144.0F: Hp. PHA.LD.DIQ=A. 

[¥213°302] D.Q=A. 

[#153°101} >. Psimor Q (2) 
Similarly b:Hp.Q=A.3.PsmorQ (3) 


F.(1). (2) .(3). DF. Prop 


KQH4B1L. be P,QeQ.D: DP, CMAQ, DQ; CUP, =. Psuor Q 
[425431141] 


#28432. +: P,QeQ.DIP, COQ, Se D'Qs — U' Pon I. DEP. C TS. 
Dem, 

b.25424. Db: Hp. RS’ eDQ;.S' ECR. ReEMTP,, .d.8'eA*P,,, (1) 

+. (1). Transp. 3+: Hp. ReD‘Q, a d‘P,,.3.~ (SER). 

[#213-21] 2. RQS. 

[*25422°11.*213-245] 3.(PanSR) smor &. Re D‘S;. 

[#25412] 3D. (PumfR) € TS, (2) 

b. (2). «8761.36: Hp. 3d. Pon (D6Qs a TPan) C OSemn « 

[#254164] 3. DP; CGS, : DE. Prop 


4254321. £: Pj Qe. DP, CAQ,,, « S=min (Qs)(D'Qs — UP)» 9. SsmorP 
Dem. 
= 
+. #20514. D+: Hp. >. O68 COP, « 
[*213-246] 2. D‘s, CA‘P,,, @) 
F.425432.9+:Hp. >. DIP, CUS, (2) 
F.(1). (2) #25431. . Prop 


#25433. :P,Je0.DOP.C OQ... q! D'Qs — UP,» D. Pe TD Qam 
Dem. 
F. #25324. 3+: Hp. 2. E! min (Qs)(D‘Q; — A'°P,,)+ 
[*254-321] D.(qS).SeDQ;. Ssmor P. 
[#25411] D.PeQQsui Dt. Prop 


#25434. £:P,QeQ. Pre CQ, . DOP. C AQ... 3. P smor Q 
Dem. 
b . #25433. Transp. 2: Hp.d.D‘Q; CTP, DSPs COQ, - 
[*25431] D.Psmor Q: 3+. Prop 
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425435, b:P,QeQ.q! DQ. CP, D. Pe Quy, 


Dem. 
b.#253-24. Db: Hp. D>. Ef min(Qs)(D'Qs — Pan) 
[420514] >. (gS). SeDQsr— Py, QSEMP,,. 
fx213-246] D.(qS). SeDQ,— CP, DS CUP, . 
[#25434] 2. (gS). Se DQ;. Ssmor P. 
[254-11] 3. Pe AQ: Dt. Prop 


#25436. b: P,QeM. Gg! DQ: — CT Py DCP CT Qyy [#5435143] 


¥25437, F:. P,Qe1.3:PsmorQ.v. Pe TQa, Vv. Qe A Pe, 
Dem. 
F*25431. 3b: Hp. DP; CQ, DQ; CA'P,, . D. Psmor Q (1) 
b.#25435.3Db: Hp. aq! D'Qs — GP. 9. Pe AQ, (2) 
B.#25435.9+: Hp. gq! D6Ps— TQ 2 Qe T Pan, (8) 
+. (1). (2). (8). DE. Prop 
This proposition is the most important on the relations of two well- 
ordered series to each other's segments. It shows that of every two 
well-ordered series which ave not similar, one must be similar to a segment 
of the other. 


#2544 +:.P,Q60.3:PlessQ.v.PsmorQ.v.Qless P 
Dem. 
.a2542. DE: Hp. Pe MQy,-D. PlessQ () 
b 42542. DE: Hp. QeC‘P,,.D. Qless P (2) 
b. #25437 ..Db: Hp. Pre OQ, - QrveM'P,,,.3.PsmorQ (3) 
F,(1).(2).(3). DF. Prop 


> > 
#254401, b:. P,Qe 2.3: less‘P =less'Q. =. PsmorQ 


Dem. 
> ~ 
b.x2541. Db: Ap. less’P =less‘Q. 3. ~(P less Q). ~ (@ less P). 
[#25 44] >.PsmorQ (1) 
> = 
+ .#25413.3+:Hp. Psmor Q. 2. less‘P =less‘Q (2) 


b.(1). (2). DE. Prop 


#25441, +: PlessQ.=.P,QeQ. Pe Qu-=-Qe2. Pe TQsn 
Dem. 


b #2542. DE:QeN.PceAQ,,.3. PlessQ Q) 
b. #25418). DE:QeCU‘P,,,.3.~(P less Q) (2) 
b.#253-421 . DE:QeQ. Re DQ,. Psmor R.D.~(P smor Q): 
[#25411] DE:QeN. Pe AP, .D.~(P smor Q) (8) 
£ (2). (3). #2544. DE: Qe. PeA*P,,.2. Pless Q (4) 
f. (1). (4). Dt: PlessQ.=.QeQX.P eA Quen + 

[254-1] =.P,Qe2.PeTQm iD. Prop 
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#25442. +. less G J. less? G less 


Dem, 
b.k254h. Dh: PlessQ.D.~ (PsmorQ). 
[#15113] >.P+#Q Q) 
b.#254168. Db: Re TQ» Se A Rey 6D. S eT Qam t 
[#25441] Dk: RlessQ. SlessR.D.SlussQ (2) 


b.(1). (2). +. Prop 
The relation “less” fails to generate a series, because it is not connected, 
two similar well-ordered series being neither greater nor less than each other. 
On the other hand, the relation Nriless is serial, since two simila. well- 
ordered series both contribute the same term to the field of Nriless, and 
therefore connection does not fail. The relation Nriless will be dealt with in 
the next number. 


#25443, §:Q¢Q—ecA.D.AlessQ [#2541 .*250-4. #15211] 
#254431. |. less = —t'A. Oless C0 


Dem. 
b. 25443. DE: QeN-vA.D. AlessQ () 
bh. 2341. 42518. DE:Q=A.d.Qre Mess (2) 
b. #2541, D+. Cfless C2, (8) 
F. (3). (2). Transp. D+. C‘less CO 1A (4) 
b.(1)-(4). DE. less = 0 -0A (5) 
F.(3).(5). +. Prop 


In order to obtain C‘less = Q, we need, as appears from (1) in the above 
proof, g!Q—iA. In virtue of *251-7, this requires q!2. By *101:42-43, 
this holds if “less” has its field defined as belonging to a class-type or a 
relation-type. If, however, “less” has its field defined as composed of 
individuals, the primitive propositions assumed in the present work do not 
enable us to prove 4! 2, nor therefore to prove 4 ! less. 


It should be observed that “less,” like “sm” and “smor,” is significant when 
it is not homogeneous ; but “C"less ” is only significant for homogeneous typical 
determinations of “less,” because only homogeneous relations have fields. 


#264432. big !2..= a llessatyaftpa. =. Gi N—UvAntafa 
Dem. 


b.e251-7. Db sgl 2..2.G1Q~Anina. (1) 
[*254-43) =.(qQ).QeN-Ant,fa.AlessQ. 
[#55°37] D. (HG). AlessQ. AL QE tala f tra. 


[*55°3] Dy Lless A ty F tof (2) 
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b.¥85°103. Db sop! less A tyofa f toa. D. (GP, Q).PlessQ.P,Qetyfa. 
[*254°431] Dig tQ—lAntyfa. 


[)] 


D.q!2, 


F.(1).(2).(3)- DF. Prop 


#254433. bo Yess A fyCls f toCls « of ! less A tyofRel f foo‘Rel 
[#254-432 . *101-42°43] 


#254434. b:qtless. =. Cless= 0.2. Biless=A 


Dem. 


b.*250-4.*33-24. Db: Cless=2.3.4! less 
#93102 «433-24. Db: Bless = A.D. qf! less 


b. 425443. DF:QeN-UA.D. AlessQ 
F.(8). Dkrq!Q—vA.D. Ae Diless. 
[#254431] >. A= Bitess 


bo (4). 254431. DhigqGiQ—0A.D.Cles=2 
bk. (1). (2). (4). (5). DF. Prop 


> - 
#26444, b: Pe C‘less. >. C*less = less‘P uv Ne‘P v less‘P 


Dem. 


b. #25413. Df:Hp.d. NriPC Ciless 

b. (1) #33152 .Db: Hp. >. lesoP u NréP u lesstP C Ctless 
beaQ541. Dt. CHless C2. 

[4254-4] DF. Pe Ofless.D: Qe Olless.D. Qeless'P u Nr‘P u less'P (3) 
F.(2). (8). « Prop 


#25445. +: P,QeOQ.q!RiPaNrQ.q! RIQaNrP.>.PsmorQ 


Dem. 


b .#254-42.5b: Pless Q.3.~(Qless P) 
b.e2541. DE: P.QeQ.q!tRkQn Nr'P.~(PsmorQ). 2. PlessQ. 


(Q)] D.~(Qless P). 
(*254-1. Transp} D.~gtRlPaNrQ 
F.(2). Transp. 2+. Prop 


3) 


qq) 
(2) 
(3) 


(4) 
(5) 


(4) 
(2) 


(1) 


@) 
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This proposition is the analogue, for ordinals, of the Schréder-Bernstein 


theorem. 
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#25446. -:PlesQ.=.P,QeQ. yg! RIQaNneP.~ gi BP nan NrQ 
Dem. 
F.#152°11.*6134.> 
b:P,QeQ. qt RIQa NP. vq i REP a NrgQ.d. 
P,QeQ. qi BlQ a NriP.~(P smor Yd). 


[#2541] >. Pless Q dd) 
b.*2541-45., Transp. > 
bi PlessQ.3.P,QeQ. qt RiQaNr'P.~ gi RiP a NrQ (2) 


k.(1).(2). 3k. Prop 
#25447, F:Pe0.3.P;=lessf C*P; 
Dem. 


.x213-245.Db. Hp. 3: RPQ.s.ReDQ,.QeOP,. 


vu tl 


[#254121] » Re Qyn 

[e254-41] >. Rless ¢ () 
+. #254181. Transp. D+: Hp. Q, Re CPs. RlessQ.2.QrveT'Ray + 
(254 121] >.Q~:DR, (2) 
b (2). #21825. 25442. 5b: Hp.Q, Re C*P,. RlessQ.3. Re D‘Q,. 
[#213-245} D>.RPQ (3) 


b. (1). (3). 5b. Prop 


42545. b:P,QeN.D: 
RUPaANrQ=A.=. gq! Rl QaNrP.~(PsmorQ). =. PlessQ 


Dem. 

b .x25446. Dt: Hp. RNP an Nr'Q=A.3.~(Qless P) qd) 
b,. #6134 .415211.3+:PsmorQ.>.PeRMPaNr‘Q (2) 
+. (2). Transp. DE: RUPP aANr'Q=A.3.~(Psmor Q) (3) 
F. (1). (8). 2544. b: Hp. BEPaNr'Q=A.>.PlessQ (4) 
F .254-46 . Dt: PlessQ.3.RiMPaNrQaA (5) 
b . (4). (5). Dt: Hp.3d:RiPaNrQ=A.z.PlessQ. 

(#254°1] =.q!RMQn NriP.~(P smor Q):. D+. Prop 


#25451. +: PlessQ.=.P,QceQ.RMPaNrQ=A [2545-1] 


#25452, b:PeQ. aC OP. gq CP np’ PHa.>. PE aless P 
Dem. 
4, 4250141. 3h: Hp.d.PDaed a) 
b.*250653.3+:Hp.>.~+(P[ asmor P) (2) 
b. (1). (2). *254101 3. Prop 
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425453, £:P,QeD.QEP.q! OP np PHOQ.D. Qless P 
Dem. 
b. #250652 .3b: Hp.d.~(Qsmor P) (a5) 


+. (1). #254101. D+. Prop 


#25454. +:P,QeQ.RsmorQ.REP.g! OP np PHCR +>. Qless P 
[#254°53'13] 


425455. 1s. Qless P.=: P,Qe 0:(qR).Remor Q.RGP .qiC'Pn pp POOR 
Dem. 
b. #25441. 3b: Qless P13: P,QeQ: (qk). RsmorQ. Re D‘Rs: 
= 
[#21318] 3: P,QeQ: qk). RsmorQ. REP.g! OP apiPrcR (1) 
b. (1). #25454. +. Prop 


«255. GREATER AND LESS AMONG ORDINAL NUMBERS. 


Summary of #255. 

if P and @ are well-ordered series, we say that Nr‘P is less than Nr‘Q if 
P,is less than Q. Thus if y and » are ordinal numbers, we say that y is less 
than » if there are well-ordered series P, Q, such that y= Nr‘P and v= Nr‘Q 
and P is less than Q. In order to exclude the case where, in the type 
concerned, we have Nr‘P=A or NrfQ=A, we assume p=Nor'P and 
v= Nor‘Q. Thus we put 

pav.=.(qP, Q).p=NrP.v=Nou'Q. Pless Q, 

1. we put <=Nyrless Df. 


In order to be able to speak of Nr‘P (where the type of “Nr” is left 
ambiguous) as greater or less than Nr‘Q, we put 
eGONYPl =. oNor'P De, 
NrPcyp.=.NorP<ap DE 
The treatment of types proceeds, mutatis mutandis, as in «117, to which, 
together with the prefatory statement in Vol. 11, the reader is referred for 
explanations. 

In virtue of *25446 and *117°1, there is a close analogy between cardinal 
and ordinal inequality. That is to say, most of the properties of cardinal 
inequality have exact analogues for ordinal inequality, and these analogues 
have analogous proofs, (In the present number, when a proposition is 
analogous to the proposition with the same decimal part in #117, and has 
an analogous proof, we shall omit the proof.) But ordinal inequality has a 
geod many properties which have no analogues for cardinal inequality. The 
chief of these, upon which most of the rest depend, is 


*255:112. bs. p,veN,O.Dip<av.vip=smory.virsp 
where ‘‘N,O” stands for “ homogeneous ordinals,” ie. NOnN,R. We have 
also, what is often important, 
#25517. +: Nré'PD>Nr'Q.s.Q less P.=.P,Qe2.Qe UP. 
=.P,Q¢2.q!DP,a NrQ 
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so that 
#265171. b:. Pe Qe Di pGNr'P.=. we Nr“D‘P, — 1A 
and more generally, 
#255172. Fs. PeM.3: 
es 
eONrP.=. (qa). aCOP gi CP a piP Wa p=NrPla.qiy 
As in cardinals, » is greater than pv if (and unly if) » is the sum of » and 
an ordinal other than zero, including 1 except when v= 0, (*255°33). But it 
is necessary to the truth of this proposition that the addendum should come 
after v, not before it; ie. x + > v unless w= 0, (*255°32'321), but a + ris 
often equal to v. 
Ifa, 8, y are ordinals, and @ > 8, we shall have 
vbaD>ytB (4255560), 
axP>P if at0,.8+0, (#25557), 
axy>BXy if y#0, (*255°58), 
yx B>y if y is of the form 841 (255-573), 
yx aD>yX if y is of the form 844 (%255°582). 
From the above propositions it follows that if a, 8, y are ordinals, 
yta=yiB.d.a=B 
(*255°565, where 8 may be substituted for smor‘‘s whenever significance 
permits; cf note to *12051), which gives the uniqueness of subtraction 
from the end (subtraction from the beginning is not unique); 
axy=BXy.3.a=8 unless y=0, (*?55'59). 
which gives the uniqueness of division by an end-factor ; 
yXa=yXB.d.a=8 if y=S41 (%255°591), 
which gives the uniqueness of division by a beginning-factor sf the form 
d4i. 
We do not have generally 
a,B,yeN,O.a<f.d.aexp,y < Bexp,y, 
because aexp,y and Bexp,y are in general not ordinal numbers, since series 
having these numbers are in general not well-ordered. Thus the theory of 
ordinal irequality has only a restricted application to exponentiation. This 
subject cannot be adequately dealt with until we have considered finite and 
infinite series. 
If a is an ordinal, C“‘a is the corresponding cardinal, ie. the cardinal 
number of terms in a series whose ordinal number is @ Thus the cardinal 
numbers of classes which can be well-ordered are C‘“NO, ze. 


¥25B7,  F.Ne“O" 0. = ONO 
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It is evident that. 
#25571, +: PlessQ.3.NefCCPQNCO™ED 
whence, by *254°4, 
4255-73. Fi. P,QeQ.D: 
NeCOSP < NetC"Q.v. NefCOP = Nef") vv. NotC*P > Ne CQ 
whence also 
#25574. bi.a,Be CNO-UA. DAR B.vV.a>8 
Thus if two classes can both be well-ordered, they either have the same 
cardinal. or the cardinal of one is less than that of the other 
We have 
#25575. +:P QeQ.NceSC'P < NeC'Q. 3. Pless Q 
or, what comes to the same thing, 
#25576. bra, BeNO.CacO’B.d.acB 


The converse of this proposition only holds for finite ordinals. If a 1s an 
infinite ordinal, a + 1 always exists and is greater than a, but O“a= O(a + 1). 
(The existence of +1 is deduced from that of a by taking a member of a, 
and removing its first term to the end. The result is a series whose number 
isa+1, in virtue of ¥253°503°54.) 


#25501. <= N,riless Df 
#25502. > =Cnvic Df 
«25503, NO=NOaN,R Df 

Thus “N,O” means “ homogeneous ordinals.” In virtue of #1553422, 
this is the same as “ordinals other than A.” It is not, however, strictly 
correct to put N,O = NO — ‘A, because if the “NO” on the right is derived 
from an ascending Nr, it will not contain all the ordinals in the type to which 
it takes us, but only those which are not too big to be derived from the lower 
type from which “Nr” starts. Thus in this case N,O will be a larger class 
than NO-v‘A. If, however, the “Nr” from which the “NO” on the right 
is derived is homogeneous or descending, we shall have 

N,O = NO- UA, 

#25504. <=<usmorf[N,O Df 

This definition leads to the usual meaning of “less than or equal co.” We 
want the relation “less than or equal to” to hold only between numbers of 


the sort in question (cardinal or ordinal), and we want “eqnal to” to hold 
between two numbers which are merely different typical determinations of a 
given number, provided neither of these typical determinations is A. That 


is, if wis an ordinal which is not A, smor‘*y is to be reckoned equal to yw in 
every type in which it is not A. Thus if »=smor‘‘y, ce. if »=smorep, we 
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shall reckon v equal to yw if both are ordinals and neither is A, ie. in virtue of 
#155°34°22, if w,veN,O. This leads to the above definition. 
#25505, > = Cnv' Df 
#25506. waNr'P.=.p<aiNyrP Df 

On this definition, compare the remarks on *117-02. 
#25507. NriP<au.=.Nor'P<ap Df 


The following propositions (down to *255°108) merely re-state the above 
definitions, 


x2561. biptv.=.(qP,Q).n=Nu'P.v= NorQ. PlessQ 
4Q5B 101. be eNO. sip ae Nor'Q 

#265102. F: Nr‘Pecv.=.NytP<apv 
#255103. + 
#255104. + 
*255°105. + 


Ip ves vs 
pe Svisipav.v.pveNO.u=smor'y 
weve Sty Spisive pw. vepveNO.w=smory 
[#255104 . (255°05) . #155-44] 
#255106. b: Nr‘P < NrQ.s.NorfP << NorQ  [*255°101'102] 
#255°107. b: Nr’P GNr‘Q.=. Nye P SNw'Q 
#265:108. f:. NrSPSNr‘Q.s: Ny P< Nyr'Q.v.Nr'P=NrQ. Pe 
[#255°107°104 . #155°16 . #15253] 
#26511. bipsv.=.(qP,Q)- Pi QeN.paNorP.veNwrQ. 
Qi RMQnNr'P ow gi RMP aNrfQ [255-1 .*25446] 
#255111, bi pi>v.=.(qP,Q)-P,Qe0.p=Nor'P.v= Ni rQ. 
qiRMPaNrQ.~ gi RlQaNr'P  [*255°11103] 
This proposition is exactly analogous to *117-1, except for the addition 
P,QeQ. Hence except where this addition is relevant, the analogues of the 
propositions of *117 follow by analogous proofs. Such analogues will be 
given without proof in what follows, and will have the same decimal part 
as the corresponding propositions in *117. Where proofs are given, there 
are no analogues in #117, or else the method of proof is not analogous. 


#*255°112. Fi. u,veNO.Dipav.v.p=smorv.vivsp 
Dem. 
b.e255°1L 42544. 9b: Hp. od: 
eSvievevp.v. (GP, Q).P,QeX. pa Ne P.v=Nir'Q. PsmorQ: 
(#155-4.4152°321] 
Dip<vivive piv. (qP,Q). w= NoriP.NriP = NrQ.NriQ=smor“y: 
(#155-16] 
Dipsvivivep.v.(qP,Q)-wH=NrP. Nort P=NriQ. NriQ =smor'y: 
(HIS TT] Dip veviv<p.v.p~=smory:. I+. Prop 
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#265113. t:. P,QeQ.3:Nr'P a Nr'Q.v.Nr'P=Nr'Q.v. NrQ< Nr‘P 
Dem. 
b.*255°712106. 3+: Hp.3: 
NrfP <a NrQ.v. Nor‘P =smorN r'Q.v. NroQ< NréP: 
[155-416] >: NrfP < Nr‘Q.v. NrfP=NrQ.v. NrQ << Nr‘P:. 3+. Prop 
4255114. ki. p,veNO.Dipvivivspipeveviv op 
[#255°112°104°105'103] 
#255115. bs. P,QeOX.D: Nr'PSNr‘Q.v. NrQ << Nr‘P: 
Nr'P > Nv'Q.v.NvQ > Net'P  [#255°113-108] 
425512. bid v.stpveNO: 
Pep. Qev.Dpo. GQ! RMP na NrQ. ~q! RQ aNriP 
#265121. ki. > v.=ty,veN,O: 
Pep Dp.(qQ)-Qev- q! RP a NrQ.~ qt RQ 0 NriP 
#25513, b:Nr‘P > Nr'Q.=.P,QeQ. qt RilPn NrQ.~ qi RlQaNriP 
4255-131, b: Nr‘P > Nr‘Q. =. Nr*P B NrQ.Nr‘P + NrQ 
[#25513 . #25445] 
#25514. bip dv. =.(gP,Q). P,Qe2.~=Noar'P.v=Nor‘Q. Nr‘P > NrQ 
4255141 kip iy. s.pev.ptsmor vy [25513114] 
#20515. bipD>v.s.pveN,O.q! sRi“pnsmor’y.~ qi sRien smor <p 
#25516. bi.y,veN,O.3: 
wiv. =.smor'y > ve =. > smory.=.smor'*y > smor'y 
#25517. +: Nr'P>NrQ.=.QlessP.=.P,Qe0.QeU'P,,, . 
=.P,Qe60.q!DPyn NrQ 


Dem. 
F .#255:13 . #25446. Db: Nr'P > NrQ.=.Qiess P. Q) 
[x254-41} =.P,QeQ.QeOP,,. (2) 
[*254-12]} =.P,QeQ.q!DiPsaNrQ (3) 


F.(1).(2).(3). DF. Prop 
#255171. b:. Pe Q. Dina NriP.=. pe Nr“ D°P, — A 


Dem. 
b.*255:14.5+:.Hp. Dip a NrP.=.(qQ).~=NrQ. Nr'QaNriP. 
[*255°17] = (GQ) w= Nor'Q. Qe. qi DP. an Nr. 
(*1521] = .(qQ, BR). w=Nor'Q.QeX.Qsmor Rk. Re D‘P;. 


[415235415516] 5.(qR). w= NR. ReQ.ReDPy qty. 
[#253:'18.4876] =. meNr DP, —t'Ar DE. Prop 
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#255172, 3. PeQ.3: 
4 eGNr'P.=.(qa).ac OP gt OP np PMa.p=Ne Pha. glu 
ene. 
F .#211°703 . *213-141 .5 


b:QeD‘P,.D. (qa). aCOP. gq! OP ap Pa.Q=Pta (1) 
F.(1).4255171, 3b: Hp. <NeP.>. 
(qa) aC OP. qi OP np P“a.p=NePhacgtp (2) 
b .*250°653 . 4254-47 2D 
b:Bp.aC OP. ql Pap P¥a.>.Phaless P. 
[#255°17] D.NrPL a< Nr’P (3) 
F.(2).(8).3+. Prop 
#255-173, b:.PeQ.9: 
Nr‘Q<Nr'P.=.(qa).aCOP.qil'P np Pa -Qsmor (Pf a) 
Dem. 
F.*255°172°102 . #155:22.3 
bi Hp.DiNrQeg Nv“ P.=.(qa).aC OP. qt O'Pa p Pa. Ne QaNr'Ph a. 
[a152-35.4155-22] = (qa). aC OP. 1 OP np Pa. Q smor (PE a): Dk. Prop 
«255174. t: Nr‘Q< Nr'P.=. PeQX.Nr'QeNrD‘P, 
Dem. 
F .*255°171-10213 > 
ki. NA®Q << NrfP. =: PeQ. Nor Qe Nr DP, — A: 
[437°6.4155°22] =: PeQ:(qR).ReD‘P:.NorQ=Nr'k: 
[#155°16} :PeQ:(qR). Re D‘P,. NrQ=Nrh: 
[37-6] =:PeQ.Nr'QeNr“D'P;:. DF. Prop 
#255175. b: Nr‘Q< Nr'P.=.PeQ.NrQeNr(D‘P, uP) [#255-174108] 
#255°176. Fi. 1 P.O: Nr'QSQNri'P. =. PeQ.NrQe NriCP, 
[*213°158 . #255°175] 
#25521. bi Nr'P<Nr'Q.=. P,QeQ.RUPANYQS=A_ [x25451 . #25517] 
This proposition has no analogue in cardinals, because it depents upon 
#2544, In cardinals, if Clan Ne‘8 =A, it does not follow that q!Cl{Bn Ne‘a, 
so that Ne‘a may be neither less than, nor equal to, nor greater then Nc‘f. 
4255-211. bs. P,QeQ. Dd: qi Rl Pn NrQ.q! RQ a NrfP. =. Nr6P= Nr“Q 
[254-45] 
This proposition is the ordinal analogue of the Schrider-Bernstein theorem. 


If P and Q are series which may be not well-ordered, the proposition fails. 
Thus e.g. the series of rationals is like the series of proper fractions, which is 


Hl 
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a part of the series of rationals > 0 and <1, and this latter series 1s part of 
the series of rationals, but is not similar to the series of rationals, since it has 
a last term, which the series of rationals has not, 


#26622. +: P,QeQ.q! RMP no NrQ. =. Nr'P > Nr‘Q 
#255221. Fi. Nr‘P NrQ.=:P,Q@ceQ:(qR). REP. Rsmor Q 
4255-222. F:QEP.P,Qe«2.I.N“PBNr‘Q 
«25523. b:NriP>Nr'Q.NrQ2NrP.=.P,QeQ.NrP=Nr'Q 
425524. bipiey.=.(qP,Q).p=NuwiP.vaNyrQ.NriP BS Nr‘Q 
#255241. bipdev.=.(q P,Q). p= Nort P.v=NorQ.P,QeQ.q! Ri Pa Nr'Q 
#256942. bi.p,veNO.D:uoev.=.(qP,Q). Pep. Qev.q! RIP NrQ 
#255243. bi. poe ve =: 
(AP, Q): P,QeQ.p=NrP.v=NyrQi (qk). REP. Rsmor Q 
#255244. bs. u,veN,.O.D: 
wey. =.smor"p ey. =. p Be smory. =. smor“p & smor‘‘y 
#25525. bs yey. v ep. =-u,ve NO. smor‘y = smor'r 
#25527. bi NriP < NrfQ v=. NifP S Nr‘Q. Nr‘P + Nr‘Q 
#25528. b:Ni(P > NrQ. =. Nr'PB NrQ.~ (Nr'Q BNr‘P). 
Pi QeQ.~(Nr'QeNr'P)  [#25513'2221) 
4255°981. bi pip v.s.pBv.~(vep).=pveNO.~ (vey) [#255114] 
«255-29. bs Ne P a NrQ.=.Nr'PSNr'Q.~ (NrQ<aNr‘P). 
»P,QeX.~ (NriQ SNr‘P) [255-115] 
#255291. bi pwctvsipv.r(vSp).=-pveNO.w (vy) [#255114] 
In the following proposition, we employ an abbreviation which is justified 
by its convenience, namely we put 


(qa). weNOvell. NrP=NrQia 


to 


instead of 

(qa).aeNO.NrfP=NrQ toa.v.NriP= NrQ + 1. 
Ip virtue of *51-239, these two expressions would be equivalent if i had any 
indeptudent meaning; but as i is only significant as an addendum, «1-239 
eannot be applied. We will, however, adopt the following definitions : 


*255-298. (qa). wexvl'l. f(uto).=:(qo).cex. f(t o).ve fei) DEF 
#255299. wex vil. Do f(ut a) =i 76K. De feta) f(uti) Df 


These definitions enable us to state many propositions, in which 1 occurs, 
as though 1 were an ordinal number, 
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#2563, 0 bi. Nr'PeNrQ.=:P,QeOQ:(qo).ceNOvli.NriP=NrQia 
Dem. 

b .#255°175 . #253471. 3 
tr. NrfPS NrQ.=:PeO: (qa). NrQ¢a=NrP.v. NrQ+i=NrP: 
[#251132-26]=:PeQi(qa).NrQ,aeNO.NrQia=Nr'P.v. 

Nr‘Qe NO.NrQ¢i=Nr'P; 
(e2511-111] =: P,QeQ:(qa).ceNO.Nr'Q¢a=Nr'P.v. 

NrQ¢i=Nr'P: 

[(4255°298)] =:P,QeQi(qzu).aeNOvil.Nr'P=NrQ4a:.3b. Prop 


425531 bi wiev.sipveNO:(qo).ceNO vid. pavio 


[x255°3'14] 
#255°32, bi.v,aeN,.O. Div¢oD>v.5.0+0, 
Dem, 
b. #25344, Dt:Hp.w+t0,.d.vdity ql) 
b.#255°31. Dt:Hp.d.v4-adv (2) 
b. (1). (2). #255141. 3h: Hp.ao+0,. 3.040 D7 (3) 
b.k255 141. Dt:Hp.v+a>v.3.04¢a+smory. 
[*180°6] 3.0 +0, (4) 
F.(8). (4). DF. Prop 
#255321. b:.veN,O.3:y40,.5.9¢i D7 
Dem. 
b. k253'45 . DE: Hp.v+0,.d.v4i4v (1) 
b. #25531. Dt: Hp.d.vt iby (2) 
b.(1). (2). x255141.2h:Hp.v+0,.d.v¢i dy (3) 
b .*255'141. Dt Hp.v¢imy.d.v¢i4smor, 
[%161°2] Dd.» +0, (4) 
t.(3).(4). DL. Prop 


425633. bi.ui>v. =: 
pveN,O:(qa).ceNO-t0,.p=vba.v.vt0,.p=vti 

Dem. 

#25531. 

bipdv.siyjveN,Or(qo).ceNO.p=vto.pDy.vip=vtlpdr: 

[#255'32-321] 

Siu,veN,O:(qa).ceNO- 10,.p=vbo.v.vt0,.psvtis. 0b. Prop 
R.&W. UL 
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42554 bFipbv.veo.d.p~o0 
#25041. bipvivSo.d.~So 
4255-42. ben (up). ~ (psy) 
425543. bi pie p.n (ua). I.~ (peo) 
#255431. biwiey.ceNO.v(ubeo).d.ady [«255-43114] 
425544. biviea.n (peo). D.~ (ner) 
4255441, birvde ope NO.n (uo). div [4255-44114] 
#25545. bipdbv.pr>o.d.p>o0 
#25646. bipd>v.vec.d.p~>o 
#25547. bipDv.v>w.d.p~p>o 
#255471. bipmvivsao.dipso 
#255482. bs pbev.=.pveN,O.~(y >y) 
#255483. bip<Sv.s.p,veNO.~v<sp) 
#2655. bryeN,O.=. p50, 
Dem. 
b. «25531. Db. 0,.S:yeN,O:(qa).weNO vel. p=0,¢0: 
[*180°61] =:yeN,O:.3+. Prop 
#25551. b:weN,O-t0,.=.u>0, [2551415 . #15315] 
#25552, b:PeQ—uA.=. NPS 2, 
Dem. 
+. #25018. Dh: PeQ—VA.D. EIB YP. 
[%93°101] 2. (qy). (BOP) Py. BP £y. 
[456'11.455'3] 3. (gy). (BP) ye2,n RIP. 
(«13°195] 2.q!2.nRP. 
[4255-22] >. Nr‘P & 2, Q) 
b . #25522. 3b: NPS 2,.3.PeO.q!2,n RIP. 
[*61°361] 2.PeM—-UA (2) 


F.(1).(2). D4. Prop 


#255'53. 


«255°54. 
Dem. 


brweN,O—e0,.5. p22, [25552] 


bi 2, > pw. Bip=0,.Vv.y=2, 


b ..#255°53. Transp . #255°281.3:2,>y.=.y=0 (d) 
+. (1) .*255:105.35. Prop 
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#25655. +: >> 2,.=.weN,0—-c'0,—0°2, 
Dem. 
b .#255°54. Transp . *255°281. 2 


bry 2,.5.peNO.p+0,.y+# 2,22. Prop 


#25556. $:ReQ.NriP > NrQ.2.Nr‘R4Nr'P > NrRiNr'Q 

Dem. 
b.*2553.3b:Hp.3: P,Q ReQ:(qa).ceNOvuli.NeP=NrQia: 
[al 80-56] 

3:P,Q,ReQ:(qa).ceNOuel. NrR4Nr'P =(NSRFNrQ)4a: 
[#255°31 *251-26] 3: NrSR4Nr'P > Ne R4Nr'Q:. +. Prop 


#255561. biyeN,O.a>8.3.ytaD>ytB [#25556] 


#255'562. b: Re Q.Ne'P>Nr'Q.3.Nr‘RE Nr PS Neh + NrQ 
Dem. 
t.*1803. 3b: NrfP=NrQ. 2. NriR+Nr'P = NrR4NrQ qd) 
F. (1). #255°108-56 . 2 
bz. Hp.3:Nr'R4Nr'P > Ne R4NrQ.v. Nr R4Nr'P = Nr‘R 4 Nr Q: 
[*255°108] 2: Nr‘R+4+NriP & Nr‘ R4+Nr'Q:. DE. Prop 
#255568, biyeN,O. a 8.d.ytabyt¢@ [255-562] 
#255564. +b: P,Q, te Q. NrR4NrP =NrR4Nr'Q. 2. NriP = NrQ 
Dem. 
b.425542. 3+: Hp. d.~(Nr'R+4Nr'P > NR + Nr'Q)- 
(*255°56.Transp] 3. (Nr'P > Nr“Q) (1) 
Similarly br: Hp... (Nr'Q > Nr‘ P) (2) 
b. (1). (2). #255113. 3. Prop 
This proposition establishes the uniqueness of subtraction from the end. 
Owing to the fact that ordinal addition is not commutative, we have to 
distinguish “subtraction from the end” from “subtraction from the 
beginning.” They may be called terminal and initial subtraction re- 
spectively. Thus by the above proposition, terminal subtraction among 
ordinals is unique. This does not hold in general for initial subtraction 
among ordinals. 


¥#255°565, b:0,8,yeN,O.yba=y+6.3.a=smor“8 [*255°564] 


The above proposition is still true if we put a= instead of a= smor‘8 
in the conclusion, but in that case it is only significant when a and @ are of 
the same type, whereas in the above form it is free from this limitation. 
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425567. +: P,QeQ—-—A.D.Qless(P x Q). Nr‘ Q <a Nr°PxXNr'Q 
Dem. 


b.a25013. Dt:Hp.d.E: BP. Q) 
[4165251] 2. Qsmor Q | (B‘P) (2) 
b (1)-#1661. DheHp.d. QL (BP)EP x Q (3) 
b.(1). 493-101. 3: Hp. >. (qx). (BYP) Px (4) 


F. #166113. 3+ :( BOP) Pe. Re OQ | (BP).yeCQ.3.B(PxQ)(y} a) (5) 
b. (5) (4) #3924. «166-12. #113-106. 

bs. Hp.3+(qa,y): ReCQ | (BP).In- R(PxQ)(y Ladiy |e C(PxQ) (6) 
b.(2).(8).(6). 3: Hp.3. deste 

Q) (BP) smor Q. QL BP PxQ.qi0(Px Q)n PPXQ“OQ | (BYP) af 
[x254-54] Dd. Qless (P x Q) (7) 
b.(7).*255°17.3+. Prop 


*265°671. t:a,8eN,0~00,.3.8<axQ [#25557] 


4265572, t: P, Qe —UA. EL BP. D.P less (P x Q). NP Nev P XNvQ 
Dem. 


+. 425013. Dt:Hp.d.EIBQ. QM 
[«166111] 2.(BQ)JIPEPxQ (2) 
. #15164. (1). 3: Hp.>. (BQ) | }P smor P (3) 


b.4202511.3h:.Hp.d: BP ep P“D*P: 

[¥166111]  DrweD°P. ye HQ... (BQ) 4 a}(PxQ) lyf (BP) (4) 
+ .#202'511. Db: Hp. d:BQep Gad: 

[H166111]  Dra= BP. ye AQ... (BQ 1 a} (Px Q ly | (BP) 6) 
+4). (5). Drs. Hp. Dd: ae CP. ye OQ. 3.{(BQ) | 2} (Px Q) fy | BP)} : 
[4150-22] D:MeC(BQ) [iP .yeMQ.d.M(PxQ) (y | (BP): 
[Hp.«33-24.4«166-111] 

D:(qQN): Ne C(P x Q): MeO( BQ) 3 P. Dy M(PxQN (6) 
F.(2).(3). (6). «25454. 3b: Hp. 3. P less (P x Q) (7) 
b.(T). «25517. DF. Prop 
#255°573. b :.0a,8¢ N.O—1'0, :(qy)-ye NO-00,uvll a=yti:d.acaxe 

Dem. 
+ .*204483.5+:Hp.>.(qP,Q).a=Nor'P .B=NrQ.q 1 BP (1) 
+ .(1).*255°572.5 +. Prop 
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#25538, bi yeN,O~10,.a>B.2.axy> BX 


Dem. 

b.*255°31.> 

bi. Hp.3:(qa).ceNO-10,.a=R4a.v.840,.0=B4+i (1) 
b. #18435. Dhia=Rea.d.axy=(BXy) + (waxy) (2) 
bk. #18416. Dt: Hp.c£0,.3.0Xy+0, (8) 
b.(2).(3) .425532.3+:Hp.ceNO-10,.4=B4a.d.axy>Bxy (4) 
b 18441. DE:Hp.a=R4+i.Dd.axy=(BXy)+y7- 

[#255°32] D.aXy > BX (5) 


bk. (1). (4). (5). DE. Prop 


#255581. t:PeQ. BE! BP. Qless R.> . 
Px QlessP x R-NrSPXNr'Q << Nr'P XNr'R 


Dem. 

Pee 
b.*25455.9b:Hp.3.(qS).SsmorQ. SER. q!tCRa piReCSs () 
b.x1l6611.3F:SECR.3.PxSEPxR (2} 
+. *166°23.3+:SsmorQ.3.P x SsmorP x Q (3) 


F. #202°524. 40°58. Dt. Hp. ce OP. we OS. yeORa pROS.D: 
cP (BP).v.2= BP: wRy: 
[*166-113] Di(w42)(Px By (BP 4) 
b. (4). 166111. 34: Hp.yeORap'R“CS.>: 
MeC(P x8). Dy» M(P xB) {yb (BP) (5) 
b.(5) #1028. DE: Hp. gq! ORap RCs. >: 
(GN)! WeO(P x R): Me O(P x8). Iu. M(PxA)N (6) 
F.(2)- (8). (6). 90: Bp. Ssmor@.SCR.g! Ra ptRCs. 32 
(P x 8)smor(P x Q). Px SEPxR.g!O(P x BR) ap P x RYC(P x8): 
[4254-54] >. Px Qless Px R (7) 
F.(1).(7).3F:Hp.3.PxQlessPxR (8) 
F.(8).#255°17. Dt. Prop 


#255582. b:.aeN,O:(q8).8eNO—10, url .a=841:8<yid. 
AX 8 aXy [#255581 . #204483] 


#25559. F:a,8,yeN,O0.y+0,.aXy=S8Xy-2.a=smor'B 
Dem. 
+. #25558. Transp. D+: Hp.2.~ (a> f).~(a@<A). 
[*255°112] D.a=smor“8: 5+. Prop 
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This proposition establishes the uniqueness of terminal division, we. 
division by an end-factor, Initial division (i.e. division by a beginning- 
factor) is only unique if the divisor is of the form 541. 

#255591. F:.0,8,ye NiO: (gS). 8eNO-¢0,vei.a=84l: 
axB=axXyi2d.B=smor'y [#255°582'112] 
«2556, ob: Nr'P>Nr'Q.d.i4 Nr P>i1tNr'Q 
Dem. 
b.255°33.3h:. Hp. 3:(qu).veNO-10,.NreP=NrQia.v. 
Nr‘P+0,.Nr'P=Nr'Qti: 
[*181-55] D:(qu). oe NO—10,.14Nr'P=(+NrQ)ia.v. 
NrfP+0,.14NreP=(14+4NrQ)4i: 
[#25533] D: 14 Nr‘P > 14NrQ:. D+. Prop 
#256601, b: Nr’P > Nr'Q.=.14NrP>14+NrQ 
Dem. 


oP ; 
eo Ne aaa id 


bi Nr P @Nr'Q.d.i4NreP<i¢Nr'Q (i) 
F. (1). #255°108. Db: Nr’P @NrQ.d.14 NP G14 NrQ (2) 
+. (2). Transp . #251142, 3 
brig NrP,i¢NrQeNO.~G4tNr'P Gi+NrQ).d. 
Ne“P, Nr'Q eNO. ~ (NP SNrQ) (3) 
b.(3). #255281. if Nr'P > 1ENrQ.3. NP > NeQ (4) 
F. (4). #255°6.. Db. Prop 
#25561. t:QReQ. NY P=NeQENYR. OR, =CR.ELBR.D. 
NrPii> NrQti 
Dem. 
+. 25357 .)+:Hp. D.NriP+i=NrQtliNr'R. 
{#255°32] D.Nr'P+i > NrQ+i: D+. Prop 
#26562. +b: Q,. Re O.Nr'P = Nv'QtNrR.NeR40,. 
~ (CR, = UR. E! BR).D. 
Nr‘P > NrQ41.NeP+i> Nr'Q+i 


Dem. 
b.4253:571.3¢:Hp.d.Nrf'P=NrQtitNrR. 
[#255°32] >.Nr'P > NrQ+i. (1) 
[*255°321] D.NrPii>NrQti (2) 


t.(1).(2). DF. Prop 
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«26563. |: Nr‘P>NrQ.3.NreP+i> Nr‘Qti 
Dem. 
b.¥25538. DF: Hp. 3:(qR).NrR+40,.NeP=NrQiNrR.y. 
NrQ+0,.Nr°P =NrQ4i: 


(*255°62-321] DiNYP$i> NrQpi: Dk. Prop 
#25564. b:NrfP>NrQ.=.NreP4¢i > NrQt+i 

Dem. 
b.#255°63-103 . DEINSP aNr'Q.d.NrP-i a NrQii qd) 
+. #18131. Dei Nr'P=NrQ.2.NeP$i=NrQ+1 (2) 
F. (1). (2). #255118. 3b: P,QeQ.~(Nr'P > Nr‘Q).3. 

NrfPHISNr'Qyi. 

[*255-483] D.~ (Nr P+i>Nrgéi) (3) 
b. 251-182. DRi~(P,QeQ).d.+(NrP+i, NrQileNR). 
[#255°12] D..(NePPIDNrQti) (4 


b.(3).(4). DE: \(Nr'P > Nr‘Q). 3.0 (NriP +i > NrQ+i) (5) 
F.(5).*255°63.34. Prop 
#25565, tin peNO-t0,.3:y>p.=.yBptl 

Dem. 
b. #25533. Dba vw. D:3(qa).weNO-—10,.vspta.vevepti (1) 
b . #2555331. 
ti.Hp.ceNO-t0,.v=pta.3:(qp).peNOvitl vapid: 


[¥*181-56] D:(qp)-peNOvel.v=ptid¢iip: 
((#255°298)] Diveuti¢i.v.v=ppitditi.v. 
(ap). peNO-10,.v=w+iii¢p: 
[*255°33] Div>ywd¢i (2) 
F.(1).(2). DhivDp.d.vept+i (3) 
b .#255-45°321.Db:Hp.rdbyti.d.vdyw (4) 


F.(8).(4). 34. Prop 


The following propositions are concerned with the relations of ordinals to 
the corresponding cardinals, 7.e. to the cardinals of the fields of well-ordered 
series having the given ordinals, If P is a well-ordered series whose ordinal 
is a, Oa = Ne‘O"P, so that Ca is a cardinal whose members can be ‘well- 
ordered. Such cardinals have the property that of any two which are not 
equal, one must be the greater. 

If the cardinal number of one series is greater than that of another, so 
is the ordinal number; but the converse does not hold except for finite 
numbers. 
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42567, +. NoMC“Q=C% NO [#1527 . (#251:01)) 

255-701, +. NoMO" 0 — SA =O{NO-—UA)=OONO-UA  [255°7 18745] 
#25571. +: PlessQ.3.NeSO'P < Ne‘CQ 


Dem. 
b.#2541.3b:Hp.d. qi RiQaNr'P. 
[#1541] D.Gq i! ClhCQaNe OP. 
[*117-22] a. No P << NcC'Q: 3+. Prop 


#266711. |: NrSPSNrQ. dD. NchOP << NCQ 
[Proof as in *255°71, using #255°22] 


#26572. bia B.d.C ag c“s 


Dem. 
b.#255°24. 3b: Hp.3.(qP,Q).a=NortP. B=N iQ. NriP<SNrQ. 
[#255°711] 2. (GP, Q).a=Nyr'P. B=NwrQ. NeiCP SNeCQ. 
[#1527] 3. Cas 08:31. Prop 


#265573. £:.P,QeN.D: 
NeCOP < NeCQ.v. NeofCP = Nef CE «vv. NesOP > NesC"Q 


Dem. 
b.#255711.3r: Hp. NriPGNr'Q.d. NofOP € NefOQ (1) 
b.4255°71. Db: Hp. Nr'Q <a NriP. >. NeklQ < NesO'P (2) 


b.(1). (2). #255115. 3b. Prop 


#20574. bia peC“NO-UA.D:agP.v.a>p 

Dem. 
b.#*255°'701.3+:Hp.3.a, Be C“(NO~t‘A). 
[*155°34] D.(GP,&)-P, Qe. c= CNer'P. B=CNrQ. 
(*152°7] D.(qP,Q)-P,QeQ.a=NckOP.R=NecCQ (1) 
F .%255°73 .*117-106-107-108 . 3 
Fi. P,QeN. DN cOP SN chCQ.v. NyctO!P > Ni ckO"Q (2) 
F.(1). (2). +. Prop 


#25575. b: P,QeQ. NetOP < NeO"Q. 2. P less Q 


Dem. 
b.¥117291.5Db:Hp.d.~(NeCQ SNeC*P). 


[*255-711.Transp] D.~(NrQ<Nr‘P). 
[*255°29] D.Nr'P <a Nr‘Q. 
[*255°17] Dd. PlessQ: 3+. Prop 


9255-76. + 37,8eNO.0%a <0". D.a< 8 [*255-75 #1527] 


*256. THE SERIES OF ORDINALS. 


Summary of *256. 

In the present number, we have to consider the series of ordinals in order 
of magnitude. Propositions on this subject deserve close attention, because 
it is in this connection that Burali-Forti’s paradox* arises. This paradox, as 
we shall show in the present number, is avoided by the doctrine of types. 
But before discussing the paradox, it will be well to explain various propo- 
sitions which raise no difficulty. 

For convenience of notation, we shall, in the present number, employ the 
letter M for the relation “<<” (This letter is chosen as the initial of 
“minor.”) Thus “aM@@” means that a and § are ordinals of which a is less 


~ v a 
than 8. MM‘ will be the class of ordinals less than 8, M,‘@ will be @+1, 
and M,‘8, when it exists, will be such that either M,@+i= 8, or 
B=2,.M\B=0,. Thus AM, is the class of ordinals having immediate 

ay 
predecessors, and B‘M, is the class of ordinals not having immediate pre- 
decessors. 


We have («256°12) 
traM@.=:4,8eN,O: (qy).yeNO—10, uel. B=ady, 
that is, one ordinal is less than another when something not zero can be 
added to the first to make it equal to the second; 


425611, b:PeO.>. MNP = NDP, 


Ze, the numbers less than that of P are the numbers of the proper 

segments of P. Also, if Pe X, 
—~ 
ME MNr'P=N,ci(Ps[ DP). Naf D'Psel—>1  (%256'2'201), 

so that (256-202) the series of ordinals less than that of P is similar to the 
series of the proper segments of P, ie. to P[C‘P (in virtue of *253:22). 
It follows (*256:22) that every section of M is well-ordered, and therefore 
that M is well-ordered (%256°3), 7.e. that the ordinals in order of magnitude 
form a well-ordered series. 


* “Una questione sui numeri transfiniti,” Rendiconti del circolo matematico di Palermo, 


Vol. x1. (1897). 
(1897) ‘ 
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For the purposes of the present number, it is convenient to include 1, 
(cf. #153) in the series of ordinals; we thérefore get 


N=Mv0,)1,0(01,) TOM Dit [%256). 

The effect of this definition is merely to insert 1,in the series M between 

0, and 2,. We then have (*256°42) 
NrN = 14 Neu, 

Now if Pe, PE A‘P (as we have just seen) is similar to a proper 

segment of M, so that if we omit to mention types we obtain 
b:PeQX.D.NePL OP SNM. 
Hence Nr‘P, which is 14+Nr‘Pf CP, is less than 14Nr‘M (by *255°63), 
ze. is less than NV. Hence 
bk: PeQ.2.Nr6P < Nr‘N. 


Nevertheless V ¢Q, so that it might seem as if Nr‘N must be less than 
itself, which is impossible by *255:-42. Hence we are led to Burali-Forti’s 
paradox concerning the ordinal number of all ordinals. 


Burali-Forti’s own statement of his paradox, which is somewhat different 
from the above, may be summarized as follows, Assuming 


aBeN,O.d:4a4B.v.a=S.v.a>B8 (A), 
we shall have aeNO.Dd.a<adl. 
But we also have aeNO.D.agNriv. 
Hence NN ge Ne N41.NrV EIS Nr‘N, 


which is impossible. The conclusion drawn by Burali-Forti is that the 
above proposition (A) is false. This, however, cannot be maintained in view 
of Cantor’s proof, reproduced above (*255°112, depending on *2544). The 
solution of the paradox must therefore be sought elsewhere. 


With regard to Burali-Forti’s statement of the paradox, it is to be 
observed that “a<a+i” only holds if qia+1, ve. if (q@P).Pea.O'P+V. 
This will always hold if a exists and is infinite, because then, if Pea, 
PEGPpBPea+t. But if a is finite, this method fails, since’ 

PL OP BP ea. 
Thus if the total number of entities in the universe (of any one type) is 
finite, “a <a+1” fails when C“a=c‘V, which is just the crucial case for 
Burali-Forti’s proof. Hence as it stands, his proof is only applicable if we 
assume the axiom of infinity; 1t might, therefore, be regarded as a reductio 
ad absurdum of the axiom of infinity, ie. as showing that the total number 
of entities of any one type is finite. 


In order to make it plain that the paradox does not depend upon the 
axiom of infinity, we have above stated it in a form independent of this 
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axiom. The paradox, stated simply, is as follows: The ordinal number of 
the series of ordinals from 0, (including 1,) to any ordinal ais a}i; hence 
a1 exists, and is therefore >. But the ordinal a@ is similar to the 
segment of the series of ordinals consisting of the predecessors of a, and is 
therefore less than the ordinal number of all ordinals. Hence the ordinal 
number of all ordinals is greater than every ordinal, and therefore than itself, 
which is absurd; moreover, though the greatest of all ordinals, it can be 
increased by the addition of i, which is again absurd. 

In order to dispel the above paradox, it is only necessary to make the 
types explicit. In the proposition 

PeQ.9.PiessN (B), 

upon which the paradox depends, the relation “less” is not homogeneous. 
N is of the same type as M, which is defined as Nriless, where C“less = 0. 
Thus Nr‘Pe CN. Thus JX, as it occurs in (B), should really be Vf t*Nor‘P, 
te. NE tUP, ie. N(P,P), according to the definition *6512. We have 
therefore 


#25653. b:PeQ.D.Pless Nf tNortP 

but this does not allow the inference 

NUN P less VP Nor’P, 
which is what would be required in order to elicit a paradox. The correct 
inference is, substituting for Wf ¢‘N,r(P the equivalent form NV (P, P), 
N (P,P) less N {N(P, P), N (P, P)}. or, more generally, 

#25656. | .(N DA) less {NP (t'tood)} 

Thus in higher types there are greater ordinals than any to be found in 
lower types. This fact is what gave rise to the paradox, as the corresponding 
fact in cardinals gave rise to the paradox of the greatest cardinal. 


«25601. Ma< Dft [*256] 
*25602. N=Mv0,,1,0¢1) TOW Dit [*256] 
*2561. +.MeSer.C‘MCN,O 


Dem. 
b . 25542 . D+. MET qa) 
b.x255471. Dt. Me trans (2) 
F. «25512. D+. COM CN,O (3) 
F.(3). #255112. #15543.) +. M econnex (4) 


fF . (1). (2). (3)-(4). DF. Prop 
The above proposition assumes that M is homogeneous, since otherwise 
“C'M” is not significant. But M is significant even when it is not homo- 
geneous, Thus the conditions of significance in the above proposition impose 
a limitation upon M which is not always imposed upon M. 


76 SERIES [PaRT V 


#256101. b:q!M.D.CM=N,0.0,= BM: N,O-10,= OM 
Dem. 


b. #20012. %2561.5+F.0Mrel () 
t.(1). #514. Digi M.D.q!CM—10,. 

[*256°1} D.q!N,0-—10, (2) 
b. #25551. DItipeN,O-10,.4.0,My (3) 
‘+.(3). DF.N,O~10,C AM 00,4 6AM (4) 
F.(2). (3). Digi M.d.0,eDoM (5) 
b.(4). #2561. D+. USMCN,O — 20, (6) 


F.(4).(5).(6). DF. Prop 


The hypothesis q!M will fail in the lowest type for which M is 
significant, if the universe contains only one individual. Under any other 
circumstances, @!M must hold. 


*256-102. b:q!N,O-10,.3.q!1M 


Dem. 
F.*256101.>+:Hp.d.qi ay qt) 


+ .(1). 33:24. DF. Prop 
«25611. F:PeQ.d. MNeP = Nr“D‘P; — [*225°174] 
«25612. b:.aM8.=:a,8eN,O: 
(ay). yeNO —10,.8sa4y.v.a+0,.8=a4+1 [255-33] 
#2562. +:PeQ.>D. 
> > . 
ME (My NrP) = Noi P,. ME (MNr'P) = Nori Ps [ DPs) 


Dem. 

. > xd 
b.*256101.3+:Hp.Pe0,.3.ME My NrP=A.ME(MNr'P)=A (1) 
b.*21383. Dt:Hp.Pc0,.>.NeP=A.Nwi(Psf D‘P) =A (2) 

— 
f. #2561) .4218-158. 3b: Hp. Pwe0,.3. MyiNriP = Ne“OrP, (3) 


b.(3) 425517 .D bi Hp.Pwed,.D:a{ME (MyNrP)} B.S. 
(qQ, R).a=Nor'Q.8=Nwr'R.Q,ReC'Ps.QlessR. 

[4254-47] =.(qQ.R).a=Nyr'Q. B=Now'R.QPsR. 
[*150°4] =.a(N Ps) B (4) 
Similarly b:.Hp.Pse0,.d:a {ME GEN) B.2.a{(Nr(Pst D‘Ps)} B (5) 
F.(4).(2).(4) (5). DF. Prop 
¥256201. t: PeQ.D. Nef D Pre {Mt (MNP) amor (P,P DP,)« 

Nuc POPs e {ME (Mo Nr'P)] SOF Py [253-461 . #2562] 
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x 
#256202, bs PeO.D.Nr{ME Nr‘P)} = Ne( Ps D‘P,) = Nr(PE CP) 
[256-201 . #258-22] 


#256203. b: PeQ. 3. Nr{ME (iy!Nx*P)} =Nr'P, [*256-201] 


‘ > 
#256204. b :aeN,O —1/2,, 2. 14 Nr( ME M‘a) =a 
Dem. 
+ .#255'101 . #256°202 . > 


~~ 
bt. PeQ.a=Ng'P.d:Nr{Mt Mal = Nr(PLC‘P): 
- > 
[#204'46272] D: Pred. d.14Nr(ME Ma) = NPs. Db. Prop 


as 
#20621. t:weNO.Pep.>.Miu=Nr“D‘P, [#25611] 
4256-211. bi pe NO—10,. Pew. Dd. Myip=Nr“O'P, [4213158 . #25621] 


> 
426622. b:peNO.>. ME My wed 


Dem. 
+. 4256-208. #: Hp. Pep. >.Nr(ME Mg‘u) =Nr'Py. 
[¥253'24] >. ME Hyped a 
Rel). DErweA.D. ME My wed (2) 


b .(2).%2504. 3+. Prop 


> 
#256-221. ts:weNO.D. ME MiueD [256-202] 


42063. +. MeO [#256221 . #250-7] 
425631. b:q!M.>.2,=2y= M0, 
Dem. 
< e- 
+ .#255°5153.D+:Hp.d. M0, =e2, v M2,. 
= 

[#205'196.%256-1] 3.2, = min, M0, 
[#206'42.%201°63] =M,0, 
[#250°42.%256-101] =2y:Dh. Prop 


We shall have, for every finite », v»=vy,, where v, will be defined as the 
ordinal corresponding to », 1.¢, as 
Qa City, 
(This is a single ordinal when » is finite; otherwise, it is the sum of a class 
of ordinals.) This subject will be considered in the next section. 
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#25632. +:.aM,6.2:4,8¢NO:a+0,.8=at+i.v.a=0,.8=2, 
Dem. ie 
b.#25565.Db:aeN,O-00,.3. Max v(adiyu Mati). 
- 


[*205'196] D.ati=miny Ma. 
[#206°42.%201 63] D.afi= Ma (1) 


b.(1).#256°31. +. Prop 


#2564. +.1,~eNO 


Dem 
+. #153'36 . Dr: Rel,-d.CRel. 
[200°12.%25012} D.ReveQ () 
b.(1).#251122. DFraeNO.D.an=A (2) 


t.(2). #15334. 5+. Prop 
#25641. +.N=Mv0,)1,0(c1,) POM  [(*256-02)] 


*256411, tn aNV8.=:a=0,. Reel, vGM.v. 
a=1,.BeU'U.v.aBeTM.aMp [25641] 


#286412. b: M=A.>.¥=0,)1,.Ne2, [4256-41] 


#256413, t: M=0,)2,.9.N=0,11,00,)2,01,]) 2-Nei42, 
[256-4] . 4161-211] 


4256-414. 1: G0'M wel. d-N=0,) LAME CN" 
Dem. 
+ 204-46 . #256101. D> 
t:Hp.q!4.3.N=0,4 ME AM 0, 1 1,4 (01) TOCME GM) 
[*161-101] =0,) Lu (10, ¥ U1.) f CCM UM) wo ME a 
[*160°1} =0,)1,4Mp aM (1) 
b. (1) .#256-412. > F. Prop 


«25642. b:q!M@.>.NrN=14+ Nr 


Dem. 
+. #256414. 5b: Hp.d‘f vel. >. NN =2,4Nr(ME OM) 
[*181°57] =14i4Nrqcup aay) 
[204-46] =iiNrw ab) 


b. (1). *256-413. +. Prop 


#25648, b:NeO-cA (x256-412°42] 
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#25644. bs. Pe DQ. Dd: PP C'PlesM,=.PlesV.qi ou 


Dem. 

t ..*255:17°601.5 

b:.Hp.3: PD O‘PlessM.=.1iNrePP OP aitNrM (i) 
b.*256-412-42.3+:P=A.3.Pless V (2) 
b.«25551. DhkiP=A.9:PEC'PlessM.=.4q1M (3) 
t.(2).(3). Dri P=A.3: PE C‘PlessM.=.Pless N .q!M (4) 
F . #20035 .#255°51.3b:. G'Pel.3:P[ APlessM.=.q!M (5) 
t.*256-42. Dt: Hp.d'Pel.qiM.d.Pless V (6) 
F.(5).(6). Dt:. Hp. T'Pel. DO: PP U‘PlessM.=.q!M.PlessN (7) 


b.#20446. 3b: Hp. giP.d'Pret.d:14NePLOP=NeP: 
[()] >: PE C‘PlessM.=.NrPaiiNrm. 
[¥256°101-42 NeP Nei. (8) 
b.(4).(7).(8). DF. Prop 

We now make use of the above propositions to show that every well- 
ordered relation P of the type we start from is less than N, where WV is to 
hold between ordinals of the type to which Nor‘P belongs. This proposition 
embodies what Burali-Forti’s paradox becomes when account is taken of 
types. 
#2665. bin i M.PeQ.D.Ni( Pst DiPs)e DUMP UNG P)s 

Dem. 


WoW 


+. #2562 #25313. Db: Hp.d. Nyri(Psf D‘Ps) e DOM, (i) 
b.(1).#15022. Dk: Hp. dD. Nye D'P, CHC. 

[x2U3-141] DN P et C'M, . 

[x63-53] D.4'OM, = UN P (2) 
F.(1).(2). DF. Prop 


#25651. +: PeQ.3.N (Pf D‘P;)smor PE UP [*253'463] 
#25662. biqiM.PeX.D. PC CU'Pless Mf Nor P [4256-551 . *254182] 
#25653. +:PeO.D.Pless NE tN wt P 


Dem. 
bk. 4256-4452. Db: Hp. qt M.D. Pless VPN P (4) 
b.x256102. Dt: Hp.M=A.9.P=A. 
[*256°43] >. Pilese V (2) 


b.(1).(2). 35. Prop 
#25654. §:PeQ.d.Nr(P)\ (NP EN PHA 


Dem. 
b.#256-53.Dh:.Hp.d:QetP.d9.~[Qsmor NP Nor! P} : 
(#15211) Dif PaNr(NE Nat P) =A: 


[(*65°04)] DiNr (P(N EEN YP) =Az. Db. Prop 
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#25655. t:PeQ.9. 
Nr (P)(N ft Nor’P) = Nr (P)N f tt!P) = Nr (P){N (P, Py} =A 
Dem. 
b.#I5512. 3+. Pe NyriP. 
[463105] Dt. Pet{Nox'P. 


[x6353] DF. te P=ttN oP qQ) 
FA). DELNr(PY(N EEN MP) = Nr (P(N CHP) — (2) 
[(*65°12)} =Nr(P){N(P,P)} (8) 


F.(2).(3). #25654. +. Prop 


425606. F. (NEA) less {IVE (t'ta’r)} 
“Dem. 
b .425643'53. DF. (NEA) less (VE (NeW EA) (d) 
beelSS12. DEN EAeN WPA. 
[x63105} DEAN DA t*Net WEA. 


[¥63°53] Dh.teNPASEN GEA 2) 
b.xG416. DEN Eve H(t PHD). 

[(#6401)] DEL ND Ne tot (3) 
i(D)e(B)e DR ate = NW EA (4) 


b.(1).(4). DF. Prop 
When types are neglected, the above proposition appears as 
Niless N, 
which is impossible, and embodies Burali-Forti’s paradox. In the form 
proved above, however, the paradox has disappeared, and we have instead 
the proposition that in higher types longer series are possible than in lower 
ones. 


#257. THE TRANSFINITE ANCESTRAL RELATION. 


Summary of *257. 


In this number, we are concerned with an extension of the notions of 
Ry and R,,. This extension requires two relations, R and Q. Ibis nv 
easily explained by first definin’ the “ transfinite posterity” of a term. «ith 


respect to R and Q; this class is an extension of Ryle. This class is 
generated as follows. Let us suppose, to aid the imagination, that Q is more 
or less serial in character, and that R is a many-one relation contained in Q. 
Then the transfinite posterity of. with respect to R and Q@ is generated as 
follows: Starting from «, we travel down the posterity of « with respect to R 


e- - 

(ie. Ry) as long as we can; if the whole class Ry‘x has a limit with respect 
to Q, we begin again with this limit, which is to be included in the trans- 
finite posterity of « with respect to R and Q; if the limit is y, we travel 


down Rey, and include the limit of this class with respect to Q, and so on, as 
long as we still have either terms belonging to D‘R or classes belonging to 
C‘itg. The whole of the terms so obtainable vonstitute the transfinite 
posterity of x with respect to R and Q. which we will denote* by (RxQ)‘a. 


In order to obtain a symbolic definition of this class, let us call a class o 


y 


“transfinitely hereditary” when not only RaCo, as in the ordinary 
hereditary class. but also if we take any existent sub-class uz of an CQ, if w 
has a limit with respect to Q, that limit is to be a member of ¢. Thus a is 
to be such that the R-successor of any member of o belongs to « and the 
Q-limit of any existent sub-class of oa 0‘Q belongs to o (so long as these 
exist). That is, R“oCo and wCo.qipnl'Q.d,- ltguCo. Using the 
notion of the derivative of a class with respect to Q, introduced in #216, the 
~? rin ie 

condition wCo.miwal*Q. dy. ltgiuCo reduces to Sofa Ca, in virtue of 
#2161. Hence go is transfinitely hereditary with respect to R and Q if 


¥ 
Riau 8o'a Ca. 


* This meaning for ReQ has no connection with the meaning temporarily assigned to this 
symbol in «95. 


R& WwW. IT 
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We may now define the transfinite posterity of « with respect to R and Q 
as all members of C‘Q which belong to every transfinitely hereditary class to 
which « belongs, z.e. we put 

(ReQ)a=CQnG (vec. Rav dgiaCa.d,-.yeo} Df. 
Then the analogue of Ry is 29 {ye(R*Q)‘2}. This relation, however, is 
less important than the analogue of R,, limited to the posterity of z, This 
analogue, assuming @ to be transitive, will be Q[ (RQ). For this we 
introduce the two notations Q,, and Q(R,x), the latter being more con- 
venient when either R or « is replaced by a more complicated expression. 


Thus we put ; 
Qe = Q(R,2)= QT (RxQ)'e Dt. 
If Q is a well-ordered series and R=Q,, Qp, is merely the series Q 
-_ 
beginning with 2, and (R*Q)‘a = Qy‘e = Q‘a vite if ee CQ. Thus in this 
case, if = BYQ, Qx-=Q. But the importance of Qp, is in cases where Q is 
not completely serial, but becomes so when limited to (RxQ)‘a. In these 
cases, Q will, in applications, almost always be logical inclusion combined with 
diversity, or the converse of this; ae, it will be either 
aA (aC B.a+8) 
or OP (MeN. M+N), 
or the converse of one of these. In the case of a8 (aC 8.a+ 8), we have 
ltg=s f (— C‘maxg). tle =p f (— T‘ming), 

as will be proved in #258. 

In the present number, we are concerned in proving that, under certain 
circumstances, Qp,¢ 0. The proof proceeds on the lines of Zermelo’s second 
proof* of his theorem that if a selection exists from all the existent sub- 
classes of a given class, then the given class can be well-ordered. 

Before proceeding to treat of this subject, however, it is necessary to 
prove some elementary properties of (RxQ)‘. These are given in the 
propositions preceding *257°2. 

We have 
#25711. bizeo. RavdgiaCa.d.(ReQ)aCa 

Thus in order to prove that (R*Q)‘a is contained in a class a, we have 
to prove (1) that x belongs to a, (2) that the R-successors of members of ¢ 
are members of a, ie. that o is hereditary with respect to R, (3) that the 


derivative of o with respect to Q is contained in o, we. that if w is any 
existent sub-class of a a CQ which has a Q-limit, this limit is a member of a. 
* “Neuer Beweis fiir die Méglichkeit einer Wohlordnung,” Math. Annalen, uxv. p. 107 (1907). 


His first proof, which was somewhat more complicated, was published in Math. Annalen, wrx. 
p. 514 (1904). 
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#257111. | .(RxQ)'a COQ 
#25712. Five OQ. 5. re(ReQ)a 
#267123. F: REQ.D. RRQ C(ReQ)‘x 
Le. if REQ,(R*Q)« is hereditary with respect to R. The hypothesis 
REQ is required for most of the properties of (RxQ)‘s. 
_ 
#257125. tf: REQ. weOQ.D. Kya C(ReQ)e 
Thus if ee C*Q, the R-posterity of x is contained in (RxQ)‘«. 
> 
#25718. bse C(ReQ) a. qi wed. ltigiy C(RxQ) a 
e 
425714. Fr: REQ.D.(ReQ)aC Qa 
Thus (R*Q)‘a is wholly contained in the Q-posterity of «. 


The following propositions (*257°2—36) are concerned in proving 
Qe, €Q, with a suitable hypothesis. This hypothesis is 


Qe RJ n trans. Re RQ a Cls— 1. Ita f Cl ex(R*Q)‘a el > Cls. 
We assume, to begin with, only. part of this hypothesis, namely, 
Qe Rin trans. Re RQ a Cls 1. 

Thus to prove Qz,¢ Ser, we only have to prove Qp, € connes, 1.e. 

ye(ReQ)'a.D.(ReQ)a Coy, 
or, what, comes to the same thing, 

(RxQy'a C p'Q(RxQ)'a. 

Let us put a, = (ReQ)'a a pQ( RxQ)‘z. 
Then any member of‘c, may be called a “connected term,” because it is con- 
nected by Q or Q with every other term of (RxQ)*«. (A connected relation 
is then a relation whose field consists entirely of connected terms.) We wish 
to prove that a, is a transfinitely hereditary class, and therefore equal to 


(RxQ)‘a. We do this, not directly, but by combining o, with another class 

a, defined as follows. Consider those members z of (R*Q)‘w which are such 

that their successors:in Q,, consist of Réz and its successors in Qa, .¢. put 
T= (ReQ)an2 atts Qroe( Ri}. 

It will be observed that, even when Q is transitive, Qy and (Qzz) are still 

useful. In this case, (Qa. = Qre¥ IP O'Qr,, 80 that (Onoda Ri consists of 


v 
R‘z and its successors in Qp,. We then consider the class o, consisting of 
those terms y whose predecessors are all members of 1, ze. we put 


ay = (R#Q)a 9 {2Qy «2 (RHQ) De Qpele = Qnadyl RA}. 
Finally we put o = 0,0 as, ie. 
- — v 
a= (RaQ) n pO RHQ) 0 9 zy. ce( RaQ I, One = Gua) Bee} 
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The reason for this process is that it is easier to prove that o is a transfinitely 
hereditary class than it is to prove this directly for o,; and the result follows 
immediately for c, when it has been proved for o. 


We have then to prove Reco. dgfa Ca. 
The first step is to prove 


e - » v 
yer. DQrif'y = QnA RY vuRY, 
This is proved by transfinite induction, by showing that 
> & 
Qe'y vu SRY 
is a transfinitely hereditary class, whence the result, because, by hypothesis, 
—S ee 
(B¥Q)‘e = (Quay ¥ Qna“y- 
> ev 
The proof that Qy‘y v Qy‘R‘y isa transfinitely hereditary class is as follows. 
ev v &yv v v 
If zeQ!R%y, Rize Qy'Ry. Ife=y, Riz = Ry. 
> . ce -— v 
If z¢ Qre‘y, then since by the hypothesis Qp,‘z =(Qre)y'R'Z, we have 
= y => 
ye(Qre RS, te. Rize Qy'y. 
> ev m _ ev 
Hence ze(ReQ)‘an (Qy'y v Oy By). D. Bz e Oey v Oy RY. 
We have next to prove 
> ey > > ey 
uC (Rx Q)a a (Qyly ¥ Qe! Rey) «TE we D Mtg? Dey ¥ Oy Bey. 
ey > ey 
Tf qt un Qy' Ry, then ltg'nC Q, ‘Ry. 
~ > > 
Tf uC Qy’y. y em, then ye maxg’p, and lte{w= A. 
> <- 
If pC Q‘y, we have yep*Qu, whence w Itgz.3.~(yQu), whence, since 
y, by hypothesis, is a connected term, wQxy. 
: > > & > © y 
Hence in any case ltg'uCQy‘yuQyiRty. Hence Qy‘yu QR is 
Hereditary, and therefore contains (R*Q)‘a; and hence 
=]. oy Tt LP 
Qre“y = (Qni a RY « (Qnede'y = Ona Rey. 
This shows that R‘y is 2 member of o,. For by hypothesis this holds 
of all predecessors of y, and we have now shown (1) that it also holds 


of y, (2) that y is the only predecessor of Ry which does not precede y. 
This is the first step towards proving that o is transfinitely hereditary. 

It follows immediately, from what bas now been proved, that if y« o, Ry 
Gf it exists) is a connected term. For by hypothesis 


> & 
(Be Q)'a C Oe'y v Oy, 
whence, by what we have just proved, 


COR vu OLR 
(ReQ)'oC ORY v Oy RSy, 
¥ 
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whence R‘y is a connected term. Hence R‘yeo. Hence RM‘a Ca. 
It remains to prove 89'o Ca. 


v ee ev 
Just as R“aCo was proved by proving Q'y=Qy'R'y, 80 Sofa Ca is 
proved by proving 


Qe co re 
PUBS Seite Hy 

. —-. 
provided wCa.gq! peng! maxe'y; 


soe . ot > . . 
and this is proved by showing that Qu v Qy‘‘Itg‘y is a transfinitely heredi- 
tary class. 


y => 
To show that Qu v Qy‘‘Ito‘y is a transfinitely hereditary class if 


— 
pCa.giping ! maxe'p, 
we observe that by hypothesis 


<- —_— v ee 
26 Qne UD. Qna'e = Qralat Be +1 0 Onada Re. 
Hence Réz € (Qre)x; and hence, since by hypothesis » C QMp, 


Re € Ore“ be 
Hence R“{(Qe BR) a a Qu} C (QR) an Qu. 
wow J > 

Also obviously RS Oy! Mop C Ox lta’. 
Hence putting p=(QeR)an(Q%uu Ou'“Ito'), 
we have Rp Cp. 

We have now to prove Sop Cp, 

> ~ 

te, aCp.qla.wq!maxefa. >. ItgiaC p. 


If aC Qu, it is obvious (since ~ is composed entirely of connected terms) 
that seqofa C Qt pu ltt. 

On the other hand, if qlan Oy! Top, then an Qu, if it enists: does not 
affect the value of the limit of a, which is the limit of aa Qx‘‘ltg‘u, which is 


v ad s 7 
obviously contained in QyMIto{u. Hence 8ofuCu. Hence p is transfinitely 
hereditary, and we have 


cod ad 
eCo.qip.ng! maxgy. Dd. (ReQ)aC Qe Qe lta’. 
At this point it is necessary to assume 
ltg f Clex'(R*Q)‘a e 1 — Cls. 
This being assumed, we have, by what has just been prayed, 
po gt weg ito. Dd. (REQ) e SR 
Dd. (REQ) a CO ltehe v Oy ‘lta pe. 
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Hence Ite‘u is a connected term. Hence 
2 
Sofa C p6Q'"(R*Q) ‘a. 
We only require further 
aed < ~— » 

eCo.giw.g tito. Dd: 2Q ltg’p.2ze(ReQ)x.D.. Qneé2 = (Qrry Rez. 
Now by what we have just proved, zQltg{u.=.zeQ%“p; and by the 
definition of o, since ~ Coa, we have 

e — ~- 
Ze Qe De DaelZ = (Qredy Ri. 
Hence we arrive at S9’sCoa. Since we have already proved R‘‘aCa, it 
follows that o is hereditary, and (R*Q)‘w Ca, te. 
bx = ~—— v 
ye(ReQ)ar dy ry ep Q'( RQ) at 2Qpcy «e+ Qre'2 = (Oni Re, 
; < o— vy 
Le. Qre€ connex ! Ze D'Qrr = Dz + Qin'Z = (Qing Re. 
Hence Qp,eSer. Hence also the immediate successor of every term z in 
D‘Qz, is R‘z, so that. 
D'Qn, C DSR. (Qe = BE (Re Q)* a. 

To show that Qp,¢, we observe that every class contained in D‘Qz, has 

a sequent, namely 


seq (Qrr)fA = 2, 
aC DQree A! ring + Dd. seq (Qp,)a = Remaxga, 
aC DQ. qla.wgl maxgte +2. seq (Qre)"a = ltgfa, 
whence aC DQz,+ I.E t seq (Qp,)4, 
which shows that Qp,¢Q. 
The first derivative of Qr, is 89‘(Q*R)‘2, and its last term, if any, is 
U{(QeR)x — DR}, de. Ite (Qe R)a n D&R}. 
The hypothesis required for Q,, ¢ © is the same as for Q,,, ¢ Ser, namely, 
Qe RJ a trans. Re RIMQ a Cls—> 1 « Ita FClex“(R*Q)‘we 1 —» Cls. 
In order that Qz, may not be null, we require further we D‘R. 


The next set of propositions (*257°5—-56) are designed to prove that, 
subject to the above hypothesis together with «eD‘R, Qp, is the only value 
of P fulfilling the following conditions :” 

Q) P is transitive. 

(2) C*P is contained in (RxQ)‘«. 

(3) Ifz is any member of D*P, RG is its immediate successor. 

(4) Ifa is any existent class contained in C‘P and having no maximum, 
Itgfa is its P-limit. 
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This proposition is essential for what may be called “transfinite inductive 
definitions,” 7.¢. definitions of a series by defining the successor of every term, 
and the successor of every class having no maximum. 


The following illustration may make this clear. Suppose # is a many- 
one relation of classes to individuals; suppose we start with some class a, and 


proceed to auttR'a, auitRiavitR(avt'R‘a), and so on. At the end of 
this series we put its sum, we. its limit with respect to the relation (C A J); 


v 
let the sum be 8. We then proceed with Bu ‘RQ, and so on, as long as 
possible. The series ends with a sum which is not a member of D‘K, if there 
is such a sum, It is evident that the series is uniquely determined by the 
above method of generation ; the above-mentioned propositions.give symbolic 
expression to the process expressed in words by “and so on, as long as 
possible.” 


#25701. (ReQ)2=C'Qa$ eco. Rc v8koCa.2,-yeo} Df 


#25702. Qr.= Q(R,2)=QE (ReQ)‘x bf 
42671. Fi. ye(ReQ)a.sryeCQiavec. Récu Sofa Co. Dyer 
[(*257-01)] 


#257101. ts: ye(ReQ)'a.=:.yeOQ: 
y > 
wea. Ra Co:rpCo. qi! paCQ.d,. ligpCo:2,.yeo 
[¥257-1 #2161] 
*257-102, bir ye(ReQ)a.=nyeCQn 
y > ~ 
veo Ria CaoipCa.qhwaQ.~gqimaxgw.d,.seqgpCoid.yer 
[#257°101 . ¥207°1] 
KBBT AL bi weo . Ro u Sola Cod. (ReQMeCo [2571] 
Almost all proofs of propositions concerning (R*Q)‘@ use this proposition, 
#287111. +.(RxQ)'eC OQ [*257-1] 
#25712, biveO'Q.=.ce(RxQ)ia [257-1] 


HQETID. bs REQ. y e(ReQ)‘a.d. Ry C(R*Q)e 


Dem. 
F.k2571. 3b: Hp .yRze.d:260. Rov boo Co. d,.yerryRe.zeOQ: 
[*87-1] DizeOQicer.RcCa.8%cCa.d,.2e0: 


[257-1] Dize(ReQ)a:. +. Prop 
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4257122, F: REQ. wC(RaQ\he. >. BC (Rx) [4257-121] 
4257123, bs REQ. D. R(ReQ)a C (RQ) [#257-122] 
427124. Fe RGQ.D. Ry(Re Qe C (RaQ) [#257'123] 
#257125. +: REQ. weC'Q.d. Rylan C (ReQ)a [x257-12124) 


#257126. b: REY. ce DR. wv (eRz).d.(ReQ)c~w eOul [#257125] 
42B713. bsp C(RaQ)'c oq tu. dle C(Re Qc 
Dem 

b. aQS 7101 LOL. #221. Db ts C(ReQV a. De. 

bee. BoC aivGa. qivn0Q.2..lgvCo:d.aCe (J) 
f.(1). Fact. bi: Hp.3:. 

eer RaCersCosgty ACG. Dlg sion ee og ty (2) 

F. #101. #257111. 
bnweeg len0Q.d) ne Cer di Hpeowiguc dyer (3) 
+. (2).(38). Db: Hp. yltgu. Ds. 

fea Ree sey Cas ateaOOs3.. Ine 2D. ake (4) 
b. (4). 1071-21. #257101 .3+: Hp. yltew.d.ye(ReQ) a: DF. Prop 


#257131, |. do'(RxQ)'c C(ReQ)e [4%257'13 .*216°1] 
#257132, bre CClex(RaQ)'a. >. lhgeC (R&Q)e  [*257-13] 


¥Q5T IA. bs REQ. D.(RaQMaC Oya 


Dem. 
ve e 
F.490163. DE: Hp. dD. R“Qyte © Qyke (1) 
e- — - 

F.820615 Dkr eC Qghe.zltgu. lw. Dd. 2epQp. giv. uC Qye. 

vu v e 
[%40°61.%90°163] Dice Qu. QM pC yt. 

& 
[22°46] D. 26 Qyfe (2) 

e 

b. (1). (2). #257 DES Hp. 2e0'Q. Dd. (ReQ)e C Qyie (8) 
b . *37°261-29 . *60°33 . («21601).> 
br Hp. 3. R(— COQ) =A. 89(— OQ) =A (4) 
b. (4) HBT DR: Hp re OQ. d.(Re Qa CCQ. 
[e257 D.(ReQ\c= A (5) 


F.(3).(5). D4. Prop 


H2ET IAL. bs REQ. D. RE CQ vb CQCCQ [216-111 .487-201-16] 


SECTION Dd THE TRANSFINITE ANCESTRAL RELALION 8&9 
#257142. b: REQ. xe C'Q.D.(ReQ)'x=9 [veo. Regu sioCc. Dey ea} 
Dem. 


F.x257 141. bs Hp. 2.9 reo. Ra v doo Ca. De. yea} CCQ (1) 
b. (1). #2571... Prop 


#2BT1B. Frye (RxeQ)a.ze(ReQ)'y.D.2e(R¥Q)'s 


Dem. 
b.x2571. Db Roo u doco. Diver. Dd. yerryer.d.zec: 
{Syl} Diver. d.zea Q) 


b.(1).#2571.5+. Prop 
#25716. tice CQ—-D‘R.D.(RaQoHt'a 


Dem. 
b.*25712. Dt: Hp.d.ve(ReQ)a QQ) 
b.#3726129. Dh:Hp.d. Rea A (2) 
> 
b. «20518. Dr Hp.wq!maxet.d.aQr. 
> 

[*206°42] D.seqeit’e=A (3) 
+. (3). 216101. D+: Hp. dD. doftfa=A (4) 
F.(2).(4). D+: Hp.d. KM feu Sofie Cre, 

[257-11] D. (REQ ‘eC le (5) 
F.(1).(5).3F. Prop 


We now begin the proof (completed in *257°34) that under certain cir- 
cumstances Qp,¢. We first prove that the class o introduced in *257°2 is 
transfinitely hereditary, and this requires as a preliminary the proof that 

—> 


if yeo, the class (Qnde’y ¥ QnadyRY is transfinitely hereditary. This 
preliminary is provided by *257:2-21, The hypothesis of *257-2 is not all 
used in *257-2, but is introduced because it is required in the set of pro- 
positions of which this is the first. 


#2572, +: QeRiJa trans. Re RQ nCls—1. 
& 
o=(RaQ)'an pt QW RaQ'e a9 (2Qney + Dee Date = (Qed Ree yeOe 


oy 
YyerrzZ (Qnax’ yv Quathey . zeD'R.D. Rive (Qnday ¥ (Quo Bty 
Dem. 


b.#¥0'163 . #8" 62 .%257123 .3 

— 
Hs REQ. BLA. D:26(Qg dt Bty->. Rize (Qn dxtRy (1) 
£48037. DF: Erk. 12=y.d. Riz= Ry (2) 
f. #20118 .*91°52 . #32182 .> 

> <_ e~— v - 
tiHp.yeo.zeQny.D- Qrefe = (Qnede Rie ¥en Ke 
—— 

[x13-13] >. ye Qaida Re. 


[*32'182] >. Ree c(Qndu’y (3) 
F. (1). (2). (8). #71161. +. Prop 
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—_ eo v 
425721, bs Hp x27 2.yeo.uC(Qmle'y ¥ Ome RY Alpe D+ 
> > ey 
ltg“w C Oxy v Oy By 


Dem. 
F .#201°14'15 . #206134. 
ey > ey 
Fr Hp. qi wa Qy!RYy. >. Ite C Qy! Ry Q) 
> > 
+. #20538. DF: Hp. pC Qyy yew. D.yemaxgn. 
> 
[#207-11] Du ltgped (2) 


F .*40°55 . «206-143. > 
> < ye 
FipCQy.witgy. Dd. yep Qp.wre Opn. 


[487-1] 2.~(yQu) (3) 
b.#25713. 3+: Hp(3).Hp.d:yQw.v-wQyy: 
{(3)] 2 wey (4) 


F.(1).(2).(4). 9 F. Prop 


——> ee 
#257211, Fs Hp #2572. yea. D.(RRQVEC (Qnidy’y & (Qrady RY 


Dem. — 
F.#25714. Db: Hp. d.2e(Qnedy’y (1) 
F. (1). «25722111. 94. Prop 


< — vy — > 2 
#25722, bs Hp #2572. yea «>. Qre'y = (Qaeda RY + (Qnidal'y = Ont RY 
Dem, 
-——_v —~> 
b #257211. +: Hp. >. Qrady RY = (R*Q) a — (Qaeda 'y 
& 
= ‘é 
[Hp] = Oey a 
Similarly Fr Hp. d. (Qredx'y = Qeit Ry (2) 
F.(1).(2). 3. Prop 
Ib is to be understood that (QxJy(Ry=A if SE! Ry. 
425723, +: Hpa2572.2. RoC 
Dem. 
v _ oo v 
b .#257-22. Dt: Hp.yeon D‘R.D: 2QRY - 3, Qre'Z=(Qadx RE (1) 
— v v 
b .#257:22-211. 3b: Hp.yean DIR.D. (RaQ) = Qa RYY(Qridy RY (2) 
F.(1).(2). Dt:Hp.yernD‘R.D.Ryeo: Dt. Prop 
The above proposition gives the first stage in the proof that o is trans- 


finitely hereditary. The second stage, similarly, requires as a preliminary 
the proof that if » is an existent sub-class of o having no maximum, then 


y _ 
Que pe ¥ (Qaa date’ e 
is a transfinitely hereditary class. This proof is provided by *257:24-241-249. 
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= v 
#25724 |: Hp #2572. pCo.qinvenwg!maxg wy... ROn “we C Oru 


Dem. 
, e —— v 
b.#91'52. #20118. Dk: Hp. ze Qnef pe D+ Qrte = (Qradyt RS. 
e— v 

[#37°46.413°12} D.q! (Qadxi( RE 9 pw. 

[x37-46] >. Rie (Qradyu () 
F .*205°123. Dt: Hp.d.4C Qa u (2) 
'.(1).(2). Dh: Hp.zeQnei pw. Ds Rize Qniftp: Dt. Prop 


v uv = uv 
4257241, b: Hp #257-24.9. R( Qn uv Qnad! Woke) © Que C(Qredy Moka 


#25 


Bi ORS a Te rE oe 


> 


#25 


Dem. 
viv —~ v 
F #90164. DEE REQ. R(Qnedy “tig tC (Qredy ty a (1) 
b. (1). #25724. 3+. Prop 


y — 
7242. bt: Hp #25724. 0 = Qre ud (Onell tg’ « 
oad Pad 

aCp.g te.n gl maxy‘ay D-Uyia€ p 

Dem. 
e& = 

#20615. DE: Hp.qipapQa.wltga.d.qlu—Qw qd) 
4201521. Db: Hp. po .d.n— Qe Qyiw 2) 

<- 
-(1)6(2). DE: Hp().d. ql en Qytw (3) 
4205123. b: Hp. 3. uC Qu (4) 
(3). (4). Dkr Hp(l).d. we Qnty () 

> 

420624. Dkr Hp. wCQMa.ac Op. d. lola= ty (6) 


v > > y > 
20615. Dkr Hp. q!an node Mtge. D«lto'aC (Qn, efltofe (7) 
. (5). (6) .(7). DF. Prop 


pia 
7-243. bs Hp #25724. D.( RQ) = One Vp Onto [440534205123] 


v > 
#25725, b: Hp #25724... (R¥Q)e = Ore“ ¥ (Ona lto'n 


Dem. 


L — rv] = 
b #257242. Db Hp.d.80' (Que (24 (Qrede( Mtn} CQne HY (Queda tye (1D) 
F. (1). #257241. 3+. Prop 


#25 


y > e 
T2Q5L. ts Hp #Q57-24.D. (Qnede tele = p One 
Dem. 
y e 
b 425725243. Hp. Dd. Qrefa v (Qn Ito = Qnalte ¥ P Oni 
vy an 
[#200'53.%24-481] Dd. (Qredyf tou = p Quiet dt. Prop 
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<- > ~~ 
«257-252. |: Hp #25724. gp Qa e. D. Qa =p Qn“ lta + Wf Ito“u 
Dem. 
=. 
b 4257-251 .437-29. 2b: Hp.d. qt Itty eit) 
> ~> y 
[200°33.%40°62] > -P'Qual‘ltg'n C (BeQ)'2 ~ (Onan tate 
[*257-251] C(RxQ) 2 —p'Qre“ 
(Hp.#10°57.*257-243} C Qn (2) 
> 
b. #20131. 44067. DE: Hp. Dd. QM p Qa ltg pe (3) 
F.(1).(2). (3). DF. Prop 
In order to complete the proof that o is a hereditary class, we have to 
introduce the additional hypothesis 


ltg f Cl ex R*Q)‘x ¢ 1 + Cls. 
With the help of this hypothesis, the last stage of the proof is provided by 
the following proposition. 
#25726. +: Hp 257-2. Ito PClex(R*Q)'w@el—Cls. 3. daa Co 

Dem. 
F.4257°251-252. Db: Hp.pCo.gin.gtltw.d: 
> -— 
(BR Q)'2 = Qr‘lta{u ¥ (Qredg‘ltg’p» Doct! = QpA wt 
a e —— 

[Hp] 3: Ity!p ep’ QRAQ) at Qn Ito Dy+ Qrety = (Onda RY # 
[Hp] 3: Ite’ wea. DF. Prop 
#257 261. bs Hp *257-26.3.(R&Q)aso [25711-2326] 


#25727. +: QeRit/a trans. Re RIQnCls—l. 
Ito  Clex(RQ)a e1—Cls.> 


Que eSer.Qy,= (Ry Qx) t (ReQ)a 
Dem. 


+ .#257-261.D 
o & eo 
Fr Hp. >. (HaQ)'a C pt ( Raya a F Qncy De Qed = (Qeoda Re} (1) 
F.(1).Dbi: Hp. 32. Qe, connex:.z¢ D'Qp,- Det 2Q a Ws Zn ZR i (Qradye t 
(5532.47 1.257121] 
Ds. Qn, € connex 2. 2Qp,W «Hz, +26 DQ, 2R| Qyu. wel Qe, t 

[«36°13.4257°121] Ds. Qn, econnex . Yn, = CR | Qy) f (RaQ) a i: DF. Prop 

We have thus proved that Q,, is a series. No additional hypothesis is 
required to prove that it is well-ordered, as we shall now show. 
425728. ts Hp 25727. uC (Ra Qe pte. mary ea A. LO eed. 

= v : > — 
PQ = (Qed Mee + Qe B= PO Myla PST 25127 | 
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#257281. | : Hp #257-28.. Et ltgu. >. 
- oe > 
PQ nr = (Qredy lige» Qree = Qreltg en [4257-28] 
#25729, +: Hp #25727 .2e DOR. . O'Qy, = (R#Q)'2. B Qn, = 
Dem. 

b , #257-27-126 . *209'55. Dt: Hp. 2. C'Qe, = (ReQ)'e (1) 

be x237 14. Dh:Hp.d.(Re Qa te Qefe (2) 

F.(1). (2). 5. Prop 
4257-291, b: Hp #25727 .c eR. D. Que= A [#25716 . #20035] 


42673, Hp #25727... D'Qp, =D‘ Ra(ReQ)e 


Dem. 

< <- 
b. #25727. Db: Hp. ye(ReQ)a. DiGi Qy.=.q! Qi Rhy. 
[#257-141] =.E! Ry: 9+. Prop 


> < 
426731, +: Hp #25727. uC (ReQya. gq! pom imaxey. Gp Queue d. 
seq (Qae)‘m = Ite [*257-28) 


oe 
425732. : Hp #25727. C(RaQ)'e oq! maxo’u.G !p'One ues 


seq (Qne)‘u= Remax Qu.) 
Dem. 


F.42573.5+:Hp.d.~CD‘R. 
> sy 
(*257:27.Transp] >. Qy‘max (Qp,)‘u = Qt Rimax (Qp,)‘u i D+. Prop 
e 
#257°33, +: Hp #25727. C(ReQ)e.giw Di p'Qni uw. 2. EB! seq (Qe) 
[#2573132] 


The above proposition together with *257:°27 shows that Q,, is well- 
ordered, in virtue of *250°123. 


425734. b: Hpx257-27.3.Qne2 


Dem. 
b .%257-291 . Dt:Hp.creDR.D.Qn 62 qd) 
+. #25729 .*20614.3+:Hp.ceD‘R.D.seqphA=a (2) 


b .(2).#257°33.D 
bi. Hp.ce DR. 2:pC(RQ)a.g! pOnct“m. Dp Bt 8eq (One) ut 
(425729.4206-131] Dt of 1pOns (un C’Qns) ee Et 80q (Qne) Het 
[*250°123.4257-27]D: Que (3) 
F.(1).(3). +. Prop 
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#25735. +: Hp *25727.9. RD (ReQ)a=(Qe.- RE (ReQ)eel al 
Dem. 
+. «25732. Db: Hp. diye D'Qe,. 2. seq (Qe uy =Ry (1) 
+. (1). #20643 . #2047. D+. Prop 
#25736. | : Hp #257:°27.@eD‘k.D. 
O'Qas = (RaQ) a. TQee = (RaQ) — Ue 
i 
BQys = 0+ B Que = (RRQ) — DIR [#257293] 
The following propositions are concerned in showing that a relation P 


which satisfies the hypothesis of *#257°5 is identical with Qzg,, thus showing 
that this hypothesis is sufficient to determine P. 


42575. +: Hp #25727. Pe trans. COP C(ReQ)'c. P+ P= KE (Rx Qe 
Itp P Chex{ RaQ)‘ = Itg P Clex(ReQ)a.2 PCS.CP =(ReQ)'a 


The above hy pothesis is not all necessary for the present proposition, 
but it is necessary for the series of propositions of which this is the first. 


Dem. 
bia374l. Db: Hp. 3d: D(P +P) = RRQ) an (RQ) a 
[#25736] =(ReQ\en DR Q) 
b.aB214. Dh: Hp. Dd. lope|(ReQ)'e a D‘R} = ley (ReQ)‘c 0 D'R; 
[#25736] =(RxQ)e-D‘R (2) 
F.(4).(2). DE: Hp. d.(RaQye COP. 
(Hp] D.(ReQ)x = OP (3) 
F.(3). DE: Hp. drweDP.d.0P + P2(R). 
#345. Transp] D.~(#Pe) (4) 


F.(8).(4). 34+. Prop 
e 
#25751. |: Hp *2575.9.0°P =P, Se 


Dem. 

ve & 
F. 425719849016. Db: Hp. d. RA Pyte C Pytr a) 

e 
F.x9013. Dh Hp. ds ltgCl ex’ Pyin = ltp“Cl ex! Pye. 
[*9.0'163.*40°61} D «Ito ClexPyie C Pyle (2) 
= 

F.(1).(2). Dt: Hp.d.(ReQ)'a C Paix (3) 


+ .(3) #2575. Db. Prop 


In order to prove P=Q,, we first prove PeQ. The proof proceeds as 
for Q,,, but in some points it is easier. It is merely outlined below, as it 
closely resembles the proof for Qp,. 


#25752, b: Hp #2575. 
a e W- v v 
a= OP ap POOP Ag (ePy .D,. Pea Pg RZ). Ra Co 
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Dem. 
+ 4845. Transp.*20118.3b: P= RU (ReQya ey epPioP D: 
2P (Ry )-D.0(yP2)i2zPyy.D-2P (Ry): 
[Hp] 2: 2P(RYy).=.2Pxy qd) 
As in 257-221, Using Itp fC ox R&Q)‘a = Itg P Cl ex Rx Q)‘a. we prove 
trHp.yeon DR. p= Pyty v Py Ry .d Rp Cp. dep Cp. 
>. (RaQiem Paty uPytity (2) 
F (1).(2). Db: Hp.yeonD‘R.D. Py= PyeR y (3) 
F.(1). (3). :Hp.yeon DK... Ryco: Db. Prop 
4257-521. b: Hp x25752.pCo.g!merg!maxp usd. 
(RaQ) a = Pp Py Tes: 
{Proof as in *257'25, by similar stages] 
#25703. bi. Hp «2575.3: PeSer:zeD'P.9,. Ps = BR 
[Proof as in *257°27] 


#25754, +: Hp*2575.5.Pe2 [Proof as in *257'34] 
> => y 
#25765. bs Hp #2575 .0=9 (Py = Qzp.'y). 9. RaCo 


Dem. 
Se ev 
b.#25/53. Db: Hp. ye UP. D. PO RYy= OP — Py Ry 
e 
[#257°53] =OP— Py 
> 
[*257°53] = Pyvity (ay 
Pd 
F.d). Dt: Hp.yeo.D. PRY = Qnty VUy 
[#25722] = Opt Ry: Dk. Prop 
*257 551. +s Hp #25755 13. 89’ Cr 

Dem. 
+. *257°53 23 
btr:Hp.pCo.gqiv.zaltgy.d. P= {(ReQ)‘an phy Php 
[Hp: = [(RaQyen 4) ¥ Qnty 
[#257°27] = Que! ‘2: Dt. Prop 

¥25756. +: Hp ¥2575.3.P=Qz, 
Dem. 
> 
+. #257'51'54. Dt: Hp.d.Pa@=A. 
> => 
[*257°36] Dd. Pa =Qpe qd) 


> = 
b. (1). *25755°551.3b:.Hp. dD: yeCP.D,. Py =Qp,yt- It. Prop 
This proves that the conditions in the hypothesis of *257°5 are sufficient 
to determine P. 


¥258. ZERMELO'S THEOREN. 


Summary of *258. 


In this number, we shall first show the applicability of the propositions 
of *257 to the case where the Q of that number is replaced by logical 
inclusion combined with diversity, te. by any one of the four relations: 


@B(aCB.atf), &B(@Ca.atf), 
X(MGN.M+N), HN (NEM.M4N). 

If we put Q=48 (aCp.a+ 8), 
and if « is any class of classes, then s‘x is the maximum of « with respect te 
Q if s‘eex, and the sequent of « with respect to Q if s‘e~ex (*258'111); 
similarly p‘« is the minimum of « if p‘«e« and the precedent of « if p‘e~ex 
(#258'101°111). Hence every class of classes has a unique maximum ot 
a unique sequent with respect to Y, and every class of classes has a unique 
minimum or a unique precedent (#25812); we have, moreover, 

Itg=s f(—C‘maxg). tlhh=pf(—CU‘ming) (#258°'13°131). 
Hence lta, tle 1—» Cls (*258'14), and Y and Q therefore satisfy the most 


exacting part of the hypotnesis of *257:'27. Also Q and Q are Dedekindian 
relations (#25814). (They are not series, because they are nob connected.) 


An exactly similar argument applies to av (MGN.M+WN). Hence if 
Q is any one of the above four relations, and if R is a muny-one contained in 
Q, it follows from *257°34 that Q with its field limited to the transfinite 
posterity of any term is a well-ordered series. If we take Q =@8(aCB.a +8), 
and take uny initial term a, our series proceeds to vontinually larger classes, 
proceeding to the limit by taking the logical sum, ie. if « is any existent 
sub-class of the posterity of a, s‘«= limaxg'« =limax (Qp.)‘« (#258°21-22), 
where Qp. has the meaning defined in #257. ‘(his process stops with 
s*{D‘R a (R*Q)‘a} if D’Ra(R*Q)e has no maximum; otherwise, it stops 
with the R-successor of this maximum, which is maxg{C*R n (R¥Q)‘a}. 
If, on the other hand, we take Q to be the converse uf the above, we proceed 
to continually smaller classes, and the limit of any set of classes « having no 
last term is p‘x. In this case, if, starting from a, every existent sub-class of 
a belongs to D‘R, the process of diminution cannot stop short of A. This is 
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the process applied in Zermelu’s theorem. We have the e a class y, assumed 
to be not & unit class, and a selective relation S for existent sub-classes of 
uw, we. a relation S for which Seea‘Clex‘z. Then our relation R is the 
relation of a to a—¢‘S*a, ie. the relation of an existent sub-class of » to the 
class resulting from taking away its S-representative. Thus Qp, is a 
well-ordered series, which starts from uw and ends with A. Omitting the 
final A, S selects a representative from every member of the field of Qz,, 
and the series of these representatives. i.e. SiQx,, is similar to Qp, with the 
final A omitted. Moreover every member of « occurs among these repre- 
sentatives, for, if « oe any member of y, let « be the class of those members 
of C'Qz, of which « isa member, (There are such classes, because uw € CQre 
rand wep.) Then xep‘x, and by what was said earlier, p‘« is a member of 
CQr.. Hence, by the definition of «, p‘«ex, and therefore p‘« = maxg‘x. 
Eut no class smaller than p‘« can belong to «, and therefore px — US*p'« is 
not a member of «, and therefore x is not a member of p‘x —t‘S*p‘x. Hence 
a= Sp‘, and therefore « occurs among the representatives of members of 
UQr,., which was to be proved. (The above is an abbreviated rendering of 
the symbolic proof given below in *258'301.) Hence the field of SiQp, is y, 
and therefore there 1s a well-ordered series having yw for its field, provided 
ea‘Cl exp is not null (#25832), This is Zermelo’s theorem, 


The converse of Zermelo’s theorem has been already proved (#250°51). 
Hence the assumption that a selection can be made from all the existent 
sub-classes of u is equivalent to the assumption ‘hat y can be well-ordered 
or is a unit class, te. 

#25836. bine CQuUl. =. qtesClexu 

Hence also, by *88°33, the multiplicative axiom is equivalent to the 
assumption that all classes except unit classes can be well-ordered, ie. 
#25837. +: Multax.=.C“Qul=Cls 

Hence also, in virtue of *255°73, the multiplicative axiom implics that of 
any two unequal existent cardinals one must be the greater, 7.e. 
¥*258°39. bi: Multax.Di.y,veN.C.I:4<v.vip >v 


*258'1. br. Q=AB(aCB.atB).Diskeex.D. se = maxgx 


Dem. 
b.*205°101. Db:: Hp. Di.y maxgk Sr yew: dew. Ie.~(y Cary $e)? 
[Transp] Eryex:aex.aty. Ig. (yCa) (1) 


b.(1). #101. 3b: Hp.steex. 3: 


yMmaxgk =ryeni:den.aty.d,.~(yCa)isiety. Der (y Cs‘k): 
[*40°13] ryexiaex. tty. Deen (yCaise=y: 
(Transp.#40°13] =:yex.se=y? 
{Hp} eise=yiuDk. Prop 


R&W HL 
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#258101. bs Hp *258'1. pice. D.p'e= ming’ [Proof as in *258'1] 
K25811. +: Hp #2581. se vex. Dd. seqo’n = sf« 


Dem. 
b.*40°53.3h:Hp.> poea (nen, d..aCy-047) 
[Hp.*40°151.#10-29] =4(s'e Cry) Q) 
be k40°L .#22'42°46 DE shee = pO (8h Coy Q) 
b. (2). #258101. 3+: Hp. 3. se = ming? (s'e Cy) 
Ke3)] = seqg’k: D+. Prop 


#258111. +: Hp *2581.p'e vex. 2. precg’«= pie [Proof as in *258'11] 


#25812. +s. Hp*2581.5: EB! maxo’«.v. El seqo'e: 
E!minge.v.E!prece’e [#258 1101-11111] 


#258-13. +: Hp #2581.9.1tg=s f(—C‘maxg) 


Dem. 
= 
b.*258'1. Transp. :Hp.wgimaxo’n.D.serens 
[*258°11] D. ltg’e=s%: It. Prop 


#258131. | : Hp *2581.3.tlg=pr(—C‘ming) [Proof as in #258°13] 


4258-14. +:Hp¥2581.3.Q,QeDed. Ito, tlee1—Cls [¥258°1213-181] 


#2582. +:Hp*2581. Re RiQaCls31.9.Q2,62 
Dem. 
b, #25814. Dt: Hp. >. Hp #25727 ray) 


+. (1). #25734... Prop 
*258-201. | .Q=dA(BCa.a4A). ReRIQnCls—+1.3. Que 
[Proof as in *258'2] 
#258202. +: Q= MN (MGN.M4N). ReRIMQaCls—»1.3. QgreD 
*258:203, +: Q= MN (NGM.M4N). ReRMQnCls1.9. yayeX 
#25821, |: Hp #258-2.«C (R#Q)'a. Dd. 8fe=limaxgte 


Dem. 
b. #25813. Db: Hp.w gq tmaxgie. D. se = ltghe QQ) 
b.¥2582. Dh: Hp. qtmarge.D1(qy)ryecraen.d,.aCy: 
(407151) Disteewt 
[#258-1} Dis = maxg'x (2) 


+.(1).(2). D+. Prop 
*258'211. | : Hp *258-201 .« C(ReQ)a. D>. pix = limaxg‘« 
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#25822. +: Hp*2582.aeD°R. nc C(ReQ)a.qle.d. 5% =limax (Qz,)*« 
Dem. 

b.#258'21. 3b: Hp .steven. 2.5% = Ito. 

[#25713] D. se e(ReQ)a. 

[*210-233] 2. 8'«=limax (Qp.)'et DE. Prop 
¥258-221. + : Hp #258201 .a¢ DSR. « C(R*Q)a.2. pe =limax (Qp,)\« 
425823, +: Hpx2582.aeD‘R.D. Qe. ¢Ded.s(R*Q)'a= BQza 

[%258°2°22 . *250'23 . *205°121] 
#258231. +: Hp #258201 .ae D'R. 2. Qzae Ded . p'( RQ) a= BQre 
¥*258-24. +: Hp *2582.). 


(ReQ)'a= 8 (aco. Ro Ca. sClex‘o Codes he) 


Dem. 
b. 258-113 #2571. 
br Hp.>.(ReQaCB (aco. Ro Co.sClexoCo.2,. seo) ql) 
b. #257123. Db: Hp. Dd. RM(ReQ)aC (RxQ) a (2) 
25822. Db: Hp. wC(ReQa.gia.d.swe(ReQy'a (3) 
b.#25712. Dh: Hp.d.ae(RxQ)‘a (4 


F. (2). (8) (4). 


+: Hp:aeo. Ro Co.s“ClexioCo.3,.Beg:2.Be(ReQ)'x (5) 
F.(1).(5). 4. Prop 


4258-241. : Hp *258-201.>. 
(RxQ)a= Blaco. Ro Co. p*Clex'e Co. e+e) 
#258-242. +: Hp #258202... 
(ReQyX = P(x €c. Ra Co. 8*Clox'e Co. 2,. Yeo) 
¥258'243, | : Hp #258203 .5- 
(RaQ) X = P(x eo. Rao. pfClex’a Ca... Veo) 


#2583, £:Q=48(8Ca.atf).SeeaClox'y. 
R=G£f (ae Clex‘u. B= a—t'Sa).. Qn, ¢ 2. SiQn, smor Qn, [ (— 6A) 
Dem. 
b. #8014. 2b: Hp.d. REQ. ReCls+1.D‘R= Clexu.CR=Cly (1) 


+. (1). #258-201.3:Hp.>. Qn, 2 (2) 
b .*257°35. Dt:Hp-D.RECQr, cil. 

[(1).Hp] >. SPCQz,€11 (3) 
b.xQ5714, Dt: Hp.d. CQz, CCK (4) 
+8014. D+: Hp.d.d‘S=Clex‘u (5) 
+, (3).(4).(5). Dt: Hp. d.S5Qp, smor Qn, [ (— eA) (6) 


F,(2).(6). DF. Prop 
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e 
#258°301. +: Hp #2583 .wepen=OQp, nea. D.0= Spi 
Dem. 
bk 25736. Dt:Hp.Dd.pweCQz,- 


[Hp] D.ql« 

+. (1) .#258°241.5+:Hp.d. piee(RaQyu- 
(*257°36] D.pieeCQr. 

b. #401. Db: Hp.d.wep 

F.(2). (3). Dt:Hp.d.peex. 

[#258101] >. p'« = maxg’« 

b.(4). JbiHp.3.(pie— US pie) ren. 
[#257-121.Hp] D.were (pie ~ US*p*x) 


+.(3).(5).. Dr: Hp.d.veuSp'e: D+. Prop 
#25831. +: Hp#2583.yre1.3.0SiQn. =p 


Dem. 
+ #8014. 3+:Hp.d. 0S =Clex‘y. 


[part V 


(1) 


(2) 
(3) 


(4) 


(5) 


[15036425714] >. S3Qg.=S3Qn,E (— eA). CQp, E (- A) CAS. 


[#15022] 3. CS3Qp, = SCOn, [ (— fA). 
[#202°54.4257-125] D. C’S3Qp, = S*(C'Qz, — UA) 
b.#821.3+: Hp. >. S8*CQe,Cu 
b .*258'241:301. 3+: Hp. cep. Dd. ce S"((ReQ) a —CA}. 
[¥257'36] >. we S(CQz,~ UA) 
b.(2).(3). DE: Hp. dD. S*(CQp, — fA) =p 
F.(1).(4). DF. Prop 

#25832. biprel.gles'Clexu.d.meC%Q [*2583°31] 

This is Zermelo’s theorem. 


#268321. +: Hp *258'3. BQp,a.2.S'Brea 
Dem. 


+.*250242.3+:, Hp. Dra= (QB ve (Qa BQnua: 


(*257:'35.Hp] D:aCP—US'B:. D+. Prop 


#26833. |: Hp #2583. p~~e1.P=S8Qp,.3.S=minpf Clex‘p 


Dem. 
b. #80°14. Dt:Hp.aCy.qia.d.Saca 


(1) 
(2) 


(3) 
(4) 


(1) 


+, 4258-321 . Dt: Hp(l).wea.d.~(qf). AQn, a. c= SB. 


[#150°4. Hp] 2.0 (@PS8a) 
F.(1).(2).%2051.3+:HAHp(1).>.S*aminpa. 
[*258°3] >. Sta= minp‘a; D+. Prop 


(2) 
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#26834. bieprel. dt 
Seea‘Clex‘u. = .(qP). PeQ.CP=y.8= minpf Clexy 


[#250°5 . *258'33] 
4268-35. bipeO“O.s.prel.gtes‘Clex‘y [#200°12.%250°51 #25832] 
#25836. bipeCQul.=.q leaClex‘u ,#258°35 . *60°37 . #83-901] 
#25837. +: Multax.=.0“Qu1=Cls [#25836 . *88'33] 


#258'38. [:.Multax.3:Ne‘ac Ne‘B.v.Ne‘a=Ne'P.v. Nea > Nef 
[*255°78 . #258'37 . #1175455] 


#25839. t:: Multax.d:.pveN,C.Dipay.v.pp>y [*258°38] 


#259. INDUCTIVELY DEFINED CORRELATIONS. 


Summary of #259. 

In the theory of well-ordered relations, we often have occasion to define 
a relation (which is generally of the nature of a correlation) by the following 
process: Given a relation S, let W‘S be a relation (generally a couple) which 
is a function of S. Let us put 

AyS=Su WS. 
Then, starting from A, we form the series 
A, Ayw'A, AptAySA, ete., ; 
each of which contains all its predecessors. We proceed to the limit by 
mer 

taking the sum of all these relations, te. 8(Ajy)y‘A; we then proceed to 
7 — 
Ay‘8(Ay)yéA, and so on, as long as possible. The sum of all the relations 
so obtained is a function of W, and is often important. 

As an example, we may consider the correlation of two well-ordered 


series P, Q, which is dealt with in #259'°2—25 below. In this case, we put 
W = P(X =seqp'DT | seqg'A'T}. 


Hence WA=Ay‘A=BP | BQ=1p J 1g, 
Ay Ay'A= Ip] 1g 2p | 20, 
and so on, 
Proceeding in this fashion, we can continue until one at least of the 
two series P, Q is exhausted. We thus obtain a new proof that, of any two 
well-ordered series, one must be similar to a section of the other. 


For convenience of notation, let us put temporarily 
A=S8P(SET.S4T) Dit 
We then have A ¢ Ria trans. Aye RI‘A nCls— 1, which is part of the 
hypothesis of *257°27 and following propositions. The rest of this hypothesis 
follows by analogy from *258:14 We now put 
W,=s8(AgeAyA Df 

Then W, correlates the whole of P with part or the whole of Q, or vice 
versa. This is proved in *#259-25, below. 
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For other values of W, we get other results, often of a useful kind; for 
example we shall have occasion to use the methods of this number in #273, 
which deals with series similar to the series of rationals. 

The present number gives, first, some elementary properties of (A yx A)‘A 
and W, for a general relation W, concerning which we only assume that 
W‘S is never contained in S, ie. WA(G)=A (except in *259:121-13, where 
we also assume Wel-—»Cls). We then proceed to deal specially with the 
case where 

W=kPix = seqp'D‘T | seqo‘A‘T} 


as explained above. 
#25901. A=S7P(SET.S4T) Dit [4259] 
#25902. Ay=ST(T=Su WS) Dft [¥259] 
*25908. Wy=s(ApeA)A Dr 

In the following propositions, which result from those of #258, it is 
essential to have Ay GA. For this we require that W‘S, when it exists, 
shall not be contained in S. It will be observed that, according to the above 
definition, 

Ay=SP (SET). 
Hence instead of using “€” as a relation, which is notationally awkward, we 
shall use Ay. Thus the condition we wish to impose upon W is that we are 
never to have (W‘S)A,S. This is insured by 
Wa dAy=A, 

which accordingly appears as hypothesis in the following propositions. 


#2591. bh: AeRI J atrans.lt,e1—»Cls: : 
WA Ay=A.D. Aye RMA nCls—+1. A (Ay, Aye 


Dem. 
As in *258'14, F.ltyel—Cls (1) 
t.*201°18. Dt: Hp.d:MWS.3.~(MES) (2) 
F .(2). (#25902). Et. Hp. 3: SAy?.3.9E7.S4T. 
[(x259°01)] 2. SAT (8) 


F. (1). (8) «#258202. 2. Prop 
In the following proposition, the notation A (Aw, A) is that defined in 
*257-02, adopted because A yw cannot conveniently be used as a suffix. 
425911, Fr E!WA.Wady=A.D. ; 
Wy = BOnv'A (Ay, A). SCI Ay # AYA C (A pe AVA 


Dem. 

F. k258-249 142591. Db: Hp. nC (Aye dA. D. sre (Aye AVA (1) 
F.(1). DE:Hp.d. Wye(AweAyA (2) 
b. #4118. Dt: Hp. Te(AyxAYA—UW,.d.TAW, (3) 


F. (1). (2)-(3). DF. Prop 
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«259111 bi. WAAZSA.S Te(AyxAVA.I:SE7T.v.TES 
[%259-1 . *257°36] 
#25912, +: SeDAy.=.E! WS [(259-02)] 
¥*259121. bk: Wel—Cls.3.D‘dy=A'W [#25912] 
#259122: Wa Ay = AaWyy.rA=(AwxAlAn P(r(aTy)} Da Wry 
Dem. 


b. «25911. Dt: Hp.d.sre(Aye Ala d) 
[Hp] D.8NEX (2) 
(1). (2). 82573. Db: Hp. d.3%eD Ay. 

[*259'12] >. EL wen (3) 
b.(8). Dh: Hp.d. (3A) A (A pS)» 

[257121] D. Ay €(ApeAA—2. 

[Hp] D.a(Aytiry (4) 
F.(2).(4). Dh: Hp. Den (a (SA) y} .e(A pA) Ys 
[(*259-02)] D.a(WSA)y: Ib. Prop 


425913, b: Wa Ay-A. Wel Cle. 2. Wy = WAG AVA 


Dem. 
+. #259122. D+:Hp.d. Wy E WA pe AA qy 


F.#257123.3b:Hp.d. 8 W(Ayx AAG Wy (2) 
F.(1).(2). 3+. Prop 


425914. br WA dy =A: Se(AyeA)Anl—aClsa dW. ds. 


WSel—Cls. Sa WS=A:3. W,e1>Cls 
Dem. 


b «71-24. (#25902). Dts. Hp.d: 

Se(AyeA)A n1—Cls..dy'Se(Ayed)Anl—Cls (1) 
b.x250111. D+: Hp.S,Te(AyeAVA.3:SET.vV.TES (2) 
b.(2).DF:Hp.rC(ApxdyaA.a(sajz.y(SAr)z.d.(q7T).Ter.0Tz.yTz (3) 
F.(8). Dr Hp. rC(AyedA)An1—Cls.a(sA)2.9GA)2.3.0=y (4 
F.(4). Dk: Hp. rC(Aye dA al —+Cls.3.8r%e19Cls (5) 
bh. (1). (5). #258242. 5b: Hp.d.(ApxAVA C1 Cls. 

{#259'11] 2. W,cl—+Cls: a+. Prop 
#259141. bs. WA Ay =A: Se(ApxA) An Cl >1ad'W.2s. 
WS eCls91.D'Sa DOW'S =A. WyeCls 1 
[Proof as in #25914] 
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#25915. bi. WAAy= A: Se(AyeAlAaloaladW.2.. 
WSela1.DSaDWSa=A.ASadWS=A:3.W yell 
[x259-14-141] 
The following proposition is a lemma for *273'23. 
425916. bs. WA A= Ar Te(Ape AA no OW. PLDT = 15Q.35. 
PE (AyD) =(AwT)QtD: 
PLD W,= WiiQ: Te(AyeA)A.37. PE DT = 15Q 
Dem. 
b. «259111. Db: Hp.rC(ApeAyA.d: 
o(PEDSA)y.= (ql). Ter.a(PEDT)y Q) 
b.(d). Db: Hp. AC(AyeA)A: Ped. Dp PED P= 159: 9: 
a(PEDEA)y.=. (qT). Ter. 2(TiQ)y. 
(45,7). 8, Ter.a(S|QiP)y. 


[259-111] = 
[#1501] =. {(8A)IQ} y (2) 
b. (2) «258-242. Db: Hp. Te(Ape AVA... PED T=T5Q (3) 


b .(8). #25011. 1. Prop 
The two following propositions are lemmas for *273'22'212. 


KQ5917, br. WAAy=AsSe(Ayed) An OW. 25. 
ASaMWS2A:>d.Aap(ApxdAyAclol 
Dem. 
b A250 242 . #257-B5 . #2591. D 
bi Hp. S,Te(Awe AVA. S$ 1.3: Ay SET.V. ATES: 
[(#259°02)] OWS CAT. v.GWTCHS: 
[Hp] 3:08+0‘7:. D+. Prop 


w259171. bs. WA Aya At Se (Aye AA nd W. 2s. 
DSaDWSsA:>.Dh(ApxAAcl—l 
[Proof as in *259°17]} 


42592 b: WHRP(X aseqe'D'T | seqy'T}.2.Waelal. WAAgeA 
Dem. 


b.#72182.Db:.Hp.d:7eQW.3. Well Q) 
F.*2062. Dt: Hp.d:7eA'W.2.DTaDWT=A.02adwl=A (2) 
b.(2).455°184. 24: Hp. TeAW. 2.0 (WTET) (3) 


b.(1). (2). (3). #25915. DF. Prop 
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#259021. +: Hp x2592.Q°CU.3.WQEP. DW, COP. UW, CO” 
Dem. 


+ .¥206133.Dh:Hp. Te W.9.(WTIQSA (1) 
b.#20621. Dk:Hp(1).D.seygtl*lre QT. 

[#37461] DWT) Q THA (2) 
F. #20618. Db: Hp(1).d.DiAy COP (3) 
b. (3). #4143. #258242.3b:Hp.d. DSW, COP (4) 
Similarly bh: Hp.3.@W,c og (5) 
b. (4). #206182. >: Hp(1). Te(Awe AVA. Dd. seqp'D'T'e pPODT. 
[#4016] D.seqr'D‘T7' ¢ pe POT GrseqgI‘T'. 

[*40°67] >. (PGeseqo(I'2) 4 seq DEP — (6) 


F.(1).(2).(6). DF: Hp(1). Pe(Ayw AA. TIQEP.D(AyTIQEP (7) 

Feax25911L. Dhar C(AywA)A.a (SAQly. Ds 
(qT). Ter. a (L3Q) yi. 

[#11°62.%10°23] D2. Ter.37. T3QEP:3.x2Py (8) 

b.(8).Comm. DEL AC(AweA)A! Ter.Dp TIQEP: D.(GAQEP (9) 

b. (7). (9). #258242. DF: Hp. 3: Le(ApeAA. Dd. QGP: 

[#25911] 3:WiQeP (10) 

+. (10). (4). (5). DF. Prop 


#259211. |: Hp x259°2.P°CJ.3. WP GQ [Proof as in #25921] 


*259-22. +: Hp 259-2. Pe connex.2. D(A yx A)‘A C sect(P 
Dem. 
bx211-22. Db: Hp. Te W.D'Pesect(P.d.D‘Ay‘TesectP (1) 
F.*211'63.3h: DAC sect*P. >. Dts « sect’ P (2) 
F. (1). (2). #258242. F. Prop 


¥259°221. + : Hp *259-2. Qeconnex. 9. U“(Ay*A)*‘A C sect‘Q 
*259-222, +: Hp 2592. PeSer. EIBSP.Q°GJ.Te(AyeAY A.D. 
TQeC'P,  [*259'21-22 . *213-161] 


¥2590-223, ts Hp *259-2.QeSer, EI BQ. PGS. Te(AwkAA.D. 
T3P € COs 
#25923. +: Hp #2592. P,QeSern@‘B.Pe(AyeAJ A.D. 
(q¥,N).MeCP,.NeCQ;.Te Msmor N  [#259-2-21-222-923] 
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259-24, +s. Hp #2592. P,Qe2.9: DW, =OP.v.0W,=C9 

Dem. 
F.*20618.3+:Hp.P=A.3.W,=A (1) 
F. #20618. Db:Hp.Q=A.3.W,=A (2) 
F.(1).(2).3b: Hp: P=A.v.Q=A:3: DW, =CP wv. Wy=0Q (3) 
b.€259°11 425736. Db: Hp. Gg! P.g!Q.3.WyreDAy. 


{*259°12] D.~ (El seqr'D‘ Wy. El seqo'G Wy) (4) 
Fb . (4). #252°1 . #259°22'221.3 
bi Hp. qi P.q!Q.3:DOW,=C'P.v. di W,=CQ (5) 


+ .(8). (5). Db. Prop 


#25925. bs. Hp #259-24.3:(q@). Besect*Q. W,¢ Psmor (Qt B).v. 
(qa). aesect’P.Wye(Pfa)smor Q [#2592324] 
The above affords a new proof of #25437, which asserts that if P and Q 
are well-ordered series, one must be similar to a section of the other. In 
virtue of *259°25 (which has been proved without using the propositions of 


#254), W, is the correlator which correlates the whole of one series with 
part or the whole of the other. 


It will be observed that the relations (A*A)*‘A are the class of corre- 
lators of sections of P with sections of Q, provided P,Q «Q~ “A; te. 


bi Hp *2592.P,Q0eN-WwA.>. 
(AypxA) A =P (gM, N). Me CP, Ne CQ, . Le Msmor N}. 


SECTION E. 


FINITE AND INFINITE SERIES AND ORDINALS. 


Summary of Section E. 


In the present section we shall be concerned first with the distinction of 
finite and infinite as applied to series and ordinals, We shall then establish 
the distinguishing properties of finite ordinals, and shall deal with the 
smallest of infinite ordinals, namely w, the ordinal number of a progression. 
Finally we shall briefly consider certain special ordinals, and the series of 
cardinals applicable to well-ordered infinite series, namely the series of 
“ Alephs,” as they are called after Cantor’s usage. 


In dealing with the finite and the infinite as applied to series, we have 
constant need of the relation (P,),,, where P is the generating relation of 
the series, We have 


2(Pi)poy- = +P (ate y)e Cls induct — 6A, 


te. “a(P,),y” holds when, and only when, there is a finite number of 
intermediaries between 2 and y. When P is finite, we have 


P=(Pyvos 


but we may have this when P is not finite. The infinite series for which 
this holds are progressions and their converses (which we will call regres- 
sions), and series cousisting of a regression followed by a progression, of which 
an instance is afforded by the negative and positive finite integers in order 
of magnitude. 


*260, ON FINITE INTERVALS IN A SERIES. 


Summary of *260. 


In the present number we are concerned with the relation which holds 
between « and y when the interval P(#+ y) is an inductive class other than 
A, or when the interval P (z+1y) is an inductive class of at least two terms. 
This relation holds if # and y bave any relation of the class fin‘? (detined in 
#121). We will call this relation P,,. Thus we put 


Pry=sfin'P Df. 


Then #P,,y holds when #P,y, where v is an inductive cardinal other 
than 0 (*260°1). This relation will take us from a to any later term which 
can be reached without passing to the limit. But if in the interval P(w4y) 
there is any term which has no immediate predecessor, Ze. any member of 
CP —A‘P,, then we shall not have #P,,y. Thus P;, confines us to terms 
which are at a finite distance from our starting-point, We shall find that if 
PeQ,a necessary condition for the finitude of P is P=P,,. This is not 
a sufficient condition, since it does not exclude progressions, but these are the 
only infinite series it admits, and these are excluded by the assumption 


EL Bp. 


Although P,, is not in general serial when P or P,,, is serial, it becomes 
serial when confined to the posterity or the ancestry or the family of any 
term with respect to itself (#260324), When a series P is well-ordered, the 
whole series can be divided into constituent series, each of which is the 
family of any one of its members with respect to P,, (except when P has 
a last, term which has no immediate predecessor, in which case this last term 
must be omitted). (Cf. *264.) Hach of these series (except the last, possibly) 
is a progression, and the last is either finite or a progression. Hence every 
infinite well-ordered series consists of a series of progressions followed by 
a finite tail (which may be null); hence the cardinal of the field of an infinite 
well-ordered series is a multiple of &. These results will be proved later ; 
for the present we are concerned with the proof that the family of any term 
with respect to P,, is a series of which the generating relation is P,, with 
its field confined to that family. 
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In the present number we are chiefly concerned with the relations of 
P,, to P,. We have 
#26027. +: P,,¢Ser. 3. Pip =(P2)p0 
This proposition will be used very frequently throughout this section. 
Without any hypothesis we have 
«26012. +. Pin © Pro 
We have also 
#IBNLB. b . Pin =(Proodin 


Hence whatever properties of P;, result from the hypothesis that P is 
a series will result from the weaker hypothesis that P,, is a series. 


If P,, is a series, P,, is contained in diversity and is transitive (#260'202), 
but not in general connected. 


In comparing P,, and (P,),o, we constantly need the proposition 
#26022. +: P,,eSer.3.(Pi),=P,.Pyeloal.(P),. EF 

From *260°3 to the end of the number, we are concerned with the result 
of limiting the field of P,, to the ancestry, posterity or family of some 
member of its field. We have 
#26033. +: P,,¢Ser.ceD‘P,.P,=R.3. 


< & = = 
Peal (ay Ppy ar) = (Bgf2) | Roo = (Rg) | RB} = [Bf Ryo’) }p0 


= 
426034. +: Hp426033.3. (Ppt (ov Ppa) = (Ry‘a) | R= RP Roe 


#26001. P,,=sfintP Df 


*2601.  biaPy.=.-(qv).veNC induct ~t0.aP,y 
(#121-121 . (4260-01)] 
#26011, bioP,y.=.P(eHy)eCls induct -0—-1 
Dem. 
+. #2601. 4121-11. 5 
braP,y. =.(qv).veNC induct— 0. P(a@Hy)evtyl. 
[*120°472] =. (qu). we NC induct — 10 ~ 01. P(a@Hy)ep- 
{#1202} =. P (aH y)eCls induct -0-1:3+. Prop 
#26012. +. PGP, 
Dem. 


F.¥121391 #117511. bi veNC induct—u0-2.P,EP,, (1) 
F.(1). 2601.94. Prop 
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#26013. F:aP,y.3.P (ery), P(@avveCls induct —uA 

Dem. 
b. *260°12. 4121-21-22. 5h:Hp.3.P(ery), P(way)e—UA (1) 
F . #9154. (#121:011°012-013) . 9 
F.P(@ry) CP Hy). P(e@ay)CP (aHy). 
[#120°481.4260 11] DF: Hp. dD. P(e y), P(#—-y)e Cls induct Q) 
+. (1). (2). DF. Prop 


#260131. b:.P,.GS.I:02Pyy.=. P(e y)eCls induct —tA. 
-P (ay) « Cls induct — uA 


Mi 


Dem. 

b 412122.3h: P (ary) eCls induct —UA.9.2P oy. qd) 
[#121:242.491°54] 2. P(any)=P(ary)vety 
[*120°251] 2.P(eHy)eCls induct (2) 
F+(1).4121242. Dk: Hp.Hp(1).d.ayeP@nHy).afy. 

[*52°41] D.P(t@Hy)~«0vl (3) 
F.(2).(3).4260°11. DF: Hp. Hp(1).>.0Pmay (4) 
Similarly t: Hp. P(wy)eCls induct. 3.aP,y (5) 


b, (4). (5). #26013... Prop 


«26014. +: Pe(Cls—1) u(l4 Ols). PCJ 2D. Pin = Pro 


Dem. 
+ .#12152.Dh: Hp. sfinid'P = Py. 


[(#260°01)] 3. Py = Py + Py 
[x121-302] =Py + IPC 
(*91°541} =P, 13+. Prop 


#26015. 1. Pin=(Pooktp [#2601 #121254] 


#26016. 1. (P)mp=Pm — [#260°1 . 121-26] 


#26017. +: P,,¢Ser.aP,,y.3.P(@Hy)=C{P,[ Plary)}. 
c= BYP, P(wHy)} y= BCav'{P,[ P(ary)} 


Dem. 
+. 4121-242 .9+:Hp.d.a,yeP(aHy).cty. qd) 
[#52°41] D.P(aHy)~rel. 
{%202°55] D.0¢P, CP (aHy)} =P (@Hy) (2) 
+. #91542. Dhki. Hp. DizeP(@Hy).zta.D.2 [Poof Plany)}z: 
[(1).#*205°35] Dia miu {Pf P(aHy)}\P(@Hy): 
[(2).*205°12] Dia= BUPA P(aHy)} (3) 
Similarly t:Hp.d.y=BCnav{Piof P(eHy)} (4) 


b .(2).(3). (4). DF. Prop 
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The following propositions are concerned in proving that if P,, Ser, 
Pin = (Pio and P,=(Pi). Note that “«(P,),oy” means that we can get 
from @ to y by a finite number of steps from one term to the next, so that 
the series contains no limit-points between and y. The relation “a (P,), y” 
means that » —, 1 intermediate terras 

B yj. Sap eee Big 
can be found, each of which has the relation P, to its neighbour, and such 
that «P,z, and z,_,,P,y. Thus we have to prove that, provided P,, is a series, 
this occurs when, and only when, the number of terms in the interval 
P(@Hy) is v+,1. 


«2602. +:P,,¢connex.aPyy.yPyz. 3. P(@Hz)=P(@Hy)y P (yz) 
Dem. 

b.ex20D1¢15. Db: Hp.d.P(@Hy)C P(@Hz).P(yHz)CP(@Hz) (1) 

F.*20213:103.3+:. Hp.2Pyw. Dd: wPyy. vi yPyw (2) 

F . (2). #121103. 3 

bi. Hp.weP (@H2z).di0Pyw.wPyy.v.yPyw wPy2t 


[*121°103] DiweP(@Hy)yP (yH2z) (3) 
f.(1).(8).9F. Prop 
*260°201. t: Pe connex . >. Py, ¢ trans 

Dem. 
F.x26012 Db i aPmy-yPmz-3.¢Pyy - yPxz qd) 
b.(1).*2602.3 
br Hp.aPpy yPmz.2.P(aHz)=P(@Hy)y P(yHz). (2) 
[*260°11.%120°71] D.P (az) Cls induct (3) 
b.460°32371.3b:ae0Ul.BCa.d.Be0ul: 
[Transp] DE:Bvc0¥l.BCa.d.areOul (4) 


b.(2)- #26011. 
b:Hp.ePmy-yPmz.2-P (@Hy)re0ul. P(a@Hy)C P(@Hz). 

((4)] D.P(@Hz)re0vul (5) 
F.(3). (5). #26011 5+: Hp. 2Pry.yPint- 2. 0PQz2 D+. Prop 


«260202. b: P,. eSer. 3. Pip ¢ Ri a trans 
Dem. 
+. 426012.b: Py EI... Py ES (D) 
F. (1). #260201 . + . Prop 


We shall not have in general P,,¢Ser.3.P,, «Ser, because Pi, is in 
general not connected. P;, only relates two terms which are at a finite 
distance from each other, and hence divides P,, into a number of mutually 
exclusive parts, We shall only have P,;, ¢Ser when every interval in the 
series is finite. 
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*26021. +: P,,eSer.oPyy.yPiz.3.P(e@Hz) =P (wHy) vue 
Dem. 
F. #121304. 3b: Hp. d. P(ymz) sity vu (1) 
+, #121-242.3+:Hp.d.yeP(tHy) (2) 


F.*2602. DIb:Hp.d.P(eHz)=P (Hy) v P(yH2z) 
{(1).(2)] = Plwry)vee: 3+. Prop 
#26022. +: P,eSer.3.(P), =P. Pell. (PCS 
Dem. 


be xlQ1254. Dh. P,=(Pyo) (1) 
(1). #2047. Db:Hp.2.Pjelal (2) 
F. #121305. Dt:Hp.d.P,GP. 

[91°59] D. (Pry © Pro « 

[#2041] D. (Pro CF (3) 


+ .(1). (2). (8). #12131... Prop 
#26023, +: P,,¢Ser.ve NC induct. 3.(P),elwl 
[#121342 . #260-22] 
#26024. +: P,eSer. ve NC induct. 2(Piy.v(Piar2%- Dy Pz 
Dem. 
b 121-35 . 420022. Db Hp. dD. 2 ((P,),| Pie. 
if [#341] D.(qw).a(P,)w.wPyz. 
[*260:23.Hp] D.yP,z: D+. Prop 
¥26025. +:P,,cSer.R=P,.cRyy.3.P(aHy)=R(@Hy) 
Dem. 


+ «260-24. 9b: Hp.veNC induct. cR,y. @R,42.P\ = R(wHy).>. 
yRz. P(any)=R(e@nHy)- 

{*260°21] D.P(aH2z)=RaHy) ve 

[*260-22.%121°371'304] = RB(aH2) Q) 


b.(1). 3h: Hp. veNC induct: #R,y-3y.P(e@Hy)=R wry): 3: 
eR,.12.92.P (e@Hz)=R(eH2) (2) 

b . #121°301-22-242. D+: Hp.ok,y.d.P(emy)=Ua= Rey) (3) 

+ .(2).(8). Induct. 3 

t:.Hp.D:veNC induct. 2h,y.3.P(a@ny)= Rwy): 

[«121-12] 3: Sefinid'R. #Sy.3.P(aHy)=R(@Hy): 

[#121-52.%260:22] D:aRyy.D.P(e@Hy)=R(eHy):.d+. Prop 


In the above proposition, “Induct” refers to *12013. The “&” of 
*120°13 is replaced by 


eRy dy. P(@Hy)=R (ary). 


RB. & W, TL 
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Thus (2), in the above proof, is (when v is replaced by €) 
Ee NC induct. 6F.3.6(E +1), 
and (3) is 0. 
Hence, by *120°13, we have 
ae NC induct . >. ga, 
te ye NC induct. Ji aR,y.3,.R(a@Hy), 
which is the inference drawn in the above proot. 
Wherever “Induct” is given as a reference, it indicates a process such as 
the above, making use of *120°13 or *120°11. 


#260261. b: Pie Ser» D+ (Pr)po © Pin 


Dem. 

+, #26025. 3+: Hp. R=P,.ak,y.3.P(@Hy)=R(eHy). (1) 
(#121°45.%260°22] 2.P(eHy)eCls induct (2) 
F . #121242 . (1). *26022.3+:Hp(1).3.2,yeP(ary).rty. 
[52°41] D.P(@Hy)rwe0ul (3) 
b.(2).(8). Db: Hp. w(Py)oy-3-P(cHy)eCls induct-0-1. 
[*260°11] D.2P;,y:D+. Prop 


#26026, |:.P,,eSer.R=P,.cRyy.I:aPiy.=.cR,y 
Dem 
F.#26025,3+: Hp.d:P(tHy)=R(eHy): 
[¥121-11] DiaP,y. =. 2R,y i. D+. Prop 
¥260°261. t : P,,¢ Ser. ve NC induct — 0 .@P,y.¢Pyyz. Dy Piz 
Dem. 
bexl2111.3¢:Hp.>.NeSP (aHy)=14+,1.NefP(w@Hz)=r4,2+ (1) 


[*120°32] Dieytez (2) 

F. (1). 4120428.3b:Hp.3.Ne'P(aH1z) > NefP (eH y). 

{#117-222. Transp] D.~ {P (a@H2)CP (Hy). 

[k121-103.4201-1415] D.w(2P yy). (3) 

[*202°103] D3. yP ozs 

[*202:171] 3. P@Hz)= P(aHy)yu P (yz). 

[#120°41.(1).(3)] D.P(y-zjel. 

(x121-242.(2)] D.PlyHazye2, 

[*121-11] 2.yPizi Dt. Prop 

«26027, +: P,,¢Ser. 3. Pin =(Pidpo 

Dem. 

+. #260261. 3+:Hp.veNC induct —10.eP,y .aP a2. 0(Py poy Ds 

YP iz. 2{Py)ooy + 


{#91'511] D3. @(Pi)yoz (1) 
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F.(1).Db:. Hp. ve NC induct —O:aP,y.D,.2(Pi),o yi dD: 
BP yp Zs 2+ (Py )yoZ (2) 


b. 491-502. Db raPyy.D.2(P)oy (3) 
F.(2).(3). #12047. 5b: Hp. D:veNC induct — 00. 9,. PLE (Pig: 
[«260°1] 2: Pin E (Prdpo (4) 


b. (4). *260°251. 3+. Prop 
#26028. |: P,,¢Ser.ve NC induct —¢0.3.P,=(P,),=(Pry 
Dem. 


f. #26026. Dh: Hp. Dre(Pirpoy-ePry += 2(Pr)poy @(Pirvy (1) 
b. «2601. Dt: Hp.«Pyy.d.aP ny - 


[26027 } D.2(Pridpoy (2) 
F.x121321, DkiHp.a(P)vy.D-a(P))oy (3) 
b.(1).(2)-(8)- DF: Hp. DieP,y.=.a(Pi)y (4) 
F.#121254. Dh.CPi y= {(Pi)poly+ 

[*260-27] Dt: Hp.d.(P),=(P in) (5) 


b. (4). (5). 5. Prop 
The above proposition does not hold in general when v = 0, for if P is a 
compact series, Py = A, so that (P,,=A, but P,=Z PoP. 


#26029. +: P,,¢Ser-cPyy. 3. P (tH y) =P, (@HyY=Pr(aHy) 
Dem. 
b.*26027-25.3b:Hp.3.P(@Hy)=P\(@Hy) 
[1 21:253.%260°27] = Pi (@Hy): D+. Prop 
The following propositions are mainly concerned with the result of 
confining the field of P;, to the posterity of a single term. 
#2603. +: P,,¢Ser.3.D‘P,, =D‘P,. Pp, = OP, COP = OP, 
[%260°27 . #91'504] 
#26031. +: P,,eSer.ceD‘P,.9. 


ae —— — 
CEP a Dev Pig 'x)} = (Pi)yia = ou Py fe 


Dem. 
b.#26027.Db:Hp.2.e UP n= tau (P),te 
[#9614] = (Pye (1) 
+. #2603. 3b: Hp. DG! Pale. 
[36-13] >. (ay) 2 {Pu bev Pa')} y (2) 
b.a8613. Dkr ye Pale Dee {Py b(ow Ppte)} ys 
[10-24] D(a) +2 {Pp Deu Pate} y (3) 
b.(2).(8). DF: Hp. due VP, ae OU Pm (ia v Pn’a)} ‘ 
[«37-41] Deu Pate =O% Paley Pa); (4) 


F.(1)-(4). D4. Prop 
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#26032. +:P,,eSer.3. 
= e = 
Pry b (ete v Pini) = Py P(e v Peyit) Pin f (Ufo » Pye) € Ser 
Dem. 
< e 
b.#260°12. 9+. Py, 0 (uw v Pp’a) € Pi E (fe v Pin’) (1) 
+. #2603 . #20035 . D 
e a 

tiHp.areD Py. De Pel (seu Pyie)=A= Pyro f(iiov Pyiz) (2) 
b . &201'521 . *260°27.3 

e- —— 
t:Hp.ceD'P,.3. Pal eu Pai) = (Pi)yo [ (Pie « 

e- 
[2021426022]. Pr, [ (ute v Pin{x) e connex « 

— 
[*260°202] D. Pin f (elev Py“x)e Ser. (3) 

e a 

[(1).#260'31.4204°41] «Py, Duta v Pint) = Pro b(ou Prfa) (4) 
F.(2). (8).(4). DE. Prop 


#26033. |:P,,eSer.ceD'P,.Pj=R.3. 
= — e e 
Pry (Ue v Pp, 6) = (Rye) | By, = (Rye) Bho = (R [(Bpof®)p0 


Dem, 
- =~ 
b.#26027'31.D+:Hp.d. Pi f(eu Pyie) = Roof Rye 
_ 
[*96°16.%91°602] =(Rx'a1 Ry (1) 
[*96-13] = (Ba'2)1 Boo (2) 
[#96'2.%260°22} ={RE (Rp @)hpo (3) 


F.(1).(2).(8). 34+. Prop 


= e = 
426034. bs Hp #260°33.9. (Py b (ula v Pinta) = (Ry) B= RP Rye 


Dem. 
b .*260°38 . #121°254.) 


= -_— — 
be Hp... (Pmb (eeu Pin @)hi = ((Ryr)| Rh= {RP Ryo}, (1) 
t+ .(1). #12131 . #26022. 3+. Prop 


The following propositions are concerned with the result of confining the 
field of P,, to a single family. 


acd 
«2604. +: P,,¢Ser.3. Pi. PiiweSer. 
eo 2 eo 2 
CP in bPinfe) = Pte = (Piylt »Pyfarvel 
Dem. 
e 2 

f.¥26027 89717. Dt: Hp .D. Pig P Pre (Pps Pave 
[202-1 5.%260°22} DP uy b Pine econnex. 
[260°202.%204-42] >. Pa b Pye eSer (’) 
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& & 
b.x9718 DE. O (Pig b Pnftt) = Poa (2) 
Soca 
F (2), #260202. #20012. D+: Hp... Pytewel (8) 
F.#26027 A977. Db sHp.d. Pate =(Pryfa (4) 


+. (1). (2).(8). (4). DF. Prop 


#26041. 1: P,,eSer. R= P,.>. 
Lard & & 2S 
Pra Brytt = By Byte = (Rlt)] Ryy = Ry PR 

Dem. 

#26027. 4971794: Hp.>. Pry bByto= RB vob Finte a) 
b.x9718.5+: Hp. ye Kyte. YB td. 2eR, of Ry 0 Byg Rye. 

— 
[#92°311.%260-22] D. 26 Rytov Ry'a. 
[*97-13.43613) Dy (Ryo Ry!) 2 (2) 
e 

F.#35-21-441. DE. Ryg [Ryle @ (Ry!) Byp (3) 

b.(2).(8). Dks Hp. D. Roof Fy’ = (Ry) Ryo (4) 
ao 

Similarly br Hp. d. Ryo Ryle = Ryo fy ec (5) 

F.(1). (4). (5). 3. Prop 
eed a e 
426042, +: Hp #260°41 Pig [Pato (Ry!] B)yo =(B fF! po 
Dem. 
¥Y & o 
b. #9232. #260-22. 3b: Hp. >. RY Rytn€ Ryia. 
& 
[496-111] >. (Ry!2y] Ryo = {Ry'0)1 Bo (1) 
& 
Similarly br Hp. d. Ryo hRyfa= (BP Ry!t} yo (2) 
F. (1). (2).#26041. DF. Prop 
26043. +: P,,eSer.>. 
& & bued Surd : 

D {Pu Pnfeh=Pil Pm =(Pmie)1 P= P, bP) 

em. 


b. #260°42. 121-254. 
t:Hp.R=P,.>. (Prob Pratl (Be!) 1 Rh 
[#121-31.4260°22] = (Ry‘n)1 R 

[49717 .4260-27] =(Py‘a) 1 P, Q) 
Sinilarly k:Hp.d. [Pm Bah, Py Ph Pinte (2) 


b.(1). (2.43511. 3: Hp.d.(PafPmiah=PibPni (8) 
F.(1).(2).(8). DF. Prop 


. & © . . . 
Observe that the two series Pr, [ Pya‘@ and Pm [ Pyn‘y are either identical 


or have 


no common terms in their fields.) This results immediately from 


; 2 rey 
#9716, since the fields of the two series are (P,)y‘a and (P,)y‘y. 


#261. FINITE AND INFINITE SERIES. 


Summary of #261. 


In this number we define finite and infinite series, and we show that, 
where well-ordered series are concerned, there is only one kind of finitude, 
ie. there is not the distinction, which exists in cardinals, between “ in- 
ductive” and “non-reflexive.” We also give various equivalent forms of 
the distinction between finite and infinite series, and some of the simpler 
properties of each. The propositions of this number are numerous and 
important. 


We define an infinite series as one whose field is a reflexive class, and a 
finite series as one which is not infinite. Thus we put 


Ser infin = Ser a CCls refl Df, 


OQinfin =O C“Cls refl Df, 
Ser fin = Ser — Ser infin Df, 
Q fin =0 - O infin Df. 
We also put, to begin with, 
Qinduct = On O“Clsinduct Df, 


but in the course of this number we prove 


#26142. -.0 fin=Q induct 


so that the symbol “QQ induct” is not required after the present 
number. 


After some preliminary propositions, we proceed (#261-2 ff.) to various 
criteria of finitude and infinity. We have 


#26125. +:.PeSer.3: 
OP ¢ Ols induct - 'A.=.P=P,. Et BP. EL BP 


The condition P= P,, insures that every interval is finite, but this still 
leaves it possible for our series to be a progression, or its converse, or the 
converse of a progression followed by a progression (2.¢. the type of the nega- 
tive and positive finite integers in order of magnitude). The third of these 
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possibilities is excluded by either E! BSP or E! BP; the second is excluded 
by E! BP, and the first by E! BP. We have 
*261:212. F:. Pe. 9: 0'P,= OP. s. P=(Py)o P= Pu 
“U‘P, = UP” means that every term except the first has an immediate 
predecessor. We have 
4261-26. +: PeSer.aC CP. q!a.aeClsinduct.>.E!minp’a. E! max p‘a 
and 
#26127. b:.PeSer:aCOP.q!a.3,.E!minpa. Kh! maxp'a: 3. 
P=P,,.CP ¢Cls induct 


whence we obtain 


#26128. b:: PeSer. Os. 
aCCP.qta.d,. El minp‘a. E! maxp‘a: Ss. CP Cls induct 


Le. a series whose field is inductive is one in which every existent sub- 
class of the field has both a minimum and a maximum. 


From the above, together with an inductive proof that every inductive 
class which is not a unit class is the field of some series, we obtain 


#26129. +. Clsinduct = 
1 vO“PIP eSer:aC OP. qia.d,.H! minpa. BE! maxp‘a} 
=1u 0“(2.n Cav) 


The above proposition is interesting as giving an alternative method of 
treating inductive classes. Instead of the definitions adopted in #120, we 
might have taken the above proposition as the definition of inductive classes, 
putting 

NC induct = Ne“‘Clsinduct Df. 
We should thus wholly avoid the use of mathematical induction in de- 
finitions; hence if such avoidance were in any way desirable, it could be 
secured by dealing with series before introducing the distinction of finite 
and infinite, and then defining inductive classes as the ficlds of series which 
are well-ordered backwards as well as forwards. The inductive properties of 
such classes would then be deduced from *261-27, together with *260-27, in 
virtue of which we have 

PeQaCnv"Q.3.P=(Pi)por 
whence, by *91-62, 

bi: PeQ aCnv"Q. 32 aPy.e:PiwCp. Piiwe pe Duo Yep 

In virtue of this proposition, if y is the field of a well-ordered series P 
whose converse is well-ordered, then any property which is inherited with 


respect to P, belongs to all the successors of « (where zevy) if it belongs to 
the immediate successor of «. Hence mathematical induction follows. 
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From the above we obtain at once 


426131. bz. PeSer.3:0'Pe Clsinduct. =. P,PeQ 

Ie, series whose fields are inductive are the same as inductive well- 
ordered series, and are also the same as well-ordered series whose converses 
are well-ordered, Hence also we obtain 


426133. t:P,QeOQ.QGP.D. Qe M induct 


Te. a descending well-ordered series of terms chosen out of a well-ordered 
series must be finite. This proposition, which is due to Cantor, has been used 
by him in many proofs. 


We have 
#26135. t:.PeQ.3:C*P ¢Cls induct —A.=.0°P,=A°P. Et BYP 
In *253'51 and following propositions we have already had the hypothesis 


GP, = U‘P. Et B*P, which now turns out to be equivalent to the hypothesis 
that our series is finite and not null. Thus we have 


#26136. b:. PeM.3:C'Pe Clsinduct—uA.=s.Nr'P+i+Ne'P 


*261°4 and following propositions are concerned in proving that a well- 
ordered series which is not inductive always contains progressions, and in 
deducing consequences from this. We have 


#2614, b: Pe —O induct. D. ((Py‘B‘P}11 P, € Prog 

The above proposition is very important, for many reasons. One of its 
most important consequences is that, if P is a well-ordered series which is 
not inductive, its field contains an N,, and is therefore a reflexive clasa 
(*261:401). Hence a class which can be well-ordered is either inductive or 
reflexive (%261°43), and a well-ordered series is either inductive or infinite 
according to the definitions giver above (#261°41). Hence where weill- 
ordered series are concerned, the two ways of defining finite and infinite 
(namely those in #120 and #124) give equivalent results. This cannot (so 
far as is known) be proved for classes in general without assuming the multi- 
plicative axiom. 


From the above-mentioned propositions it follows that an infinite well- 
ordered series is one in which P, limited to the posterity of BCP with respect 
to P, is a progression in the sense of #122 (*261°44), and that any class 
contained in a well-ordered series is cituer inductive or reflexive (*261°46). 

The number ends with some propositions in ordinal arithmetic. We 
prove that P® is well-ordered if P is well-ordered and Q isa finite well-ordered 
series (*261-62); that if & is a finite well-ordered series, and P is less than Q 
(in the sense of *254), then P® is less than Q®; and that a finite well-ordered 
series is less than an infinite one (*261°65). 
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#26101. Serinfin=Sera C#Clsrefl Df 

426102. Qinfin = On C#Clsretl pe 

#26103. Ser fin = Ser — Ser intin Df 

#26104. O fin = 2 — 2 infin Dt 

261-05. Qinduct=QaC#Clsinduct Df 

e2611. +: PeSerinfin.=.PeSer.C’PeCls retl ((*261°01)] 

#26111. b: fe Qintin. =. PeD.C*Pe Clsrefi [(*261-02)] 

«26112. +: PeSerfin. =. Pe Ser—Serinfin. =.PeSer.C’P we Clsretl 
[(#261-03)] 

#26113. F:PeOfin. =. PeQ—Qinfin. =. Pe. CP reClsrefl 
[(*261-04)] 

#26114. b:PeQMinduct.=.PeQ.C*PeClsinduct [(*261-05)] 

#26115. +: PeSerinfin. PsmorQ.D. Qe Ser infin 

Dem. 

b.x26L1.3+:Hp.d. PeSer. C’PeClsrefl. PsmorQ. 
[¥204-21.%15118] 3.QeSer.O*PeClsrefl. COP sm CQ). 
[#12418] 2. QeSer. C Qe Cls refl. 
[*261-1] >.QeSerinfin: D+. Prop 

*261:151. b: PeSerinfn. >. Nr‘PCSerinfin [*261°15] 

#261152. +: Pe Serinfin. = .Nyr‘P C Serinfin. =. q! NyrP a Ser infin 
[x261-151 . 4155°12] 

#261153. b: PeSerinfin. =.(qQ). Psmor Q. Qe Ser infin 
[426115 . #15113] 

*261:16. bk: PeQinfin. PsmorQ.3.QeN infin 
[Proof as in #26115, using #26111 . «251-111 . 4151-18 . #12418} 

#261161. F: Pe Qintin. D.Nr‘PC Qinfin [#26116] 

#261162. t: Pe N infin. =. No PC O infin. =.q! Nor'P a Serinfin 
[¥261-161 . *155°12] 

#261163. F: Pe Qinfin. =.(qQ).Psmor Q.QeQinfin [%261-16. #15113] 

#26117, +: PeSer fin. Psmor Q.3.QeSernn [261-15 . Transp] 

#261171. b: PeSer fin. >. NréP C Ser fin [#26117] 


x260-172. b: Pe Ser fin. =. Nyr‘P'C Sertin. =. qi NurtP a Ser fin 


¥#261:173. 


[#261171 . 155-12] 
F:PeSerfin. =.(qQ).P smorQ.QeSer fin [#26117 . #15113] 
y 
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*26118. fF: PeO fin. PsmorQ.3.QeQfin [#26116 . Transp} 
#€261181. b: PeQO fin. >. Nr‘P CO fin {*261°18] 


#261182. b: Pe O fin. =. Nor‘ PCO fin. =. qt Nir P a O fin 


[#261:181 . #155°12] 


*261:183, b: Pe Q fin. = .(qQ). PsmorQ.QeQ fin [#26118 . #15113] 


#261:19. 


bk: Pe Qinduct. PsmorQ.3.Q QO induct 
[Proof as in *261'16, using *#120°214 instead of #12418] 


#261191. b: Pe Qinduct.3.Nr‘PC OQ induct [*261:19} 


#261192. 
*261:193 
*261-2. 


Dem. 


¥261°21. 
Dem. 


#261211 
Dem. 
ae 


. ks PeQ induct. =. Nor(PC O induct. =.q!NorfP a Q induct 
[*261°191 . *155°12] 


. k: Pe Qinduct.=.(qQ). Psmor Q. Qe Q induct 
[¥261:19 . #151°13] 


f:P,,econnex . (BSP) Pr, (BP) - 2. OP ¢ Cls induct 


+ .#202181.D: Hp. >.0'P=P(BeP HBP). 
[*260°11.Hp] D.C'PeClsinduct: 3+. Prop 


+: Peconnex. P=P, .E1 BP. Et BP. >. OP ¢ Cls induct 


F. #2025108 . #93101. Dh: Hp. >. (BP) P(B YP). 
[Hp] >. (BP) P,, (BP). 
[x261-2] >. OP eClinduct: 3k. Prop 


> & <—— 
bi PeSer. >. minp'{P'a—(P,),o'a} COP — OP, 


#91°511 . #121305 .3 


- - — 
biHp. diye Pian (P,), oft yPiz. Dd. ze PHA (Prof! 
- << - e— 
[Transp] 3:2¢ P'e—(P,)(@. yPiz.D.ye—Pav—(Pipofe (1) 
ee € 


a ee 
F #91502. Db: ze Par —(Py pot. DizePa— Pia: 
[#20163] 3: Hp.d.2Pz (2) 
+. *201-63.3D+:Hp.2P%2.yP\z. 2.~(yPxr).y4e. 
[*202'103] D.ePy (3) 
- -— = 

F.(2).(3). DF: Hp. ze Poe—(P,)po'w yPiz. Dye Pn. 

- = 
{)] Dye Pla (Pi)pot 

> ££ e— 
[*201-63] Dd. ye Plan [Pia —(Py)po'a} 

— 
[*205-14} D. 2s eming {Px —(P,),!2} (4) 
+ .(4). Transp. 3 
> ee — 

b: Hp. zeminp'{ Px —(P,),.a}.3.~(qy).yPiz: D+. Prop 
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#261212. 2. PeD.3:0'P, =A P.s.P=(P),-=-P=Py 
Dem. 


f.#121305.Dk: Hp. .(P.)po EP a) 
FAL). Dh Hp. P+(Pr)yo +> «(qa 9) Py. le (Prooy - 
[#32-18] >. (qa).q! Px (P) oe. 

—' 
[*250°121] D>. (qx). E! minp'{ Pr —(Py)pofa} . 
[x261-211] d.q!OP-OP, (2) 
+. (2). Transp. DF: Hp. *P=O'P,.3.P =(Priyo (3) 
b.x91504. Dt: P=(P),,.3.d°P=A'P, (4) 
F.(3).(4). 0 Dk Hp.d:(6P,=O'P. =. P=(P))yo- 
[*260°27} =.P=P,,:.3+. Prop 


#261'22. +: PeSer.C‘P eCisinduct.3.P=P,.D‘P=D‘P,.d'P =P, 
Dem. 


+ #26012. 4201-18. D+: Hp.d.P, EP 7) 
b. #121-242. Dh:Hp.cPy.d.a,yePary).ct+y. 

[#52°41] D.P(t@ry)~e0vl (2) 
F . *120°481. Dt: Hp.d.P(tHy)e Cls induct (3) 
F.(2).(8). #26011. D+: Hp.cPy.d.¢Ppy (4) 
F.(1).(4). Dt:Hp.d.P=Py. (5) 
[*260:3] 2.D°P=DP,.0°P=aP, (6) 


F.(5).(6). DF. Prop 


426123. +: PeSer.D'P,=D'P.W EIB P.gtP.>. OP eCls ref 
Dem. 


Or _— 
b. #9152. DE. PMP) fe =(P, pol (1) 
b, #9154. #26022 .D 
bt Hp. 2eCP.d.(Piygir= teu (Pyatit ome (Prt (2) 
b. #9311. DE: Hp.d.D‘P,=C'P. (3) 
[#90'18] D.(P gia C DP, (4) 
+ .#260:22.3t:Hp.d.Pjel—l (5) 


bk. (1). (2). (4). (5). #73-21. #9L74.9 
—— — —— _e— 
Fr Hp. DiceOP. Dd. (Pi)yicsm (P,)po°t «(Py )pofe © (Pia . 
AS (Py)g’a — (Pr )po!t « 
ets 
(#124-16] 3. (P,)yie e Cls refl (6) 
+.(6).(3).(4). DF: Hp. Dd. qitCls ref a CCP. 
(#124-141] >. 0*PeCls rel: D+. Prop 
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4261-24, f: PeSor. (Pe Cls induct A.D. BEBOP. EL BP 
Deri. 
b.¥261-22. DF: Hp. >. DP = DIP, 


[¥261'23. Transp] D.ELBP @) 
D 
Rela Db: Hp.d.ELBP (2) 
b.(1). (2). DE. Prop 
#26125. bs. PeSer. 3: C*Pe Uls induct — fA. =. P= Py EY BOP. EYP 
(261-2224-21] 
When P= P,,. Ht BOP... EY BP, P is a progression : 
when P=P,. EL BP. SE! Be, P isa regression 
(we. the converse of a progression); and when 
P=Py.~ El BOP .~ Et BP, 


P is the sum of a regression and a progression. These propositions will be 
proved in the next number. 


#26126. +:PeSer.aCOP.gta.ae Cls induct. >. E! minp‘a. Et maxp‘a 
Dem. 


b.*20517.3+:Hp.ael.3.E! minp‘a. B! maxp'a (1) 
+.4202'35.Db:Hp.avel.d.a=C(Pfa). 

[*261:24] D.EIB(Pf a). E1BCnv(P pa). 
[205-42] D>.E!minp‘a. E! max p‘a (2) 


F.(1).(2). D4. Prop 
#26127. bi. PeSer:a COP. gqta.d,.E!minpa. E! maxpa: >. 
P=P,,.C*P ¢ Chs induct 


Den. 
+ .4250°121.3b:Hp.d. Pe. 
[250-21] >.D‘P=D‘P, 
[260-3] >. DP=DPp, qd) 
Bh) ONS nen iay CDEP say el pe ag 
[ #260201] Dye Pen Pint» 
[#260°12.4201-18] Dye P! Pyle. 
[*205-111] >. y+ maxp! Pratt (2) 


v 


F.(1).(2). Transp. Dk: Hp.we DP. D.maxy'P,fr= BP (3) 
be25012113. 3b: Hp. giP. >. BIB. 
{¢3)] 3. (BPP, (BP) « 
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[#260°11] >. P (BYP BP) eCls induct . 
[*202:181] ; 3. CP Cls induct (4) 
F.#120212. 3h: P=A.D.C+Pe Cls induct 6) 
F.(4).(5). Dk: Hp.d.C'PeCls induct. (6) 
[¥261-22] >. P=Pr (7) 
F.(6).(7).Db. Prop 


#26128. b::PeSer.3:. 
aCO'P.qta.3,.E! minp’a. E! maxp'a: =. CP ¢ Cls induct 


[#261:26-27] 
#261281.  : ye Cls induct -—1.3. ye CSer 
Dem. 

b.#204-24. Dt.Ae C Ser (ql) 
F.#52°22. DF.Avetwel (2) 
b. #5222. Dhkicay.Dd.twulyel (3) 
F.%204°25. Deiety.d. ue vitye C'Ser (4) 
F.(8)-(4). Dh.tkevityel vO Ser. 

[*52'1] Dhiyel.d.yurfyel vu CSer (5) 
Fe *512. DriveC Ser. yey. d.yvetye CSer (6) 
b. #20451. #16114. DF yeC“Ser.qty-yrey.d.yueyeC“Ser (7) 
F.(6).(7). DkiveO“Ser.q!y.d.yu lye CSer (8) 
F. (2). (5). (8)- DhiyeluC Ser. dD.yuryel vOSer (9) 


b. (1). (9). #12026. DF: yeCls induct. >. yeluC Ser: DF. Prop 
*261:29. +. Cls induct = 
LU COP (P ¢Ser:aCC'P. gq !a. 2.-E! minp‘a. E! max p‘a} 


=1¥ C(O 4 Cav“2) 
Dem. 


+ .*261-281..3 bs. yeCls induct—1.3:(qP):PeSer.y=CP: 
[*261:28] 

D:(qP): PeSer:aCCP.qta.d,.E!minpa. Ei maxpary=CP: 
[4376] Dive C“P[PeSer:aC OP. q!a.d,.E!minp'a.E!maxp‘a} (1) 
b.*261:28.3b:. PeSer: 

aCC'P.q!ta.3.-E!minp'a. BE! maxpfa:y=C'P: 3. ye Cls induct :. 
[4376] DE: ye CP (PeSer:aCO'P.q!a.d,.E! miny‘a. E! maxp'a). >. 
yeCls induct (2) 
F, #120 218.3+.1CCls induct (3) 
F.(1).(2).(3).9 
+. Cls induct = OP {Pe Ser:aC OP. gta... E!minpa. E ! max‘) 
[*250°121] = C(2 a Cnv"\M). D+. Prop 
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The following four propositions are immediate consequences of the 
propositions already proved, 
#2613. bi: PeSer. 3: 
CP eCls induct.=:PeQ:aCOP.qta.d,.E!maxpa 
[(#261-28 . *250121] 


#26131 +s. PeSer.3:C*Pe Cls induct. =. P, P €Q [%261-3 . #250121} 


¥261'32. . Ser a OCls induct = induct = Qn Cav" [42613114] 
On account of this proposition, we do not introduce the notation “Ser 


induct” for “ Ser a C*Cls induct,” because a series whose field is inductive 
is‘a well-ordered series, and therefore the notation “ induct” gives all that 
is wanted. 


426133. §:P,QeQ.QEP..QeN induct 


Dem. 
+2042. 3+:Hp.d.QeSer. QGP. 
[#250°14] 3. Qe Sern Bord . 
[#250°12] D.QeQ. 
[*261:32] D>. QeQ induct: 3+. Prop 


This proposition (which is due to Cantor) is of great importance in the 
cheory of well-ordered series. It shows that, however great a well-ordered 
series may be, any descending well-ordered series contained in it must be 
finite. (A descending series in a given series is a series contained in the 
couverse of the given series.) 


426134. b: Pe OQ. OP = OP. EL BP. 2. CP ¢ Cls induct 
Dem. 
F, #250°23 . #21412. 3b:.Hp.@C CP. 3: EB! maxp'a.v.E!seqpa (1) 
F.¥206181.3+:Hp.aCO'P.qia. E!seqp'a. >. seqr'aeC'P,. 
[204-7] D.E! Pyseqp'a. 
[#206451] >. E! maxp'a (2) 
+.(1).(2). Dk: Hp.d:aCOP.qta.y,.E!maxp'a: 
{#*261-3] 3:C*Pe Cls induct :. +. Prop 
#96135. bs. PeQ.3: OP Cls induct—vA.=.0'P,= OP. BE! BP 
[¥261'22'2434] 
Observe that “‘P,=‘°P.E! BP” occurs as hypothesis in *253°51 


and some succeeding propositions. Thus this hypothesis is equivalent to the 
hypothesis that the field of P is an inductive existent class. It follows that 
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if P is an inductive well-ordered series, Nr‘P,; = Nr‘P, whereas if P is a 
well-ordered series which is not inductive, Nr‘P, = Nr‘P +1; also that 
#26136. +:.Pe0.3:C*PeCls induct—v'A.=.NreP+i+Nr‘P 
[#253'573 . *261°35] 
¥26137. bs. Pe Q.3: CP Cls induct. =.14Nr'P=Nr‘P}i 
[#253-574 . #261°35 . #1612201] 
#26138. | :.Pe.3: Pe Cls induct —u'A.>.Nr'P,=Nr'P: 
CSP ~e Cls induct —tfA. 3. Nr&P; = Nr‘P+i 
[#25356 . #26135] 


42614. bs Pe O—O induct .D.{((Py!BtP} 1 Pye Prog 
Dem. 


b.4204¢7. Db: Hp.R=P,.>.Rel1 (1) 
+ .#120-212. 5+: Hp. dig iP: 

[%250°13] D:E! BP: 

[*250°21] D:R=P,.3.BPeDR (2) 
.¥26022. Dt: Hp.R=P,.3.8,, 6 (3) 


F, #93°103 . #20252. > 
- v €& 
brPeQ. R=P,.qt Ry BiP—-D'P.D.B Pe Ry BP. 


[#93°101.%92'54] >. (BP) Ry, (BP). 

[*260-27] >. (BP) P,, (BP). 

[*261:2] >. CP ¢ Cls induct (4) 
+. (4). Transp. Dk: Hp. R=P,.d. Ry BPCDP. 

[425021] >. Ry BP CD‘R (3) 


F.(1).(2).(8).(5). DF: Hp. R=P,.>. 
Rell. BSP eD‘R.~ {(BYP) Ry (BYP)} . RfBeP CDR. 
[*122°52] >. (ByBP)4 Re Prog: D+. Prop 


#261401. b: Pe Q —O induct. 3. q!N aCiOP. CP ¢ Cls ret 
Dem. 


b.#2614.4123-1. +: Hp.d. De{(Pi)yt BP) 1Pie® a) 
b . #121-305.. Dh: Hp.d.DiPeBP}IP,COP (2) 
b.(1).(2). DE:Hp.d.qi Noa Chor. (3) 
[w1 24-15] >. CP ¢ Cls refl (4) 


F.(3). (4). F. Prop 
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#26141. +.Q2—-Q induct=O infin [*261-401 . #26111 . #124271] 
#26142. +. fin = & induct [¥261-41. Transp. #124271] 
We shall henceforth use “9 fin” in preference to “ Q induct.” 
#26143. +. OO C Cls induct v Cls ref [*261-40114] 
#261431. b:PeQ—A.D. 
—— rod - 
(Pry BOP} 1 P= Pip Pit BOP = Pip (BP v Pi BE) 


Fe =(UBP uP, BYP) Py 

em, 

b.42501321. Dh: Hp.d.BPeD‘P,. Q) 

a = 

[#260°3] ] DUB PUP, f BP = (Pig BP (2) 
i (Pie 

Fe) #26027. DhsHp.d. Py BP= (Pi BP. 

[*260'34] >. Pit Pit BP = (Py BPP, (3) 

((2)] =(UBSP vv P, SBP) Py (4) 


b. (8).(4) 435-11. Dk: Hp. d. {Py BPP, = PLB v PS BYP) (8) 
+. (3).(4).(5). DF. Prop 
4261-44. br. PeM.3: P,P Py! BP ¢ Prog. =. Pe Qinfn 
Dem. 
b.¥1281. Db: Pe. PPP, BP ¢ Prog. D.q tN aCe. 


[#12415] 2. OP eCls refl. 

[#261-1] 2. Pe QMinfin (Lb 
e 

b.#261-4431-42. 3b: Pe OD infin. 2. Pit Py BYP ¢ Prog (2) 


+.(1).(2). 34. Prop 
~ e- 
#26145. +. 0 infn=QaP{P, pf P,,.{B'P ¢ Prog} [*261-44] 
#26146. :PeQ.3.ClCPC Cls induct vu Cls ref 
Dem. 
b. #250°141 . #20255. 
b:Hp.aCO'P.anel.d.PlacQ.a=C¢Pha), 
[*261:43] D.aeCls induct v Cls refl qd) 
b .#120213. DF sae1.9.aeCls induct (2) 
F.(1).(2). 3. Prop 
«261-47. b:.PeX.aC CP. 3:ae Cls induct. =.a~e Cls re 
[261-46 . #124271] 
«2616. bf: PeQX.COPCO.NECP=v. dp. UPD: 
veNe induct —e'0—i'1:3: 
QVeN.CQYCQ.NceiCQ=r4+,1.59.0QeN 
Dem. 
+. #204272 .Dt:NeD*Q=1.QeSer.>.Qe2,. 
[#567112] 2.CQe2 (1) 
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F.(1). Transp. DF: QeQ.C°QCO.NSCQ=r4,1. 
veNC induct — 0-01. 3.DQeel (2) 


b. #26124. 2b: Hp(2).d. Et BQ. 

{(2).#204-461] >.Q=QLDQp BQ. 

[417232] D. TQ smor (QE DQ) x BQ (3) 
F.¥110638.9F: Hp(2).3.NeD'Q4,l=v4,1. 

[#120°311] D.NeD'Q =» (4) 
E64). Dk Hp(2): PeD. OP CO.NoMP ar. Dp WP eQ2D, 
T(QEDQ)eX. 

[().#251-33] 2. 1Qe2 (5) 


F.(5).Exp.> 
br Hp.3:QeM. CQCM.NcCQav4,1.3.0'QeQ: DF. Prop 


#26161, :PeON fin. CPCO.9. UPN 


Dem. 

be #2616. Dhkirdv.s,:PeQX.CCPCO.NeC P=. dp. 0PeX: 3: 
ve Ne induct — ¢0— 1. 3: gv. 3.64.1) qd) 

F.#20012. DE. w(qP).Pe XQ. OP CONCEP =1. 

[#1053]  Dt:Hp(1).d.¢1 (2) 

b. #17213 #2504. Db: Hp(1).3.40 (3) 

bel 7223 425155. Db2 YEZ.Y, ZeO. 0: V YNZ VyeO: 

[%55°54.%20413] I: PeSer.CP =U VY vZ.a.0PeN (4) 

b.(4). 454101 .3F: Hp(1). 3.62 (5) 


F.(2).(8). (5). Dk Hp(1).3:G0rveLKOvv'l gy. D.h( tel) (6) 
F.(1).(6). Dh: Hp(1).3:veNC induct. dv. 3,.h(vt+,1): 60: 
[*120°13] D:ae NC induct . 3, . 6a (7) 
F.(7). #18191. DF: Pe. CPC. NeC'Pe NC induct. 3p. ‘Pe: 
[#2611442] De: Pe QM tin. COOPCN.Dp.M'PeQ: dt. Prop 


#26162, ':PeQX.QeOfin.d.P%eN 


Dem. 
b.x25151, Dr Hp.qiP.3.PLiQeQ (e3) 
b.#165:26. DRiHp.d.OP L3Qen (2) 
b. (1). #165°25 #26118. Fs Hp. Gi P.d.Pfi@eOtin (3) 
£.(1).(2).(3). #26161 .3+:Hp.giP.>. IMP [3QeQ. 
(#176181:182] D.P%eD (4) 
F.x17T6151 . #250°4. DE:PHA.D.P%N (5) 


b. (4). (5). DF. Prop 
R&W. DL 
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426163. Hi ELBR.PEQ. ce CQapQurP.>. 
P a 
(tx) t COR € c“QF a ptQrcipk 


Dem. 
b. #11612, Dt: Hp.d. (ua) TORe(CQPC RNC. 
[#17614] Dd. (uta) FOR « CQF (1) 


F. ¥11612 49311. Db. Hp. Se (OP FOR MOR. T= (kx) FORD: 
(S*B°R) Q(T BSR): ~ (qy) .yR (BR) : 

[41053]: (SBR) Q(T*BR) : yR (BR) .y + BR.D, Sky =Ty: 
[*17619.(1)] 3: S(Q*) 7 (2) 
b, (2).#17616. ks. Hp. 3: Se0'P®. 9. 8(Q4) {(u'2) POR} (3) 
+.(1).(3). DF. Prop 
426164. f: ReQfin-vA. PlessQ.>.P* less Q® 

Dem. 
b.#254°55. 3b: Hp. >. (qb). P’ smor P. P’ EQ. qt OQapQrr?’. 
[4261°63.425013} >. (qP’). P’smor P. PE Q. gq 1 0°Q? a pQheonPy®, 
[#176'35-22] >. (qf). Msmor P?. MG Q® gq 1 OQ? n p'QeeOM. 
[#254-55.%261'62] 3. P¥less Q?: 3+. Prog 


#26165. +:PeQinfin.QeN fin. d.QlessP 


Dem, 
b*261111442. D+: Hp. >. CP ¢ Cls refl. CQ e Cls induct . 
[*124°26] D.Ne'C'P > NeO*Q. 


[#255°75] >. Qless P: Db. Prop 


#262. FINITE ORDINALS. 


Summary of *262. 


Finite ordinals are defined as the ordinals of finite well-ordered series ; 
infinite ordinals are defined as the ordinals of infinite well-ordered series. 
In virtue of *#261°42, finite ordinals are those whose members have fields 
which are inductive, and are also those whose members have fields which are 
not reflexive. Finite ordinals have the formal properties which cardinals have 
but which relation-numbers and ordinals in general do not have, 2e. their 
sums and products are commutative, and the distributive law holds in the 
form : . 

uX(eto) =(uXv)+(uUXa), 
as well as in the form 

(via) Xp=(VXp) +(e Xp), 
which was proved generally in #18435. 


The distinguishing properties of finite ordinals are most readily 
established by means of their correspondence with inductive cardinals, In 
general, two well-ordered series whose fields have the same cardinal need 
not be ordinally similar, but when the cardinal of the fields is inductive, 
the two series must be ordinally similar. Hence the ordinal of a finite well- 
ordered series is determined by the cardinal of the field of the series We 
put generally 


pean Op Df. 


The result is that, if yz is an inductive cardinal, 4 is the ordinal of all those 
series whose fields have 4 members. Thus there is a one-one correspondence 
of inductive cardinals and finite ordinals; and in virtue of this correspondence, 
the formal properties of finite ordinals can be deduced from those of inductive 
cardinals. 


Tt will be observed that, according to the definitions already given, 
F.0,= Qn OA by #25043, 
b.2,= On C2 by 250-44. 
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Hence the notations 0,, 2, are particular cases of the general notation m,. 
But in virtue of *200°12, we have, by the definition of y,, 
F.1=A, 
so that 1, does not take its place in the series of finite ordinals. 
Our definitions in this number are 
NO tin = Nor‘Q fin Df, 
NO infin = Nyr“Qinfin Df, 
b= Qa Cp DFE. 
Tt will be observed that for the sake of convenience we have detined NO fin 
and NO infin so as to exclude A. The definition of u, is chictly useful when 
» is an inductive cardinal, 
The number begins with various clementary propositions, partly embody- 
ing the detinitions, partly concerned with y,. We have 
#26212. b:Pey,.2.PeX.C Pep 
#26218. FiweNC.qip,. 3. p= Ou, 
This proposition does not require that yw, should be a relation-number. 
If » is a reflexive cardinal, , is not a rclation-number unless it is null, 
because series of many different relation-numbers can be made with a given 
cardinal number of terms. When w is a car'inal, “q!y,” means that classes 
having « terms can be well-ordered. 
#26219. Fi.pveNC. qt pee Iip=yv. seh =y 
Thus the relation of » to p, is one-one so long as y is the cardinal number 
of a class which can be well-ordered. 
We next prove that if » is an inductive cardinal other than A or 1, p, is 
a finite ordinal, and that every finite ordinal is of the form yu, for an appro- 
priate ». We have 
#26221. b:weNC induct -“A-U1.5.q 1p 
#262°24. +: ue NC induct —eA—0'1l. 3. y,e NO fin 
We prove this by means of an inductive proof that two series are similar 
if their fields are inductive and similar. 
¥*26226. -iaeNOfin. =. (qu). me N.C induct —e'l.a=p, 


Hence we easily obtain the properties of finite ordinals from those of the 
corresponding cardinals. Assuming that mu, v are inductive cardinals other 
than 1, we have 


*262°33. upto, = (w+, v)y 
#26236. wp +1=(4+,1),, if w+ 0, 
#26243. py Xv, = (fe Xqv)r 
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#26253. w, exp, v,=(u"),, if v +0, 
#26270 pve sip, > 
Hence if a, 8, y are finite ordinals, 
#2626. a4+8=B+a 
*26261. axB=—Bxa 
#26262, «xX (8+) =(ax B)+(aXy) 
¥26263. (aX B) exp, y = (a exp, y) X (8 exp, ¥) 


Thus the arithmetic of finite ordinals obeys the same formal laws as the 
arithmetic of inductive cardinals. 


#26201. NO fin= Nu fin Dt 
4262-02. NO infin =NwQintin Df 
262-03. 1, =a Op bt 
#2621. biaeNOfin.-.(q?). Pe Qlin.a=NoP [(#262-01)] 


¥26211. b:aeNOinfin. =.(qP). Pe Qinfinsa=NyrtP  [(*262-02)] 
262111. bi.a@eNOfin.s:aeNOr:ati¢a.v.a=0,: 
raeNO:atit¢a.v.a=0, 


it 


Dem. 
F. #2621.) 
biaeNO tin. =:aeNOr(ql).PeOfin.a=NrviP: 


[#26136] ~raeN,Or(qP)rNePti ENP iv. P-Ara=NeeP: 
[(#255-:03)] Ss :aeN,Oratif¢a.v.a-0,: (1) 
[#180-4.%155-5]=:a¢eNOratif¢a.vi.a-0, (2) 


F.ql). (2). DF. Prop 

#262112. Fae NOinfiu.-.aeN,O-10,. i 4a = 4 
(4262-111. Transp . «261°13] 

#26212. b: Pep. 2. PeQ.CPep [(#26203)} 


«26213. F:NrPeNOtin. =. PeQ fing =.PeQ. CP Cls induct 
Dem. 


be k262 1. DEE Ne Pe NO fin. > .(qQ). Qe O fin. Nr? = Nw. 


[K152°35. 4155-13] 6 (qQ). Qe Olin. Psmor Q. 
[#26 F183] ~PeOAtn. (1) 
(k26 1-42: b4] Pe QD COP € Cls induct ay 


F.(1). (2). F. Prop 
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#26214. +: Nr‘PeNOinfin.=.PeQinfin. =. PeQ. C’PeClsrefl 
(Proof as in #262'13] 


#26215. bF:.aeN,0.3:aeNO fin. =.C“ae NC induct 
Dem. 
+. #26213 .*120-21.5 
Fs Nor'P eNO fin. =. Pe XQ. Nyc'C*P e NC induct (1) 
F.(1).#2511.3 
Fi. Nyt PeNO.D:Nirf'Pe NO fin. 
[152-7] 
F.(2).#155°2.36. Prop 


- N,c'CP ¢ NC induct . 
-CNaxPeNCinduct (2) 


i 


i 


#26216. F:.aeN.O.3: 
ae NO infin. =. C“a~e NC induct. =. (‘ae NC refi 
[Proof as in *262:15} 


426217. b: Pe M.D. Pe(NeC"P), 


Dem. 
fF. *1003.3+.C'Pe NefC’P (1) 


+ (1). *26212.3+ . Prop 
#26218. tipeNC.qtp,.d.p= Cp, 


Dem. 
bix26212. DEO, Cu (1) 
b.*26212. Dbkiaew.Pepw,.d.4,C'Pep (2) 
b.(2).*1005. DF: Hp.aep.Pep,.d.asmO'P, 
[*73:1] D.(qS).Selol.a=DS.CP=05S. 


[#151+1.4150°23] 3.(qS). S83 PsmorP. CSP =a. 
[¥251-111.426212] D.(qS). 3 PeQ.CSP=a, 
[#26212.Hp] 9. (q8).S3Pep,CSiP=a. 


[87-6] D.ae Op, (3) 

F.(3). #1023. D+: Hp. 3. uC Cu, (4) 

b.(1)-(4)- D+. Prop 

#26219. Fi.ppveNC.gqip,. Dip=v.s.pe=y, 
Dem. 

b. #26212. 3b: p=v.3.p,=%, (1) 
F .#26218. 3+: Hp.yp=v,- 3. p= Or, 
[*262°18] =} (2) 


F.(1). (2). D4. Prop 
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*262°2. +. Cla induct — 1 = C"(0. a Cav“Q) 


Dem. 
F. #26129. D+. Clsinduct — 1 = C(O a Cav) —1 
[*200°12] = O(a Cav"). IF. Prop 
*262-21. b: ue NC induct— A—t1. qf ee 
Dem, 
F. 120-2. #10043.3+:Hp.3.(qa).aen.aeClsinduct .awel, 
[*262-2] >.(qa,P).aew.PeQ.CP=a, 
[*262'12] >. qte,:D+. Prop 
¥*262-211. Fs ae Cls induct— 1.5. q!(Ne‘a), a tga 
Dem. 
b #26221 .#103-12.3+:Hp.d.q!t(Nyc'a),. ae Nicfa. 
[{#262:12] >. (qP). Fe(Nc‘a),. OP eNycia. ae Nec‘a. 
[*63-13] D.(qP). Pe(Ne‘a),.C'P eta, 
[*64°24.435°9] d.(qP).Pe(Ne‘a),. Pet(af a). 
[464-11] D.qi (Nea), a to'a: D+. Prop 
#262212 b:4+0.p+1.Pe(ut ly. >. Pi UPep, 
Dem. 
F.#26212. Dt: Hp.d.0'Pep+,1.PeN. e5) 
[x110-4] D.weNC-eA (2) 
F. #93103. *25013.3+:Hp.d.0°P=UBPu GP. BPve OP. 
[#11063] D.NetC'P=NeO'P 4,1. 
[(1).(2)] >. p+ 1l=NeMP 4,1. 
[¥120°311.(1)] D.p=NTP.PeD. 
[#202°55.%250°141] D.paNeC(PLAP).PLaPeD. 
[#262:12.%100°3.(2)] D>. PEC Pep: +. Prop 


#262-213, F:. 40. u41:P,Qep,. Ipq-PsmorQ:9: 


P,Q €(ute ly. Ip,q-P smorQ 
Dem, 


F, #262'212'12 . ¥120:124.3 

t:Hp.P,Qe(ut 1). 2-PEGP, QTAQep,.P,QeN—vA. 
[¥11-1.Aip] >. PEA‘ Psmor QC AQ. P,QeN-UA. 
[#25017] 2. PsmnorG: Dt. Prop 
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#26222. F:weNCinduct. P, Qeu,. Dd. PsmorQ 


Dem. 
fF. #153101 #26212. 0b: P,Qe0,.2.P smor Q (dy 
F. #20012. Dt.1,=A. 
[#10°53} DE: P,Qe1,.3. Psmor Q (2) 
b. x1 58-202 . DEP, Qe2..2. Psmor Q 3) 


b.(2).(3).8202. Dk wa Oevepel: 

P,Qep,-Ipo.Psmor Qi: 32 P. Qel(ute le. Dpg-PsmorQ (4) 
b. (4). #262213. D 
br, Qep.. Dpg. PsmarQ:d:P,Qe(ute.)),. py. LP smor Q (3) 
F.(5). (1). Indnet. 3b. Prop 


#26223. £2. P Qe Qhn. 3: CP sm OF. >. Psmor Y 
Dem. 
b.#2621713.3 
FiHp. CP sn CO... 2, Qe(NesOP), . NCP e NC induct . 
[*262:22] D.Lsmor 1) 
FF.) *15E IS. Db. Prop 


The above is the fundamental propasition in the theory of finite ordinals, 
since it enables us to reduce relations among finite ordinals to relations among 
the corresponding cardinals. 


#26224. bspe NC induct —eA —11.3.4,eNO fin 


Dem. 

b. 262-21. DE:Hp.d.q tu, d) 
b.#252-22, DR: Hp. Pep. Dd. up-C NP (2) 
F. 426212 #15118. Db: Pepe Dd NP Cp, (3) 
b.(2).(8). DE:Hp. Pep,.D.p-=NeP (4) 
F.4d). Dt:Hp.d.p-eNR—UA (5) 
F. #26212. Dr:Hp. Pep,.3. CWP eCls induct . 

{*262°13.(4).(5) | D. we NO fin (6) 


F.(). (6). 3F. Prop 


#262241. Fs. peNCinduct. PeQ. 3:4, =NrP.=.p=NecCP 
Dem. ‘ 


b.€1003. Dt: Np.w=NcCP.2.0Pep, 

{x262-12] D.Pep,. 
(152-45.4262-24] >. = Nrep () 
Fy 41523.426218. 3b: Hp. gw, = Nv. Do = CONT 

[152-7] Dope No("P (2) 


BACH). (2). DF. Prop 
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#262°25. bk: (qu). we NC induct —'l—-UA.a=y,.=-aeNO fin 

Dem. 
F .#2621:13.3 
F:aeNOfin. 3. (qP). Pe O fin. a= NrtP. NetC'P ¢ NC induct. 
[4262241]. (qP). PeQfin.a=Ne'P. (NOP), = NvP. 

Ne‘C*P e NC induct . 

[*13-172] 2.(qP).a=(Ne'C'P),. NeturP e NC induct . 
[#200°12.4%262°] .4155°13] 3. (qu). we NC induct —ebL—-uA.a=p, (1) 
b. 26424. Db: (qu). weNC induct —1l ~ !A.a=p,.D.ae NO fin (2) 
F. (1). (2). DF. Prop 


#26226. FiaeNO fin. =. (qu). we N.C induct — ul .a= yp, 
[*262°25 . *103°'13°34] 


#26227. b:a,8e¢NOfin.3.a+8e NO fin 


Dem. 
b. #18021. Dh:Hp.Pea.QeB.d.P+Qeat+Z q) 
b.x251-24. Dt: Hp.d.a+PeNO (2) 
b. #180111 .>+:Hp(1).3-Ne‘C(P + Q) = Ne(C'P + CQ) 
[¥110°3] = Ne‘C*P +, NeO"Q (3) 
b. #262138. Dh: Hp(1).d. Ne CP, NeC*Y e NC induct . 
[6120-45] D.Ne'CP +, NefC*Q € NC induct (4) 
b (1). (2). «155-26 . *251122.5 
br:Hp(i).3.P4+QeQ.at+B=Nyr(P 4+ Q) (5) 
.(3).(4). Dt: Hp(1).d.C(P+Q)eClsinduct (6) 
F. (5). (6). #2621 .*261-42.3+: Hp(1).d.a+8e NO fin (7) 
b.*2621 #15513. Dt:Hp.d.qta.qif (8) 
F.(7).(8). 34. Prop 


*262°271. F:a,8¢NO fin. d.axBe NO fin 
[Proof as in *262-27, using «18412. #16612. #25155 #1205] 


*262-272. b:a,8eNOtin.>.aexp,8eNO fin 
[Proof as in *262-27, using *186'1 . «176-14. #261762. #12052] 


#26231. bip,veNC.3. Bert vy, Cuter): 

Dem. 
F.*180-2.5 
br Ze ppt, = 2 (GP, Q)» pe = NorP .v,=NgrQ. Zsmor (P+ Q): qd) 
[#18011 1.15118] D : (QP, Q)« y= Nor’P ov, = Nor'Q. OZ sm (OP + OQ): 
[#15512] D:(qP,Q). Pepe Qev,- CZsm (CP + CQ): 
[*262:12] 3:(qP, Q). Pep. C'Qev.CFsm (OP + CQ): 
[4110-21] D:Hp.d.CZept.r (2) 

10 
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b. (1). #26212 #15512. 
t:Zemptv,.>.(GP, Q).P,QeQ.Zsmor(P+Q). 

[#25 1-25.180°11-12.(4180°01)] >. Ze (3) 
+. (2). (8). #26212. bs Ap. Dd:Zeppty,.d.Ze (ute rete Db. Prop 


#26232, +: y,veNCinduct. Pep, Qen.d.P+Qeprty, 
Dem. 
b. #200°12 426212. +: Hp. d.pye—ed tA. 


[*262:24] D>. py, v7eNO. 

[¥180°21] 2. P+Qep,+%:3+. Prop 
#26233. bs y,ve NCinduct—l. >. pp tr, = (ater) 

Dem. 

+. #26212. Ibi pHA.vev-Atdipp=A.V.y,= At 
#180°4] Dippty =A Q) 
F.ell04. Di p=A.v.v=AsIipty=A. 
[262-12] D.(utene=h (2) 
 .¥262:32. Db: Hp. Pep. Qeme Dd. P+ Qe pty: (8) 
[1 80°42.91 52°45] >. yp +o, = Nr( P+ Q) (4) 
F. (8). #26231. +: Hp(3).3.P+Qe(uterr- 
[1 20°45.4262'24] D.P+Qe(uter)--(utor,eNR. 
[#152°45] Dd. (u+—r)r= Nr(P + Q) (5) 


+. (4). (5). #1023. 426221. 3b: Hp. qi pe give Dds prty=(uter)y (6) 
F.(1).(2).(6). +. Prop 

The above proposition still holds (as we shall now prove) when one of 
# and py is equal to 1, but not both. When both are equal to 1, uy +»,=A, 
while (4+, 7), = 2.. 


#26234. bi peNC—00.9.u,¢1C (p+, 1), 


Dem. 
b.#1812.3b:. Zep ti. =:(qP, x). =NoartP. Zsmor(P $2) qd) 
+ .4#181-6.4159-'7. D+: Wi P.D.NeC(P +2) =NoOP 4,1 (2) 


F.(1).(2).3 
Fie Hp.3:Zey,+1.3.(qP). p= Nort P. NeOF = NeO'P 4,1. 


[#262:241-12] D.(qP). 4, =Na'P. NetO'Z= p41. 

[#1003] D.CZep4l (3) 
b. (1). #26212 .415512.9+:Zew+i.d.(qP).PeQ.n,-=NeP. 
[*251-1-132] D.uptieNO. 

[251-122] 9.2€2 (4) 


b. (3). (4) - #26212.3F:.Hp.3:Zep 41.3. Ze(ut lj, Db. Prop 
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#262341. b: we NCinduct. Pep,.d.P rep, +i 
Dem. 
f .*200°12 .*26212. 3+: Hp.Dd.me—tl—eaA. 
[#262-24] >. p,peNO. 
{#181-21] D.P+rceu,¢1:3+. Prop 


26235. +: we NC induct —¢0 —01. 9 .u, Fi =(u4,D), 
Dem. 
Fex26212. Dhtw= A.D eA. 


[#1814] Di tiaa 

b.*1l04. Dtip=A.D.p4,1=A. 

[*262:12] D.(utlyr=A 

+ .*262341. Dt: Hp. Pep,.d.Pprep, +i. 
[¥181-42.4152°45] D.n,+41=Nr(P 2) 

bh. (8) .*#26234. 9+: Hp. Pep,.d.Ppre(ptsl)- 

[4120-45 4262-24] D.PHrre(utyl)y-(u tele NR. 
[#15245] >. (ut, l),=Nr(P 2) 
F.(4).(5). Dt: Hp.qig,-d.mti=(et. D+: 

[*262:21] De: Ap.gqip.d.u+1=(4 4,1 


+,(1).(2).(6). +. Prop 


#26236. +: ¢NCinduct —10—11.D.i4¢¢,=(1 +.) 
[Proof as in *262°35, by means of analogues of *#262:34°341] 


#26241. bipy,veNC.d.p,Xv,C(u X_v)r 
[Proof as in *262°31, using *184°1°5 . *113-21} 


#26242, |: yu,veNCinduct. Pep. Qer,.2.PX Qe ppXr 
[Proof as in *262°32, using #18412] 


#262°43. bs u,ve NC induct — 1.3. a, X vy = (fo XoP)y 
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(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


[Proof as in *262°33, using #184711 . «113-204. #18415 . #120°5] 


#26251. t:4eNC.ve NC induct .>. py, exp, v, C (u”), 
Dem. 
b.#1865. Db: y,,v,eN.R.v40. Rep, exp, y,. Dd. OR e (O% po" 
b. #18611. 3+: Rep exp, y,.2-q tare Gly 
f.(1). (2). #26218.5+:Hp.v+0.Rep-exp,»,. >. 0° Rep” 


+ .#262-12. Drip CQ. 
[(2).#251-118611] Dt: Re pw, expyr-. Dd. wpe NO 
F. 4262-24. Dt: Hp.vti.vtA.D.v,eNO fin 


b (2). (4). (5). 26162. +: Hp.v +1. Rep,exp,y,. 2. ReQ 
F.(2).*20012.3+: Rep, expry-- Dv $1 

+ .(3).(6).(7). Dts. Hp. 3: Rep, exp, ,.2.ReQ.CRep’. 
[*262°12] Dd. Re(u"),2. DF. Prop 


(1) 
(2) 
(3) 


(4) 
(5) 
(6) 
%) 
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#26252. bi y,veNC induct. Pep,.Qev,.3.(P exp Q) € (Hr XP, Yr) 
Dem. 
b #20012. 426212. 4: Hp. dip,ve—vl A. 
[#26224] D.py,% eNO. 
[#186:13.%152°45) D.(Pexp Q) (ur exp, i 2+. Prop 


#26253. bs y,veNC induct —1'l.v $0.3. py, exp, », = (uv), 
Dem. 


+ .#26212.*186-11. Den pe A.vev=Atd.p,exp,y=A (1) 
b.116-204. 426212. Db we A.vev= Ard. (yu), =A 2) 
b. #26252. D+: Hp. Pep,.Qev,.D.(P exp Q) € (uy OXp, Vr) + (3) 
[*186°13.#152-45] >. Nr(P exp Q) =m, expr», (4) 
F.(8). #26251. Dr: Hp(8).>.(P exp Q)e(p’),. (5) 
+. (5) «#12052. Dt: Hp(3).3. 4” e NC induct (6) 
+.(5). Dt: Hp(3).3.q!(p",- 

[*200°12.4%262'12] Diprtl (7) 
+ .(6). (7). 4262-24. 9+: Hp. 2.(u),¢NO (8) 
(5). (8). #15245. Db: Hp(3). 3. Nr(P exp Q)= (u")r« 

((4)] D- My OXPy Vr = (Hy (9) 
f. (9). #26221. Dt: Hp.qiw.qiv.d. up exp, y,=(w’)r (10) 


+ .(1).(2). (10). DF. Prop 


We are now in a position to establish the commutative property of 
addition and multiplication of finite ordinals. This is effected by means 
of #26233 and #262°43. 


#2626. +:0,8eNOfin.d.a+8=R+a 

Dem, 
F.*262-26.3+:Hp.d.(qu,v). y,ve NC induct —t'l.a=p,.8=,- 
[#13°12] D.(qu,v)- u,v eNCinduct—Ul.a4B=u,4r,.4=p,- P=%- 
[#262°33] D . (qu, v).u, ye NC induct — U1 a+ B= (uty vee @= pr B= Vy 
[¥110°51] D. (qp,v).p,ve NC induct — tl a+ 8 =(v +. m)r-4= Mr B= oe 
[*262'33] >. (qp,v). 4, ve NC induct— vl at S=0,44,-4= 4. B=»,- 
[¥13-22] > .a4+8=B8+4a:D+. Prop 


#26261. +:a,8eNOfin.d.axB=BXxXa 
[Proof as in *262°6, using #262°43 and *113-27] 


#26262. +:a,8,ye NO fin. >.aX(B+y)=(aX B)4+(aXy) 


Dem. 
t .#26227-61.3+:Hp.d.ax(B+y)=(B ty) ko 
[#18435] =(BXa)4+(y Xa) 


[#26261] =(axB)+(axX): DF. Prop 
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*262°63. + :4,8,ye NO fin. 3. (aX B) exp, y = (a exp, y) X(B exp, y) 

Dem. 
+. #26226.) 
bt: Hp.>.(qu,v,a).4,»,0 eNCinduct—t'l .a=p,.B=,.v=a9, ab) 
Fb . #26243 .D 


biy,v, aoe NC induct — 01.3. (yu, Xv,) exp, G, = (ft Xo Vy OXPy ty (2) 
F. #113602. 3F:p=0.v=0. 3.x, v4l (3) 
be xLL7031. Ihr yveNC—10-U1. Dem xvi (4) 
+.(3). (4). Dk: Hp(2). dep xevt1 (5) 
b.41205. Dt: Hp(2).3-px,ve NC induct (6) 
+. (5). (6). 26253. 3+: Hp (2). 0 40,.3. (eX, ), exp, oy = [(p X, 27}, 
[#11655] = (uF X_v"), (1) 
b. #117652. Db: Hp(7).ut0,.D.p? Pp xeo 

[#117631] Dur tl (8) 
b#116311.b: Hp(7).4=0,.3.u741 (9) 
F.(8).(9). DE: Hp(7).d.p7$1 (10) 
Similarly F:Hp(7).2.0741 (11) 
F.(10). (11). #12052 . #26243. b: Hp (7)... (u™ xq u*), = (ue X (V"), 
[*262°53] = (py Cxp, @,) X (¥, Exp, B,) (12) 
F.(2).(7).(12).2 

b:Hp(7).3.(u, Xv) exp, oy = (M, EXP, w,) X (V) OXPp Br) (13) 
t. (1). (13). *26219 > 

+: Hp.y+£0,.3.(ax 8) exp, y = (a exp, y) X (8 exp, 7° (14) 
+. «1862. #18410. 

+: Hp.y=0,.). (ax B) exp, y =9,.(aexp, y) X (8 exp, y= 0, (15) 
t.(14).(15). 3+. Prop 


#26264. traceNOfin.d.a¢i=i+¢e 


Dem. 
b .*262°35°36-26 .#110°51.3+:Hp.a+0,.d.a¢i=it+a qd) 
+. #1612201. Dt:a=0,.d.a$¢1=0,.i4a=0, (2) 


F.(1).(2). 34. Prop 
*269°65. b:a,8¢NO fin. 8+0,.3.ax(B41)=(ax B) +e 


Dem. 
b.€26261. Db: Hp. d.ax(B+i=(Bti)xa 
[184-41] =(8xa)+a 
[*262°61] = (aX B)ta:D+. Prop 


#26266. +:0,8eNOfin. 8+0,.D.ax(14+ A) =a4(ax 8) 
[Proof as in *262°65] 
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#2627. bi.p,veNCinduct—tl. dip >v.s.p, >Yy 
Dem. 
+ #26221 .eL1712. + :Hp.p dv. d.gi ne gin: 


[*262:18] Dip = Ou, v= Cy. (ld) 
[¥255°76.4262'24] Doe Dvr 2) 
#120441. 36: Hp.n(y>v).d.p<y (3) 
F.(1)- Dt:Hp.pwmv.d.u<y, (4) 
b.4262-91. 6: Hp. p=smy.d.(qP). p= NetCP. p=smy. 
[103-4] 2. (QP). w= NeOP va NeOP. 
[4262241] >. (qP).u,=Noe'P.v,=NrP. 
[#155'4] >. #, =smor“y (5) 
+. (4). (5). #117104. 3+: Hp. pev. dip Sry, (6) 
+. (8). (6). «255483 .3b: Hp.~(u > v).3.~ (u, > vy) (7) 


+ .(2). (7). D+. Prop 


«262-71. t:ae NO fin—¢0,.3.(q8).SeNO fin—t0,vel.a=B+i 


Dem. 
b. #26211. *261-24.3+:Hp.d.q tan A(B|Cnv) qd) 
b. (1) . #204483 . (#18104). > F . Prop 


#2628. +:a,8eNO.yeNOfin.a<P.d.aexp,y<Bexp,y [261-64] 


#26281. b:a Be N,O.ye NO fin. aexp,y=8 cxp,y-3.a=smor*s 
Dem. 

b. *262'8 . Transp . #25542. D+: Hp.3d.~+(a<f).~(a> 8). 

[#255°112} >.a=smor“8: D+. Prop 


#26282. b:aeNOfin.8e NO infin. D.a<@ [#26165] 


#26283, t:aeN,0—c0,.8,yeNO fin. By. D.aexp, 8 <aexp,y 
Dem. 


+ .#255°33 . +: Hp.3:(qa).weNO-10,.y =84a.v.8+0,.y=B4i (1) 
b.#25451. 4: QE P.D.~(P less Q) (2) 
b.(2). 4255-1. Db: y=hto.D.n(y <a) (3) 
F. (8). #26282. Transp. Db: Hp.y=B+oa.3.a6¢NO fin (4) 
F.¥186-14. 5+: Hp(4).0 + 0,.840,.3.aexp;,y =(aexp, 8) X (aexp, a) (5) 
F.*262°71-272 .t: Hp(5).3.(q8).8e NR—e0, vil .aexp,8=s84+i. 
[(5).(4).#255°573] >. aexp, y > aexp,8 (6) 
F.*255'51. 5+: Hp(4).0+40,.8=0,.>5.aexp, y > aexp, 8 (1) 
+. *186-22.3+:Hp.8+0,.y=A8+i.3.aexp,y=(aexp, 8) Xf. 

[#262°7 1 .4255°573} >. aexp,y > aexp, 8 (8) 


+ .(1).(6).(7).(8). D+: Hp. D.aexp, y > aexp, 8: I+. Prop 
#26284. $:PcQ—UA.Q, Ke O fin. QlessR.D. P&less P® [%262:83] 


*263, PROGRESSIONS. 


Summary of #263. 


If R is a progression in the sense defined in *122, ie. a one-one relation 
whose field is the posterity of its first term, then &,, is a serial relation, and 
the series generated by R,, is of the type which Cantor calls , we. the 
smallest of infinite series. It is easy to prove that all progressions arc 
ordinally similar, and that, if all inductive cardinals exist, the series of 
inductive cardinals in order of magnitude is of the type w. Thus @ is an 
ordinal number, which is not null if the axiom of infinity holds. 


Most of the properties of w are easily deduced from the corresponding 
properties of “Prog,” which have been proved in #122. he definition is 


w= P (qk). Re Prog. P=R,,} Df 


The axiom of infinity implies that “less to greater” with its field con- 
fined to inductive cardinals is a member of w, or, what comes to the same 
thing but is easier to prove, that {(NC induct)](+, ))|p. is a member of w 
(#26312), Thus the axiom of infinity for the type of # implies the existence 
of w in the type tx (*263°132); and generally the existence of » in any 
type of relations is equivalent to the existence of &, in the type of their 
fields (#263'131), because &, = D‘‘w = Cw (*263°101), 


By using the fact that in a progression F (in the sense of #122) all the 
terms are values of vg, where every inductive cardinal occurs as a value of v 
(which was proved in #122), we easily deduce that if there are progressions 
they are the series that are ordinally similar to the series of inductive 
cardinals (#263161). Hence both “Prog” and are relation-numbers 
(#263'162°19). Morcover, by *122°21'23, » consists of well-ordered series 
(#26311). Hence is an ordinal number (#263'2). 


We next prove that progressions are infinite series (#26323), and that 
a series contained in a progression is finite if it has a maximum (263-27), 
and is a progression if it has no maximum (*263°26). It follows that, 
assuming the existence of progressions or the axiom of infinity, » is the 
smallest ordinal which is greater than all the finite ordinals (*263°31°32). 
Connected with this is the fact that the predecessors of any term in a 
progression are an inductive class (*263°412). 
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#2634448 give various formulae for @, any onc of which might be taken 
as the definition. We have 


426344. bo = 9- An PUP, = OP WEL BP) 


Je. progressions are cxistent well-ordered scrics in which every term 
except the first has an immediate predecessor, and there is no last term. 


426346, b.o= On P(E! BP,.~E! BP) 

Ie. progressions are well-ordered series in which there is only one term 
having an immediate successor but no immediate predecessor, and there is 
no last term. 


a _ 
4263.47. b.w=QaPlaCCP.I,:046 Clsinduct. =. 1 OP a pi Pa} 
Le. a progression is a well-ordered series im which any sub-class @ stops 


short of some point of the serics if a is inductive, Lat not otherwise. This 
proposition will be useful in the next section. 


426349. +. Ofinva=Na P(A, =P) =n P (P= Py) 
Te. finite well-ordered series and progressions together are those well- 


ordered scries in which every term except the first has an immediate pre- 
decessor, and are also those in which every interval is an inductive class. 


From *261'45 it follows that, if P is an infinite well-ordered series, P 
confined to the terms at a finite distance from B“P is a progression, te. 


ce 
#2635. +: PeQinfin. 3. PE (BP PS BP) ee 
Hence it follows at once that an infinite ordinal is at least as great as w, 
and therefore infinite ordinals other than @ are greater than «, ¢e. 


#26354. +: a@eNOinfin-t'w.3.aD>@ 


The remaining propositions of this number are occupied in proving # X 2,=0 
(*263°63) and wXa=o if a is finite and not zero (#26366). It is not the 
case that 2,X% @ = @ or aXw =o. 


Canvor has varied his definitions of multiplication as regards the order of 
the factors. Originally, he adopted the same rule as we have adupted, but 
in later works he inverted the rule, so that what we call 2,x%@ he calls 
w@ X 2,, and vice versa. Thus with his definitions in his later works, 2, X w= 
hut w X 2,4. We have reverted to his earlier practice, for various reasons, 
but chiefiy in order to have Nr‘ll(P | Q)=Nr'P x Nr‘Q (cf. #172). Which- 
ever rule we adopt, there are some inconveniences, so that the question as to 
which is choscu is not of great importance. 
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#26301. w= P {(qR). Re Prog. P= Ryo} Det 

#26302. N=20 {we NC induct.v=(ut+,l) né‘u} Deft ([*2€3] 
The above temporary definition of V is the same as that in #123. 

#2631. +:Pew.=. (qk). ReProg.L=R,, [(*263-01)] 

#263101. F. N= Dos Cm — [#1231 . 4122-141. #91504] 


#26311. b.wt 
Dem. 
|, #122:23:141.#2631.3b:Pew.aCOP.qia.d.Kiminp™ (1) 
F. (1). #250125. 354. Prop 


¥263:12, +: Infinax.d.N,,€m [#12325 . #2631] 
#26313. Fig IQ (2).=.qlont"™se 


Dem. 
F.*263°101 . (65°02). 3 


FiqiN,(z).2.(qP). Pew. CP ettha. 
[*64°57.463°5]= .(qP).Pew. Pet™ax: Dt. Prop 


*263-:131. Fi qi (N,)a-=.a $a tn’a [Proof as in #26313] 
#263132. | : Infinax (#).=.qloni™z. 


Dem. 
F. #12523 . #263°13,. 3+ : Infinax (v7). =. qian tere, 
[(#54011-014)] =.qtont*c:D+. Prop 


This proposition asserts that, if the number of individuals of the same 
type as x is not an inductive number, then there is a progression whose 
terms me of the type of tz. This progression will be that of the inductive’ 
cardinals which are applicable to classes whose terms are of the same type 
as i. 


#26314. |b: Re Prog. P= R,,.3.P=P,=Ry,.R=P, 


Dem. 
F.#121-254.3F:Hp.d.P,=f,. 


(¥12131.41221-16] D2. P,=R. (1) 
[Hp] D.(P)yo =P. 

[*260-27.4268:117 >.P, =P. (2) 
[#260'15-Hp] 2. R_=P (3) 


b. (1). (2).(3). DF. Prop 


R.& W, Il 
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#263141. Fk: Pew. >. P, 6 Prog. P=(Pi)in= (14) po 


Dem. 
+ .*263°1.3+:Hp.>.(qR). Re Prog. P=R,,. 
[*263:14] D.(qR).Re Proy.Pj=R.P=R,.P=Ry- 
[#13195] D>. Pe Prog. P=(Py)n =(Pi)oo DF. Prop 


The above proposition shows that ‘every interval P (ey) in a progres- 
sion is an inductive class. 


4263142 +: R, Se Prog. Ry = Sy-2-R=8 


Dem. 
b.4263:14.9+:Hp..B=(Spoh 


[*263'14] =8:D+. Prop 


4263143, 1: P,Qew.P,=Q,.3.P=Q 
Dem. 

+ .*263-1.Db: Hp. >. (qR, 8). RB, Se Prog. P= Byy- Q= Sm P=: 

[*263°14] D. (qR, 8). BR, Se Prog. P= Ry Q=SyosR=P,.S=Q-Pi=Q- 

[41317] D.(qB,S8).R,Se Prog. P=R,.Q=S,.-R=S8. 

[413-17] 3.P=Q:5+. Prop 


#26315. b: Re Prog. S=29 {ve NCinduct.c=(v+,l)g}- 2.9 Ramor N 
Dem. 


+. #1233. DJ':Hp.d.Sel7a1.DS=D‘R.AGS=NCinduct (1) 
F. ¥123'21.5+.NC induct = ON (2) 
+. #11056643..3+: Hp. (ut, IN (v+.1).3.¥t+,l=4+,2 (3) 
F.(3).3h:.Hp.d: 


a(SiN)y.=.(qu).we NC induct.c=(u+,De2-y¥=(ute 2+ 
(¥121:332131] «(au)- we NC induct . (BR) R, 2. (BR) (R,| Ry. 
[#122:341.4121:342] =. aRy (4) 
F.(1).(2).(4). DF. Prop 


*263'151. +: Re Prog. >. Rsmor NV [*263°15] 

¥263:152, b: Re Prog.Qsmork.D.QeProg [*123'32] 

#26316. -+:ReProg.>.Prog=Nr‘R=Nr‘N [*263°151-152] 
¥263°161. | :q!Prog.3.Prog=Nr'N [%263°'16]} 

#263162. | . Prog eNR [x263°161 . #154242] 
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#26317. F:Pew.d.0=NrP=NriW,, 


Dem. 

+ .#2631. Db: Hp.3.(qR).ReProg.P=R,,. 
[#2637151] 2.(qRk).RsmorN.P=R,,. 
[#15156] 2.Psmor N,,+ (td) 
[¥152°321] >.Nr‘P= Nr, (2) 
F.*15159.3+:Pew.Qsmor P.3.Q,smor Py. 
[*263:141:152] >. Q, Prog (3) 
F.*15083. 3b: Pew.Se Qsmor P.d.(Q))p. = S3(Prpo 
[*263°141] = SiP 
[¥151-11] =Q (4) 
F. (8). (4). *2631.3+:Peo.QsmorP.3.Qeo (5) 
F.qd). Dr: P,Qew.d.PsmorQ (6) 
+.(5). (6). D4: Pew. d.0=NrP (7) 
F.(7).(2). +. Prop 

#26318. Fiqio.d.@=Nr‘N,, [*263°17] 

#26319. b.ae NR [#26318 . #154242} 

#263°2. +.weNO [#263°19°11 . *256°54] 


. 


#26322. b:Pew.>.0'PCD*P. EB! BE. E! BP 
[#122141 . ¥268°1 . 4122-11) 


26323. /.o@ CQ infin 


Dem. 
+.*26135. Transp . *263°11:22. +: Pew.>.C*P we Cls induct —¢*A (1) 
F.#263-22.3+:Pew.d.qi OP (2) 


(1). (2). Db: Pew. 3. 0'P we Cs induct. 
f¥261-14-41.4263-11] 3. Fe Q infin: >t. Prop 


#263-24, Figto.d.aeNOinfin [%262°14, *263°17-23] 


*263:26. +: Pew. qlanOP.~E! maxp'a.3. Paco 
Dem. 
F. *263'1 . *205'123.3 
F:Hp.2.(qR). Re Prog. P=R,. -qQlanGR.anORC kh, “a. 
[#192-442-45] D.(qR). Re Prog. P=R,,.Pho + (Pp ape Prog. 
; Pha={PLa+(PLayo« 
[#263-1] D>.PPaew:Dt. Prop 


#26327. +: Pew. E!maxp'a.3.PDaeQ fin 


Dem. 
t .#122°43.42681. Dt: Hp.d.an CP ¢ Cls induct. 
[37°41 4120°481} 3.0" Pf a)  Cls induct (¢)) 
b.*263°11.*250141.3+:Hp.d.PDae2 (2 


b. (1). (2). #2611442. 31. Prop 
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#263-28, F:Pew. Dd. Sera Rl PCovO fin [#204421 . #2632627] 
#26329, $:Pew.Qe OX fin. 3. Q less P [4261-65 . #263°23] 


42633, +: Pew. d.less'P=2 fin 


Dem. 
b. #2541. 20317. 3 


k:Pew.QlessP.>d.qg!Nr'Qn RUP.Qrew.QeN. 
[¥263'17] D.(qR). ReNrQa RIP.R~ ew. 
1*263°28] D.(qR).Re Nr'Qa OQ fin. 
[*261-183] 3.Q¢Q fin 

+. (1). #26329 .3+. Prop 


#26331. b:.qio.Dd:a<iw.=.aeNO fin 
Dem. 


b.#255°17.*26317.3¢: Pew. I: NrQ<aw.=.QlessP. 


[*263°3] QeX fin. 
[#262°13] 2.NrQeNOfin: 
[#152°4] D:acNR.a<w.=.aeNR.ac NO fin: 


[#255°12.%262°1 152-4] DJ:adw.=.aeNOfin:. SF. Prop 
¥*263:32. +:.Infinax.Jia<w.=.aeNOfin [*26331-12] 


#263°33, Fia<tiw.Dd.aeNOtn 


Dem. 
b.#255°1.#15513.3+:Hp.d.qio 


F,(1).#263°31. 5+. Prop 


#26334. Fiitdw=0 
Dem. 
F. #262°112 . ¥263-24. 3+: Hp.q!o.3.l4o=0 
F.¥1814, Dtk:wH=A.Dd.140=A 
+.(1).(2). DF. Prop 


#263°35. F:aeNOfin.d.a4+ a= 


Dem. 
F.¥180°61 .*26318.3b:q!o.3.0,¢40=0 
#1804. DF:@=A.9,.0,40=A 
F.(1).(2)- D+.0, bo=0 
F. #18157 .*263:34.9+.2,¢0=liw 
[4263-34] =0 
b . #26236. 3+: we NC induct—10—e'1.3.(u+,l,+o=m4¢lio 
[¥263:34.%181 58] =ppte 


F.(5). Db: we NC induct — 10 — tl. pp, -o=0.3.(u4.1),+¢0=0 
+.(4). (6). Induct. 3+: we NC induct — 00-1. 3-p,40=0 

+ .(3).(7). DF: weNCinduct—e1.d.4,40=0: 
[*262:26] DriaeNOfin.d.a+@=0:91. Prop 


qd) 


(1) 


(1) 
(2) 


ql) 
(2) 
(3) 


(4) 
(3) 


(6) 
(7) 
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42684: Pew.3.D°PsCO fin. Nr“ D‘P, = NO fin 


Dem, 
F. 4254182. +: Hp.d. DP, Cleas'P. 
[4263-3] 2. DP, CO fin (1) 
+ .*263°31. Dh:.Hp.Dsa<Nr'P.=.aeNOfin: 
[*256-11] Dae Ne“DP,. =. aeNO fin @) 


F. (1). (2). 3+. Prop 
#263401. F: Pew.aesect‘P —A—UC'P.3. Et maxp'a 


Dem. 
+.#25065. Db: Hp.d.PLaveNr'P. 


[#26317] * D.Plhaveo. 
[{#263'26.Transp] 3. Et maxp'a: I+. Prop 
=> 
#263402. b: Pew. >. sect*P — A —UOP = Py OP 
Dem. 
b, #205°131-22 . #263°401 . > 


—~ 
fF: Ap.aesect"‘P—UA-UCP.D.au PMa= Pimaxp{a uv t'maxpa. 


[#211-1.%91-54] D.a= Pymaxp'a. 
[¥205:111] Dd. ae Py OP a) 
bee211313, Dh. Py OP Csect*P (2) 
b.wQO12. = DE. PyOCP CUA (3) 
F .#205°'197 . Dit Hp.we OP. 3. El maxp'Py'e. 
[4263-22] >. Pyfot OP (4) 
b .(2).(8). (4). Dk Hp. d. Py OP C seot’P — A — COP (5) 
F.(1).(8). 34. Prop 
4263-41, fb: Peo. >. PE DP, = PPP P 

Dem. 


F.#213'11141:151.3 
t:.Hp.3:Q(Ps[ DP.) R. =. (qa, 8). 2, Bevoct§P—UA-UO'P aC B.atp. 
Q=cta:R=PEB. 
[#263402] 
> > = 23 > > 
=.(qay)-2,yeOP. Pye Pyty. Pyict Pyfy .0= PE Psi. R= PE Pyy- 
[*200°391] 
> => > > 

=.(qa,y)- a yeOP. Py C Pe'y. ctu. Q=Pt Pye. R= PT Pyy- 

[#204'32.%90'12] 
> > > > 
=.(qu,y).aPyy.cty. Pye C Py'y.Q= PE Pyfe. R= PE Pyy. 
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> > 
[#2011415] = .(q2,y).oPyy.24y. Q= PUP yc. ey PUPSy- 


[#20118] (qa, y).cPy.Q=PfPyfe.R=PE Pyfy. 
> 
[x1501]) =. Q(P[P Py P)R:. DE. Prop 


> 
*263°411. Fk: Peo. 3. CDP, = Py UP uta 
Dem, 
b.*213-141 . *263°402.3 


~ 
F:Hp.3.C“D P, = ChPLOP SOP 
> > 
{#93°103] See a ak ee ed 
201-521 #20255] = Py OP uw CPE Py BOP 
* * 
_ 
[*201-521.%200°35] = Py“ ‘Pv A: D+. Prop 


ad 
#263412. Fs Pew. >. Pia, Pyfxe Cls induct 


Dem. 
#205197 D+ :Hp.ceC'P.2.E! maxp' Py. 
[*263°27.*202'55.*120°213] D. Pye e Cls induct. () 
[*120°481] >) Pe ¢ Ols induct (2) 


F.(1).(2). 3+. Prop 
#26342. b:Pew.D.sgm'P=A | (CP) 
Dem. 
F .%212'21 . *211-12.5 
F:.Hp.D:a(sgin'P)8.2.a=P"a.B=P“B.aCR.atB (1) 
Fh. (1). #2111. #205128. 
F:Hp-.a(sgm‘P) 8.3.4, Besect‘P.~ E! maxp'a.vE! maxp'B. 


[*263°401] D.a,BevAuleP (2) 
+.(1).(2). DF: Hp.a(sgm‘'P)8.3.a=A.B=CP (3) 
F.43729. Dk:a=A.Dd.a= Pia (4) 
+. *263:22.3+:Hp.B=C'P.3.8 =P" (5) 
F.(1).(4).(5). Dt: Hp.a=A.B=O'P.3.a(sgm‘P) 8 (6) 


F.(3). (6). +. Prop 


#26343. b:Pew.>.0°P,=0'P 


Dem. 
+.#263141.3+: Hp. >. P= A(Prgo 


[*91-504] =(‘P,: 3+. Prop 
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*263-431. b:PeQ-VA. OP, =O. WE! BP... Pew 


Dem. 
F. #26135. Transp. >: Hp.3.PeQ infin. 
e 
[#261744 3. PL Pint BP ¢ Prog. 
e 
[*261:212] 3. P,P PSB P ¢ Prog. 
[*202524] >. P,e Prog (1) 
b. 261-212. Dt: Hp.d.P=(Pi)po (2) 


F.(1).(2).#263:1.34. Prop 
426344, b.o=2-UAnP (EP, =P. SEV BP) [¥263-43-22-431] 
#26345. boo =O-i' An P(P= Pp. ~ E! BP) [4261-212 . ¥263-44] 


#26346, .o=On P(E! BP. EL BP) 
Dem. 
+. 4121:305.#93-101. > 


b:PeQ wEIBP.OP 40? . >. gq! OP-OP,. P= Pu BP. 


[#25021] Sq! DP, OP, -uBP. 

[#93:101] d.qQi BP, — BP (1) 
b. #121305. 425021. 3h: PeM—VA.D. BP eB P, (2) 
F.(1).(2). DEL Pe. wEIBP.OP40P.2. BP wel. 

[*53°3] >. cE! BP, (3) 
F.(3). Transp. #:PeQ. Et BP, .wEIBP.>.0P,=0P. 

[#263-44] 5: Pew (4) 
b. 4250-21 4263-44. 9t: Pew. d.BP/=BP. 

[250-13] >. EIB, (5) 
F.(5).¥26844. Dt Peo. D. EL BP. EL BP (6) 


+.(4).(6).F. Prop 


A < 
426347, b.0= On PiaCOP.>,: ae Cisinduct.=.q!"'P np'P"a} 
Dem. 
b. 425452. Db: Pew. aC OP. qt OP ap Pa. d.(PLa)less P. 


[4263°3] >. Pp aeQfin. 
[#2614214] 3.0“ [ a) Clsinduct . 
[#202°55.%120°213] D. ae Clsinduct (Ll) 
b.#26126.3h:Pew.aCC'P.aeClsinduct.qia.>.E!maxpa. 
[*263-22] 3.9 1 Pemaxpfa ‘ 


poh 
[*205-65.%40:69] 7 gl OPap Pa (2) 
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F. (1). (2). #402. 


bs. Pew.aCO'P.D:a¢Clsinduct.=.g1 CP np'P a (3) 
b. #40-2 . #120212. 

bkisPeQraCCP.d, :aeClsinduct .2.q1O'P ap Par Da! P (4) 
+. (4). #200°51 . DF: Hp (4). 3. C’Peve Cls induct (5) 
+ .#250°16. 3 

fF: Hp(4).q!Q°P-A‘P,.3. Phin p(UP — O*P,) ¢ Cls induct « 
[*261-26] >. Et maxp'P*minp'(P — OP) « 
[#205252] >. minp('P — A'P,)e AP, (6) 
b.(6). Transp. Dt: Hp(4).3.0'P,=‘P (7) 
+. (5). (7) «426134, 3+: Hp (4)... EL BP (8) 
F.(4).(7).(8). DE: Hp(4).3. Pew (9) 


F.(8).(9). DF. Prop 


s <— 
#26348. b.w=OQnP {aCOP.d.:a~eClsrefl.— . qi C*P n pi Pat 
[*263-47 . ¥261:47] 


#26349. +. Ofimnuw=Qn Pap, =UPy=Qn P(p= Pr) 
Dem. 


F . #26122. #26344. 9b: PeOfinue.>.a'F,=a'P () 
b. ¥261:34. 4268-44. Db: Pe OD. UP, =O'P..PeQfinue (2) 
t.(1).(2). Db.O fin va=On PUP, =C'P) 
[*261-212] =n P(P=P,,). I+. Prop 
#263491, F: PeOfinvo.d.P=(Py)y+Pe=(Lyo 
Dem. 
+. #263°49 . #261212. 2b: Hp.d.P=(Py)po: a) 
[#91-602.#121-103] D.P(any)=P(@Hy). 
[*121-11] ere orale at (2) 


F.(1).(2).F. Prop 


¥263'5. F:PeQinfn.d.PE (BP uP, BP) €a 


Dem. 
b.¥26145. Dk: Hp.d. PP Ppt BP e Prog (1) 
F.#26038-27.3+:Hp.d. (Pip Pe! BP) = Pn [UB Pv Po BP) 
[#26032] =PL(UB PUP, fBP) (2) 


F.(1).(2).#263:1. 34. Prop 
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#*263'51. &:PeQinfin.Dd. 
UBP v Pf BP eD(Pe AL) CBP o Py BP ¢ Cogn P 
Dem. 
b. 2635-22. DF: Hp. D.0 Et maxp(U BP v Py BP) (1) 
26011. Dt: Hp. yeC'P—Py'BP. ce Py BP. >. 
P (BP Hy) ~ Cls induct. P (BYP +2) ¢ Cls induct. 


[#120-49] >. NetP (BP ry) > NetP (BP 2) 
[¥117-222. Transp] 3. ~ (yP2) (2) 
© a> ee 
+.(2). Transp. Dt:Hp.d. PP SRP CBP uv Py BYP (3) 
< e 
+. (8) «#93101. DE: Hp. dD. PMUBY C Py BP) CUB P u Pf BP (4) 
F.(1).(4) 4211-41. Bp. dB Pu Pe BP DPA 1). (5) 
[#212152] DUB PU Py BP © C'sgm'P (6) 
F.(5).(6). 4+. Prop 


= 
#26352, b: Pe Minfin—w.d.(qn).ceO'P. Py BP VUBP = Per 
Dem. 
+. *263-49. Transp. Jr: Hp.d.q!a‘P—A‘P,. 


[*260-27] d.qi GPP, BP. 

#250121] Dd. Etminp('P—P, BP). 

[*263°51.4206-25.4211-726] . (qu). ceC'P. Py BP vB P= Pea: 

D+. Prop 
¥263'53, +: PeQinfn—w.3.Nr’iP>o 
Dem. 

b 4253-18. 263-52. +: Hp-D. PE (Pe BP v UBYP) «DP, - 
[#263-5] d.qlonDP,. 
[#255-17.*263-18] >.NiP > wid. Prop 


The above proposition shows that is the smallest of infinite ordinals. 
The same fact is otherwise expressed by the following proposition. 


*263'54. b:aeNOinfin—tw.d.a>o [#26353] 


#26355. |: Pew.d.Prewti.s'Pewti 


Dem. a 
b.#253'511 4263-44. 3+:Hp.d.Prewti () 


b. #252372 . 4263-44. D+: Hp.d.s'Pewti Q) 
F.(1).(2). DF. Prop 
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The following propositions are lemmas for proving w X 2, = w (#263°63). 


#2636. -::PeSer.2ty.M=Px(2ly).3:BM,S.=: 
(qu).weOP. Raclu.S=ylu.v.(quv).uPe-Raylu.S=2lv 


Dem. 
F.x166111.3+:.Hp.uPv.R=a2lu:S=alo.v.S=ylvid. 
RM(y Lu). yl MS. 
[#201°63.%204°55] >.~ (RMS) (1) 
Similarly bz. Hp.uPo.R=ylu.S=y)v.3.~(RM,S) (2) 


F.#166111.5 
t:Hp.uPw.wPv.R=ylu.S=alv.3.RM(elw).(clw) MS. 
[*201-63.%204°55] >. ~(RM,8) (3) 
F.“(1) .(2). (8). Transp. #166111 . > 
F:.Hp. RM,S.3:(qu).R=alu.S=ylu.ueCP.v. 

(qu,v) uPw.R=yluS=acl]o (4) 
F.¥166111.3+:Hp.R=x2lu.S=ylu.RM(2]v).d.SM(elv) (5) 
b.x166111.3+:.Hp.R=a2lu.S=ylu.RM(y}v).d:u=v.v.uPo: 


{#166-111] Diylo=S.v.SM(ylr) (6) 
F. #166111. 
+:Hp.R=ylu.S=clv.uPyv.RM(y]w).3.SM(y{ w) (7) 


F.*166111.3+:. Hp. R=ylu.S=aclv.uPw.RM(clw).d: 
olw=8.v.SM(2lw) (8) 
b.(5).(6).(7). (8). DF: HptueCP.R=2lu.S=ylu.v. 
uPy.R=y)u-S=e2lv:3.RMS (9) 
F.(4).(9). DF. Prop 


#26361. +: PeSer.cty.M=Px(ely).d.0M=y [CO Puc {“aP, 


[#263°6] 
#26362. +:Pew.cty.3.Px(alyeo 
Dem. 
+.¥263°61-43. 34: Hp.>.04Px (el whey “OP ve l“u'p 
[¥166-111] =d{Px(@ly} qd) 
#25155. Dt: Hp.d.Px(elyeO (2) 
b.x16614. DE:Hp.d.Px(elye—UA (3) 
=> 
+. #166716 .*263-22.3+:Hp.d.BCnv{Px(e@lyjHa (4) 


b. (1). (2). (3). (4). #26344. 24: Hp.d.Px (el yyew: DF. Prop 
26363. |. wX2,=0 


Dem. 

+. 263-6217 . Dt: Pew. Qe2,.>.Nr(P x Q)=o (1) 
+. 418413. *263-17. 3b: Pew. Qe2,.9.Nr(P x Q) =x 2, (2) 
b.(1). (2). Dhigqlo.q!2.I.0X2=0 (3) 


#18411. Dhio=A.d.0X2,=A (4) 
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b.#123'14. 4263-101. Db qiow.3.qi2. 
{*262°21} D>.q!2, (5) 
F.(3).(4).(5). 3+. Prop 
The following propositions are lemmas for proving *263°66. 
4263-64. +:P,QeSer.ceC'P.2Q.w.M=PxQ.d.(¢12)M, (wl a) 
Dem. 


b.x166111.5+:Hp.d.(¢)2)M(wl 2) (1) 
b.*l66111.3b:.Hp.@ la Mul y).diaPy.v.a=y.zQu: 
(*204°71] DiaPy.Vic=y.u=w.viac=y.wQy: 
(*166-111] Diwha)Mtuly).v.dwla=(uly) (2) 
b .(2). #20455. DF: Hp(2).3.~ (uly) M(w] z)} (3) 


F.(1). (8). #20163. 3+. Prop 
4263641. |: P,QeSer.2=BQ.w=BQ.aPy.M=PxQ.>. 


(212) (wly) 
Dem. 
b.#l66111.3+:Hp.d.¢)2)Mwwly) qd) 
+. #166111.3¢:.Hp.(2)2)M(ulv).>:2Po: 
[*204°71] Div=y.v.yPu (2) 


+ .(2).*166111.3 
bt: Hp .(¢)2)M(ulv). diulyv=wly.v.(wly Mul): 
[204-55] Din ful) Mwy} (3) 
+ .(1).(8).#20163.5+. Prop 

263-642. : P,QeSer. M=PxQ.3.(CPxAQ)CAM, [#26364] 


4263°643. +: P,QeSer.E! BQ. E1BQ.M= Px Q.d.(BQ) | OP, COM, 


[*263°64] 
*263-65. +: Peo. QeNfin—UvA.D.PxQeo 
Dem. 
b. #25155. Db: Hp.d.PxQeO (1) 
b. #16614. 3h: Hp.d.PxQe-UA (2) 


t .4263-642'643 . #261-24 
trHp.d. (OP x 0Q,) v (BQ) “UEP, CAP, x Qh- 


[*263-49] D.(CP x AQ) v (BQ) [OP CAMP x Qh- 
[e166-12-16] 9.0“ Px Q)—B(P x Q) CA(Px Qh- 

[*93:101.¥201-63] D. UP x Q) =P x Q); (3) 
F. €16616 .4268.22.3+:Hp.>.BOnv'(P x Q)=A (4) 


rt. (1). (2). (8). (4). 263-44. 3+. Prop 
*263°66. t:aeNOfin—t0,.D.wXa=o [%*263°65] 
The proof proceeds as in *263°63. 


#264. DERIVATIVES OF WELL-ORDERED SERIES. 


Summary of #264. 


The principal purpose of the present number is to show that every 
infinite well-ordered series is the sum of a series of progressions followed 
by a finite tag, which may be null, For this purpose, we proceed as follows: 
If # is any member of C*P, it must belong to the family, with respect 


to P,, of some member of O*P —C‘P,, unless 2 = BYP and BP wed Py, 


Assuming that we have either ~E!B‘P or BSP eC‘P,, and assuming 
further that P is an infinite well-ordered series other than a progression, 
it follows that every member of C‘P belongs to the family, with respect 
to P,, of some member of O'V‘P, because, by *216°611, OV‘P = D‘P, -A'P, 
in the circumstances contemplated (#26415). Now P limited to any one 


family with respect to P, is a progression, unless that family includes B‘P ; 
and if it includes BP, it is finite. Hence our proposition follows. 


An important consequence of the above proposition is that every cardinal 
which is not inductive and is applicable to classes that can be well-ordered is 
@ multiple of N, (#26448). 


For the purposes of this number we need a notation for the series of 
series each of which consists of the family of some member of (‘V‘P. We 
therefore put 


= 

Pu=PP(Pi)yeiVP Dit [264] 
Here “pr” is intended to suggest “progression.” When Pe Qinfin—«, 
Py is the series of progressions (possibly ending in a tinite tag) whose 
sum is P (or P[D‘P, in one case). Before using this definition, some 
preliminary considerations are necessary. V‘P is the series of limit-points 
of P, including B‘P, In order that V‘P may exist, there must be at 
least, one limit-point besides B‘P. Now the limit-points of a series are 
CP —(‘P,, ie. the limit-points other than B‘P are (‘P — (CP, (*216-21). 
Hence when B‘P exists and (‘P—(*P, exists, V‘P exists. Hence by 
#26349, 


#26413, b:.PeD.3:q!1V'P. =. PeQ infin—w 


SECTION E] DERIVATIVES OF WELL-ORDERED SERIES 157 


Ie. a well-ordered series whose derivative exists is one which is infinite 
and not a progression. We have similarly 
x26414. +: PeQinfin-w.3.0'VSP = CP —-CU'P, 

and 
#26412. +: PcD.3.0V'P=UP-OP, 

We next proceed (*2642—-261) to study the posterity of a term « 
with respect to P,, ie. the series P[(P,)y‘a. We show that if this scries 
has a last term, it is finite (#26421), and ends with BP (#2642), whik 
if not, and if weC*P,, ie. if # has either an immediate successor or an 
immediate predecessor, the series is a progression (*26422). Hence we have 
#26495, $:.PeQ.reOVSPaCP,.3: 

pam v 
EI maxp(P,)y‘2.=. a= BCav'V!P. EY BYP 

Moreover, if xe C‘P,, the ancestry of # with respect to P, must end with 

a member of the derivative of P, 7. 


4264-233. |: Pe Qintin—w.2¢0'P,.>.minp(Pyqiae CUP 


We thus arrive at the result that if P has a last term, so has V‘F 
(*26424), and if « is any membe: of the derivative except the last, the 


— 
series P[(P,)y‘a is a progression (*26425), while if a is the last term of 


the derivative, and the series P has 2 last term, then PL (Pyfo is finite 
(%264°252). Moreover the supposition that P ends with a member of the 
derivative is equivalent to the supposition that P ends with a term which 
has no immediate predecessor (*264°26). 


We now proceed (*2643—-403) to consider the relation P,, defined 
above. If we take any term y in a well-ordered series, there is some term 
« belonging to C‘P—(‘P, such that the family of y with respect to P, 
is the posterity of « This results from *264233 above. Thus we may 
divide the field of P into mutually exclusive stretches, each of which is the 
posterity of some member of C‘P ~(C‘P, with respect to P,. The series of 
series thus obtained is P,,. There is an exceptional case, when the series 
ends in a term having no immediate predecessor, for then the posterity of 
this term with respect to P, is null, and therefore P,, omits this term. 
Otherwise, we shall have 2‘P,,=P; te. we have 


426439. bt: PeQinfin—o.0(BPeOV'P). 2. 2'Py =P 

#264391. b: Pe OQ. Be Pe OVP. 3. EP, = PE DP 
Moreover we have 

#26436. +: PeQ..3.P,,smor VP. P,, ¢ Rel? excl 


158 SERIES [PART V 


From what was proved earlier we know that, assuming PeQ, we have 
D‘P,, Cw (*264401); if P has no last term, C‘P,,C@; if P is infinite and 


bas a last term, B‘P,, is finite, and if the last term of P belongs to C‘V«P, 


BP, = A. Hence, using *251°68, which assures us that, in virtue of 
26436 above, if C*P,,C, =P,, isa multiple of , we find (264-44) that 
every well-ordered series has an ordinal number of the form (aX )+8, 
where a and @ may be any ordinals, including 0, and i (putting ixa=a to 
avoid exceptional cases). The above account omits the exceptional cases, 
which require special treatment and render the proof long; but in the end 
the above simple result is obtained. 


Since a multiple of N, is not increased by the addition of an inductive 
cardinal, it follows (*26444) that the cardinal number of the field of an 
infinite well-ordered series is always a multiple of N, (#26447). Hence 
if all classes can be well-ordered, all cardinals which are not inductive are 
multiples of &,. In virtue of Zermelo’s theorem, the same result follows if 
the multiplicative axiom is true. 


ene 
426401. P,,= PEP) yiVP Dit [4264] 
x26411. £:.PceQ.3:q!sgm‘P.=. Pe infin 


Dem. 
F.#263'51 . Dt: PeQinfin. >. 5! sgm‘P (e9) 
b 4212152 4211-41. Pe OQ. qtsgm'P. >. qt sect*P~ 1A —C‘maxp. 
[*261-28.Transp} 3. Pe Qinfin (2) 
F.(1).(2). 3+. Prop 
#26412. +: Pe0.3.0°V'P=a'P- UP, 

Dem. 

+ .#21661. Dt: Hp. gi f.3.aVP=OP-—aP, (1) 


b. #216612 .*33-241. 36: P=A.3.0°V'P=A,.0'P-OP,=A (2) 
£.(1).(2). 3+. Prop 


#26413, $3. PeQ.D:q!VSP. =. Pe QD infin—w 


Dem. 
b. 26412. Dt. Hp. Deg VP. =. qg1GP.. OP, 
(%263:49] =.PeQinfin—w:3+. Prop 


#26414. +: PeQinfin—w.d.0V'PaCP—OP, [426413 #216611] 

426415, }:. PeQinfin—o: SELB Pov. B Pe OP, :>.0V'P= BP, 
Dem. 

+. *264-14.%93:103.3+:Hp.SE! BP.o. CVS P=COP-O‘P,.C‘P=D*P, 

[#93-101.*250-21] D.0V'P= BP, (1) 
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F.e98101. Dh: BtPeM'P,.3.0¢P-GP, CDP Q) 
+ .(2).#26414. 9+ Hp. BP eO'P,..00'P = DP -~ CP, 
[#98-101.*250°21] =BP, (3) 


F.(1).(8). D+. Prop 


panes es o 
#2642. F:PeQ.Etmaxp(P,)y{. >. maxp(P,)y‘a = BEP 
Dem. 
7 ee |! — 
F.*206-42°46.3t: Hp. D.seqp'(P,)y‘a = P,‘maxp(P,)y6e . 


i a 
[*90°16] D . seqr(P,)y ie CP, )yfa . 
> 
[*206°2] D.seqp'(Pi)yia=A. 
—— v 
[*250°126] D. maxp(P,)y‘a = BSP: Db. Prop 


es 
#26421. +: PeQ.E!maxp(P,)y‘a.d. 
pas v 
PO (Pi)y{a e O fin. P (a BP) ¢ Cls induct 


Dem. 
-— <— : 
+.*20035.5: Hp. (P))y‘e=t'e. >. PE (Pi)yie=A (1) 
— — 
#26027 Dt: Hp. (Pidyfa $i. D. ePpy max p(Pi)y Ma 
7 de 
[*260-11] >. P {aH maxp(P,)4‘2} « Clsinduct. (2) 
pases 
[¥205:2] D. CPE (P, gine Cls induct (3) 


F.(1). (2). (8). #2642. 9+. Prop 


—— — 
¥26422. F: PeQ.~E! maxp(P,)yia.ceC'P,. 3. PL (Pyne o 
Dem. 


+. #26032'34-27.+:Hp.d.{P LiPa'a} = ((P)yfal 1P,. Q) 
[#122°52] D. [PE (P)xfah «Prog (2) 
oe 


F.(1) «#26038. Db: Hp. d.[[PL Pryahho = PL Pa‘ (3) 
F. (2). (3).#2631. DF. Prop 


#264221. F: PeQ.a(VSP)y. 3. P(e—y)~e Cls induct 


Dem. 
+. 420734.42166. 3h: Hp. d.aPy.y= ItetPey. e 
[*207°25] D.ePy.y =ltp(Ptx ary) s. 
[#20713] > <aPy oe E! maxp(P‘an Py). 
[*261-26] >. Pian Ply ~¢Cls induct: 3+. Prop 


4264-222. |: PeX. PéweClsinduct.2,2~veDV‘P [4264221 . Transp] 
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#264293. F: Pe OX. P(a—y) ~e Clsinduct.3.q!a'°V!P a Play) 
Dem. 
b.#2613.3+:Hp.3.(qa).aCP(a—y).qla.~ Et maxpa. 


[*250°122] D.(qa)-aCP(c2—-y).q!ta.E! Itpfa. 
[*206°213] D.(gqa).aC P(w—y).qta.lir'ae P(x—-y). 
[*206-181]} D.q!Dltpa Pa P (ay). 

[*216'602] D.qtAV'P an P(x-y): D+. Prop 


4264224. b: PeQ.a= BCav'V'P EL BP .>. Pee Cl induct 
Dem. 
+. #264223. Transp. +: Hp.d. P(e — BP) eCls induct: 3+ . Prop 
#264225, bs. Pe Q.aeCP,.d: Et maxp{ Py‘ =. (Pyfe e Cls induct 
[*26421-22] 
#26423, b:.PeQ.reCVSPACP,.3: 
El maxp'(P, yg‘ .=.0= BCav'VP. EL BP 


Dem. 
b.s2642. Dk: Hp. Et maxp(P,y‘e.2.E1 BP (1) 
b.#264-21-222. D+: Hp(1).d.eveD‘VP. 
[¥93103] D.a=BCnvVP (2) 
+ .#264224. ODt:Hp.2=BCnv‘VP.E! BP.> Pee Cs induct. 
[*120-481-251] D.(Piyfxe Cls induct . 
(490-12. Hp.#261-26] D.Etmaxp'(P)y!2 (3) 


F.(1).(2).(8). Db. Prop 


4264281. ts Pe QO. we C'VEP—COP,.D. 2 = BCavV'P = BYP 


Dem. 
+. #25021. Dt: Hp.d.are DP. 


[*93-103] D.c=BP. qa) 
[#2166] D.aneDVEP, 

[*93'103] >. a= BCnv'vep (2) 
£.(1).(2). DF. Prop 


¥264:232. b:. PeQ.eeCViP.D: 
(Pogfae Cls induct. =.= BYCav'V'P. EY BP 
This proposition differs from *264°23 by not assuming that ze C‘P,. 


If BP has no immediate predecessor, BYP e C'VEP —C*P,, so that BP 
satisfies the hypothesis of *264°232, but not that of *264°23. 
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Dem. 


49013. Dk:Hp.(Pyie=A.D.aveOP, 


[264-231] 


D.2= BCoV! P. EL BP 


+, #120212. 3b: Hp(1).D.(P,)yiee Us induct 


+, *264225.3 


-— -—— : ; — 
Fs. Hp. g!(Piya. 3: (Pig ‘ae Cls induct. =. Ef maxp(P,)yfa. 


[26423] 
+.(1).(2).(8).D4. Prop 


i 


.c= BCiv'V'P.Et BP 


W 


=—_> 
#264233. |: Pe Qinfin—w. xe C'P,.>. minp(P,)y ix e O°V'P 


Dem. 


F. #250121. Dt:Hp. 
F.#90172. D+:Hp. 


— 
>. Et minp(P,)y‘x 

—=_> > 
y (Pilg @ 2Piy. D2 26€(P))yfan Py. 


—, 

[#20514] Dd. y+ minp(Py)y = 
a 

F.(2). Transp. +: Hp. y= minp(P))ye.D.yreO‘P,. 

[*264-14] D.yeCViP 

£.(1).(8). 34+. Prop 


#26424. +: Pe Qinfin. E!BP.>. EB! BCnvveP 


Dem. 


+. 26412. 24: Hp. BP wc OP. BP eV, 


[#2166] 


F . #264233 . %263'22. 3+: Hp. BP CP, 2. minp'(P, BP OV 58 of 


>. BPs BeCnvt VP 


= 
F.*205°55.9+:Hp(2).2= minp(P,)_!B°P 2. BP= maxp‘(P;)4°@ « 


[*264-23.(2)] D.a= BCnav'ViP 
F.(1).(3). 3+. Prop 
a 
*26425. $:PeQ. ae D'VIP.D.P[(Piywe ow 
Dem. 
et 
b #264232 . #250°21.3+: Hp. >. (Pi)yfo~ e Cls induct «2 ¢ D‘P, . 
pias 
[*264-225] Dv E!maxp(LP)gic. xe DP. 
es 
[#26422] D. PE (Pixie eo: D+. Prop 
e eS 
4264-251. §: Pe OQ. WEI BSP. ce CVP.O.PC (Pye 
Dem. 
F.*25021.3+:Hp.3.a%¢D*P,. 
a 
[*264-23.Hp] D.~E! maxp(Pi)yia. 2 D'P,. 


[#264-22] 


R.& W. IIL. 


goes 
D>. PU (Pi) @ Db. Prop 


161 


(2) 


(8) 


(1) 
(2) 


(3) 
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4264252, b: Pe OQ. E! BP. o = BOnv'V'P. >. PEP, yin e O fin 
Dem. 
po 
b.26423. D+: Hp. ve COP,.D. Et maxp(P,)y a. 


piste 
[264-21] D>. PEP) yf e O fin (1) 
b. #9014. DhraweOP,.D. PEP yom A (2) 


F.(1).(2). 34. Prop 


426426. bi. Pe O.9: BP ce OVP. =. EL BP. BP we OP, 
Dem. 


bixl421. Dh: B Pe OVP .D. EL BP Q) 
b. 426412. Db: Hp. BP ce OVP .D. BP we, (2) 
+. 426412. 94: Hp. BP we OP, .D. BP e OVP (3) 


+ .(1).(2).(3). DE. Prop 
4264261. bs. Pe Odin (BP VP). =. OP HOP, 


Dem. 
+ #26426. b:: Hp. 2.0 (BP e V'P). = in E!BP.v. BP e OP, 7 
[*202'52} =:BP COP: 
[#250°21] =:OP COP: 
[#121322] =: CP=CP, 13+. Prop 
oo <—— 
«2643, +: QP,R.=.(qz,y).a(V'P)y.Q= PE (Pyia. R= PE (Piety 


[(*264-01)] 

#26431. b:. PeSer.3:QP,,R.=. 
a — 
(qa,y).2,yeC'P —-A°P, Py. Q= PT (Piya. R= PE (Pig 'y 

[#207°35 . #2643 . #216-6} 

#26432. + .0°P,.= PE «Py OUP [*150°22 . (#26401)] 
enn 

#264321. +: PeSer.veCtV'P .D.(P,)yfa~rel 


Dem. 
F. #216611. 3+: Hp.d.c6 CP — CP, qd) 
F.a9014. DhiaweC'P,.d.(Bq'e= A (2) 
F.#121:305.3:Hp.ve D'P,. 3. ql (Pi)yfa — ta. 
[#90-12] >. (Pywowel (3) 


t.(1)- (2). (8). DF. Prop 


gare 
426433. +: Pe Ser. 2. OCP, = (Pi) COUP 
[264521 . 20255 . #26432] 
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— — 
#26434. +: PeQ.ayeCOP. PEP )ye=Pl (Pigy.d-c=y 
Dem. 


— 
f . #264321. *202°55.3+:Hp.d.(Pi)yia = (Piyty (1) 
+.(1).#9012. Sh: Hp.ceCP,.Dd.0(Piyy-y (Piya. 
[%260-22.%91'541] D.c=y (2) 
F.a25021. Dt: Hp.aveCP,.2.0= BP (3) 
b.(1).*901214. DF: Hp.cretP,. dD. yreCP,. 
{*250-21] 2.y=BP (4) 
£.(3)-(4). Dt: Hp.treCOP,.d.a=y (5) 
f.(2).(5). 4. Prop 
#264341. +: PeSer.a,yeCV'iP .a(Pi gy. d.a=y 
Dem. 

F.4#216611.3:Hp. eS yre UP, 

[#91504] ~ {a (Pr)poy} « 

[*91°54] See 


426435, #2 PeSer.a,ye OVP. gt yen (Pdyty D2 =y 

oe + 96302. Dts. Hp. d:2(Pdyy «vey (Prystt 

[*264-341] D:a=y:. +. Prop 

#26436. £:P¢Q.3.P,,smor ViP. P,, e Reltexcl [#2643435] 

The following propositions lead up to *264°39:391. 
#26437. +: PeQinfin-o.3.CP,=Piq 

Dem. 
#26492. Dh 2. Hp.DsaSOPy) y=. (qa). aeOVP as, ye(P,)yia.nPy. 


[#260'32:27] =. (Gu). 6 OUP. 2, ye(Pa'a2Pryy 
[*264-233'35] =.(qa). az ming!(P,),fa= ming(P, are UP ny» 
[#13-195] é. minp4(Pi)qte = mins (Pat sePi (1) 
+.*26027.3+:Hp.aP,,y.D. (Pate Paty 

[*205°5] 3. ring (Pigs = minp(P.)y’y (2) 


F.(1).(2). 3b: Hp. 3:0 (8CP,) y= -0Pmy it. DF. Prop 
— 
¥QGABTL. br Pe Sera (V‘P) B.D «(Pagid CP 


Dem. 
=e 
b.42166. Dt: Hp.d.ae Pb Q) 
b.*20471.3+:Hp.¢Pb.aPiy.~(yPb).d.y=b. 
[433-14] D.be TP, (2) 


b. (2). Transp. #216-611.3+:.Hp.3:0Pb.«P,y.3.yPb (3) 
F.(1). (3). #90°112.5F:.Hp.D:a(Pi)go.D.e2Pb:. +. Prop 
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#264372. t: PeSer.>.FiP,, € P+ Py, 


Dem. 
b . «2643-321 . *202°55 .D 
— =< 

ti. Hp. D:0(FoP,,) y=. (qa, b).a(VSP)b.&  (Pidyfa ey € (Pi). qd) 
[*264°371] D.aPy (2) 

“—— —— -— 
b.*26435.5+:Hp.a(ViP)b. ve (Piya. ye(Pi)yib. dD. yre (Piya. 

ee 

[x90°17] Deyre(Pi)y a» 
[*260:27] 2.0(Pny) (8) 


F.(1).(2).(3). 3: Hp. 3. FP, €P+P..: D+. Prop 


4264373. bs Pe 2.0 (BP UVP). 9. P2 Py CPi 
Dem. 
+. #264°261°238 . #26349. > 


—4 —> 
+: Hp.2(P+ Py)y. 2. minp(P,)x ‘a, minp(P,)y°y ¢ OVP qQ) 
— —~ 
+, #96301. 3h :. Hp. minp(P,)y‘e = minp(P,)y'y. D220 (Pigy V -¥(Pidget 
(*260°27] Dic=yv.aPyy.V-yPme (2) 
+.(2).Ttansp. It: Hp(1).3.minp(P))y‘e + minp(Py)gy (3) 
+. (1)-#264371.Db: Hp. minp'(P)y‘y P minp'(P)x'e .D .yPe (4) 
—> —- 
+.(4).Transp. Dt: Hp(1).D.~ {minp(P,)y‘y P minp(P,) x2} (5) 
—_— —> 
F.(8)-(5). 3: Hp(1). >. minp(P,)y‘e P minp(P,)yy (6) 


a -— 
+.(1).(6). Dk: Hp(1). >. (qa, b).a(V'P)b. ae (Piyta.y (Py)! « 
[¥2643321.4202°55] De (FIP,.)y: Dt. Prop 


#26438, br Pe Qa (BEPe (VP). >. F3Py = P+ Pe, [*264372°373] 


4264381, b: Pe. BP ce OVP... FIP, = PE DP +P 
Dem. 

b. #26433. 3+: Hp. d.sC"O"P,, CCP, 
(264-26.%42-2] >. BP wc CFP, . 
[*264372] >. FIP, €PED'P=P,, (Q) 
+ .#25021.3+:Hp.«(PLD'P+Pp)y.D.a,yeOP,. 
[+264-233.4263'49] >. minp"(P,)yé2, minp'(Eyye OVP (2) 
Thence as in the proof of *264373, 
trHp.«(PED‘P+P,,)y.d.0(FiPy)y (3) 
t.(1).(8). +. Prop 
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426439. f: Pe Qinfin—o.~ (BP ¢ ('V'P).>. Py = P 
[*26437:38 . *260°12 . *162°1] 


4264301. F: Pe, BP ce OVP .D. EP, = PE DP 


Dem. 
F.#26413.3b:Hp.d.PeNinfin—ow qd) 
+. #260°27.5+:Hp.>.Pa= Prt CPi 
(*264°26] =P, f DP (2) 


+ (1). (2). #264°37 . #26012. +: Hp.d.8CP,, = Pig» Pr EPED'P (3) 
+ . (8). #264381... Prop 


#2644. bs PeO.WEIBP.D.OP,,Co [26425132] 
#264401. +: PeD.9.DP,, Co 
Dem. 


b.aISL5 #26434. 34: Hp.d. DP, = PEP) DVP (1) 
F (1) «426495 . DF. Prop 


4264402. b: Pe infin. E!BP.>. BP, ¢ Ofin 


Dem. 
b.*26424. 5b: Hp.D>. EIB Cov'v'P. 


vy on 
[*151-5.426434] -D. BYP, = PE (P,)yBCav' VP 


[264252] >. BP, ¢ 0 fins D+. Prop 
#264403, b: Pe OD. BP ce OV'P.D. BP, =A 
Dem. 
f.#26426-281 DF: Hp.d. BP wc OP, BP = B Cav v'P. 
[*90-14] >. (Py BCnv' VP =A. 
[1515-26434] >. BP, =A:Db. Prop 


The following propositions deal with the various different cases that arise. 
Their net result is expressed in #26444. 


#26441, bi Pe Oufin-o. 0 E! BP. .NYP=NV'P Xo 
Dem. 
b. 264364. 5h: Hp.>.P,,¢ RePexcl a Nri'V'P. OP, Cow. 
[*251-63] D. =P, NrV'P Xe. 
[#26439] 2. PeNv'V!PXw 2 Db. Prop 
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426442. +: Pe O. BP we OVP.V'Pe2,.d. NP ot NB P,, 
Dem. 
b. 426436. i mp. >. P,.=(BP,) | (BP,)- 
[#162°3.42643913] >.P=BP,*BP,,. 
[¥264'36-401] 2.NrvP= 04 BP,,: D+. Prop 


4264421, b: PeO. BP cOV'P.V'Pe2,. 2. Nr P=oti 
Dem. 
b. ¥26436.:Hp.>.P,.=(BP,,) | (BP) 
[#169°3.4264391-13] . PE D‘P = BP, PB P,, 


[*264'403.%160°21] = BP,, 
[*264-401] 3. P[DPeo. 
[*204-461] D.Peot+i:Db. Prop 


4264422, b: Pe Dinfin—o. BP we OVOP. VP wed. 
NrtP = [Ne(V*P)t (DIV‘P) Xo} 4 NevBP,, 


Dem. 
F . #26436. #204272.D+: Hp.>.DP,, vel. 
[#204'461.4264-24-36] >. P= Py DP, -p BP, « 
[#162'43.426439] 2. P=3(Pyt DP) tBP,, (2) 
+. 4254°36-401 . #251°63 . > 
t:Hp.>.NrS(P,.[ D‘P,,) = Nr(V'P)t (D‘V!P) Xa (2) 


F. (1). (2). #26436. D+. Prop 


#264423, b: Pe. BP e OVP. UP we. Ds 
Nr‘P = {Nr(V'P)t (D‘V'P) Xo} +1 
Dem. 

As in *264422, 
t:Hp.2. Py = Ppl DP,» BP,,» 
[#162-43.4264391] >. PED'P=34«P,,.[ DP, ) tBP,, 
[*264-403] ~24«P,[ D'P,,) (1) 
F . *264°36-401 . #25163. 
t: Hp. >. NrS(P,, EDP.) =Ne(V'P)E (DP) Xo (2) 
+ .*204461. >: Hp. >. NrP = Nr(Pt DP) +i (3) 
F.(1).(2).(8). Dk. Prop 
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*264429. ixa=a Df 
This definition is .serely intended to enable us to include i with ordinals 
in general formulae. 
#26444. +:PeQ.3.(qa,8).aceNO vil. Be NO finve'l.Nr'P=(axo)4+8 
Dem. 


f. #16022. 416613. 3b: Pe Q fin. >. Nr'P=(0, Xo) +NetP (1) 
t+. «160-21. Dt: P=0.>.NrP =(i Xo) 40, (2) 
F.*264°41 . ¥160°21.5 

F: PeQinfin—o. +E! BP .>.(qa).aeNO.Nr'P= (xo) 40, (3) 
F. #264-42-402.D 

bt Pe OQ. BPve OV PLU €2y.3.(98)+ Be NO fin. Nr‘P=(i xo) +8 (4) 
b.#264421. Dh Pe OQ. BP eOVP.VP 62,.9.NrP=(ixe)ti (5) 
b .#264-422-402 DF: Pe Qinfin— wo. BP weOV'P. VP wed. dD. 


(qa, 8).aeNO.8eNOfin. Nr'P=(axXw)+8 (6) 
F.#264493,.9b: Pe. BP eV .ViP we%.D. 
(qa).aeNO.NriP= (ax)+i (7) 
F. (1). (2). (3).(4) (5). (6). (7). F . Prop 
The following propositions apply the above results to the cardinal number 
of the field of a well-ordered series. 
#26445. +: Pc0.V'P62,.D.NAOP=RN, 
Dem. 
F . #264-42-402 . *180°71.*1527.5 
br Hp. B Pw eOV'P. >. (qu). pe NCinduct . NoOP = Cw +o 


[¥263°101.4193-41] = -D. Ne“CXP =, (1) 
F.4264-421 . #18162. +: Hp. Pe OVOP .D.NeC'P = C%w +,1 
[%263-101.«123-4] =X, (2) 
F.(1).(2). DF. Prop 

4264451. Pe Qinfin—w.s EL BP. >. Ne P =NeOV'P xB 
Dem, 

b. #26441 .#1845.DF: Hp.d. Ne COP =NoOV'P x, Ow 
[*263°101] = NeC'V'P x,Ny: DF. Prop 


#204452, b: Pe Qinfin—w.V'Pve2,. BPveOVP.D. 


NeO'P = NeDV‘P X,No 
Dem. 


F . #264422 . #1845. ¥180°71. 5 
f:Hp.D. (qu). we NC induct . Ne‘O'P =(NeDV‘P x, N) to qd) 
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f. «123-43. «117-62. +: Hp. pe NCinduct.d. p< Nel V'P x, N. 
[4117561] >. (Ne(D°V'P x, &,)-+o <(NeDV'P x, &) +, (NeDV'P x, Xs) 
[123-421 4113-43] <NIDVEP XR, (2) 
+. (1). (2). #117625. +b: Hp. >. NeC'P = NeD VP x, Ny: Db. Pro 


4264453, FP Qinfin—o. ELBP.V' Pave 2,2. Nel P = NeD'V'P xX 
Dem. 
As in *264452, 
+. 4264493.3+: Hp. BP e OVP... NeCOP =NeD'V'P xX (1) 
F. (1). 264452, D+. Prop 
426446, +: Pe Oinfiv —@. Dd. No P=NoCV'P x, % 
Dem. 
b.#123-491 . 426445 .Db: Hp. VP e2,.d. Nee = ncOVEP xR, (1) 
F .#264453.D 
brHp. ELBP.V'P v2, NeOVP ap 4,1. 3. NeOk = px,h 
[123-422 4113-43] = (ys xq Np) +o (4 X_N) (2) 
be al175716 
br Hp. D. pe xg Xp < (ute L) Xa N= (ute Lx No (ju Xe Ns) to (se Xo M0) (3) 
F.(2).(3). Dk: Hp. d. NoCOP=(p tel) Xe Xo 
[Hp] =NeO'V'SP x,N, (4) 
+ .(L). (4). #264451. E. Prop 
#26447. +: Pe Qinfin. >. (qu). peNC—e0.NcCO'P=nx,X, [*26446] 
#26448. bs ae 0(—Cls induct. 3. Nefae D(x, N,) [*264°47] 


#265. THE SERIES OF ALEPHS. 


Summary of *265. 


In the present number, we shall confine ourselves to the most elementary 
properties of the ordinals and cardinals considered, The most important 
propositions to be proved are the existence-theorems. These all depend 
upon the axiom of infinity; moreover, as the numbers concerned grow 
greater, the existence-theorems require continually higher types. 

In virtue of the definition in *262, (N,), is the class of well-ordered series 
whose fields have &, terms. This is not an ordinal number, but the logical 
sum of a certain class of ordinal numbers, namely of Nr“(X,),. 


w, is the smallest ordinal whose ficld has more than N, terms. We do 
not, however, take this as the definition of w,: we define @, as the class of 
relations P such that the relations less than P (in the sense of *254) are 
those well-ordered series which are finite or have &, terms in their fields, ce. 

= 
a, = P [less*P =(€,), vO fin} Df. 

By *254401 it follows immediately that if Peo,, P is a well-ordered 
series and q, is its ordinal number (*265'11). Hence «, is an ordinal number 
(*265°12), though we need the axiom of infinity to show that @, cxists. 

Assuming the axiom of infinity, the existence-theorem for a is derived 
from the series of ordinals which are finite or belong to series of N, terms 
For notational convenience, we temporarily define this series as NV; thus 

N=(<)[ {NO fin v Nr‘(&,),}  Dft [*265}. 
It is also convenient temporarily to write M for “<<”: thus 
M=< Dft [*265]. 

It is easy to prove that if N, exists, N is as @, (*265°25). Hence we 
obtain the existence-theorem for w, in either of the forms: 
#26527. big iQ ata. d.q la at ty fa 
#265-28. } :Infinax(2).D.q fa, a Mare 

It is easy to prove that @, is greater than the ordinal number of any 
series of N, terms (*265°3), and that if «, exists, 


> 
Mo, = NO fin v Nr“(&,),  (#265°35), 
te. the ordinals less thar , are those that apply to series of &, terms or of 


a finite number of terms. 
12 


170 SERIES [PaRT Vv 


We define &, as O‘w,, 2.e. as the class of those classes which can be 
arranged in a series whose ordinal number is @,. It follows from *152°71 
that &, so defined is a cardinal number (*265°33), and that if N, exists, 
Ni > &, (*265°34). 


Tn a precisely analogous fashion we can put 
a > 
@, = P fless‘P =(N,), 4 (N),¥ Qfin} Df, 
XN, = Cw, Df. 


Theorems similar to those mentioned above can be proved for w, and N, 
by similar methods, We can proceed to w, and &,, where v is any ordinal 
number. But our methods of proving existence-theorems fail if v is not 
finite, since at each stage the existence-theorem is proved in a higher type 
and we know of no meaning that can be assigned to types whose order 
is not finite. 


It is easy to prove that the sum of two ordinals which are less than @; is 
less than w,. Much of the accepted theory of (N,), and w, depends upon the 
proposition that the limit of any progression of ordinals less than a, is less 
than @,, so that in the series N, every progression has a limit within the series. 
This proposition—or at any rate the current proof of it—depends upon the 
multiplicative axiom. The proof, in outline, is as follows: 


It is easy to prove that an ordinal which has X, predecessors must be 
a member of Nr‘‘(N,),, ae. must be, in Cantor’s language, an ordinal of the 
second class. Now consider any progression P contained in N, i.e. consider 
a series @,, @,... @,,... of increasing ordinals of the second class. The interval 
between any two consecutive terms of this series is either finite or has &, 
terms. Hence V“‘C*‘P, ze. the class of ordinals preceding the limit of our 
series, is the sum of N, classes each of which is finite or has &, terms. It is 
then argued that, because N, x,N.= No, the whole class W«‘C*P must consist 
of N, terms. This conclusion, however, except in special cases, requires the 
multiplicative axiom, since it depends upon *113°32, i.e. 


Fs. Multax. Dip,veNC.xevn Clexel*p.D. seep Xev. 


It follows that, unless for those who regard the multiplicative axiom as 
certain, it cannot be regarded as proved that @, is not the limit of a pro- 
gression of smaller ordinals. With this, much of the recognized theory of 
ordinals of the second class becomes doubtful. For example, Cantor pro- 
ceeds to define a host of ordinals of the second class as the limits of given 
series of such ordinals. It is probable that, in regard to all the ordinals which 
he has defined in this way, a proof that they belong to the second class can 
be found, by actually arranging the finite integers in a series of the specified 
type. But the mere fact that they are limits of progressions of numbers of 
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the second class does not, of itself, suffice to prove that they are of the second 
class, 


As another example we may mention the very interesting work of 
Hausdorff*, much of which is based upon the proposition that a term which 
is the limit of an w, chosen out of a given series cannot be the limit of an 
« chosen out of the same series. This proposition is a consequence of the 
proposition that , is not the limit of a progression of smaller ordinals, and 
must therefore be regarded as doubtful. Hausdorff constructs by means of 
it many remarkable series, for example, compact series in which no pro- 
gression or regression has a limit. The existence of such series appears, 
however, to be open to question, unless the multiplicative axiom is assumed. 


It is not improbable that a proof, independent of the multiplicative axiom, 
can be found for the proposition that @, is not the limit of a progression ; but 
until such a proof is forthcoming, the proposition cannot be regarded as 
certain. 


426501. 0, = P {lessP =(N,), vO fin} Df 
426502. N= Oe, Df 
426503. , = P{lessP =(N),u(N)-v O fin) Df 
426504. N= 0%, Df 
ete. 
«26505. M=< Dft [*265] 
This definition is revived from *256, 
426506. N= M[>(NO fin u Nr““(N)y} Dft [+265] 


The existence-theorem for «, is derived from N, since, if &, exists, Ne a. 
#2651. 1. Pew,.=: QlessP.=9.Qe.CQeCls induct uN 


[(265-01)] 
26511. +: Pew. d.0Q,=NrvP.P ED 
Dem. : 

fF. «2651. DF:Hp.d.Aless P. 

[254-1] >. Ped qd) 
F.x254401 . (1). (4265-01). Hp. Qeo,.2.Qsmor P (2) 

~ 

F.*254°401 . (1). (*265°01). >: Hp. Qsmor P. >. less“Q = (N)), ¥ 2 fin. 
[(#265-01)] d.Qea, (3) 


F.(1).(2).(8). DF. Prop 


* Untersuchungen iiber Ordnungstypen. Berichte der mathematisch-physischen Klasse der 
Koniglich Sichsischen Gesellschaft der Wissenschaften zu Leipzig, Feb. 1906 and Feb. 1907. 


172 SERIES [PART V 
#26512. |.a,eNO [*265:11 . *256°54] 

=> 
#26513. t:aeNOinfin.>.M[ Maca 


Dem. 
b.#256-202. Db: Pe Qinfin. >. NxM (Ne P) = Ne(PE OP) 
[4262-112] =Nr'P (1) 


F.q1). #26211 .35F. Prop 
& 
#2652. +.C‘N=NO fin—2°0, vu Nr“(N,),= NO,  [*255°51] 
#26521. b:q!N,.aeNO finu Nr“(N,),->. 
> ~ 
Me M‘aless N. aM (Nr‘NV).aC less‘N- 


Dem. 

F.#253:13. 42652. 3+: Hp.aeNO finu Ne“(,),.. ME Mae DN; « 
[#254182] DME MalessN (1) 
F.(1).#26518. Db: Hp.aeNr“(X,),.D.aM (NeW) (2) 
F.(2).#26331-101. +: Hp.aeNO fin. >. aMa.oM (NN). 

[*256-1] D.aM(Nr‘N) (3) 
F.(2). (8). DF:Hp.aeNO fin vu Nr“(&,),. >. aM (Nr‘). (4) 
[#255-17] D.aC lest (5) 


+ .(1).(4)-(5). DF. Prop 
426522. big 1N).d.G fin u(t), Cless [4265-21] 


426523. +: PeD‘N;.D.(qa).aeNO finu Nr“(S,),.P=M bia. N“P =a 
[#2652 . #25313. #2G5-13 . 262-7 . 4120-429] 
*26524. b:PeDN,.D.PeOM finu(®,), [*265°23] * 
*265:25. b:q in. d.Neo, 
Dem. 
F, #2544112. Db: PlessN.3.(qQ).Qe D‘Ns. PsmorQ. 
[¥265-24.426118.x15118] >. PeQfinv(®), (1) 
F. (1). 426522. : Hp. >. less = 0 fin v(&),- 
[*265°1] D>.Nea:Dt. Prop 
426526. b:aeR,.D.Nyri(less t OCla) ew, . Nori(less f C“Cia) = 
Dem. 
b. 4254-432 . #15037. 
b. Nyri(less [ CClfa) = (Neriless) [ Nor"(O 0 Cla) (1) 
b.#123-16. Dh aeNy. dD. Nor(On OCla) CNO fin uv Nyr(&), (2) 
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b.€123'14. #2621821, Db raeN,. pe NCinduct —1..q! n,n 0"Cla: 


[#26225] Dk:aeN.veNO fin. d.qtva "Cla, 
[152-45] DiveNeCCla (3) 
F. #1527. Db: Pe(®),.aeX,.d.aeO Nor P. 

[*60°34] >. Nr'P ¢ No*O“Cla (4) 


+ .(3).(4). DF rae&,..NO fin vu Ne“(,), C Nyr!(O#Cla a 0) (5) 
F.(2).(5). DF raeN,. >. NO fin u Nr*(&), = Nor(O"Cl'a a 2) (6) 
F.(1)«(6). (#25501 . ¥265-05-06). Dk: we Ny.» Nari(less [ C“Cl'a) = N, 


[*265-25] D. Neri(less [ CCl'a) eo, : DF. Prop 
#26527. bi qi, ata.d.qla ni ty'a 
Dem. 

b.e6455. Db: Beta. CPCB.D. Pe tya a) 
k.(l). Dkr Beta. d. CHCKB Ctyta. 
[¥155°12.463°5] D>. Nor OHCKB Cttgta. 
[¥6457] D.Nyri(lesst OCB) ct tyia (2) 
b. (2). *265°26 . D+. Prop 


#26528. | :Infinax (z).3.qla ates 


Dem. 
F. #12337. 5F:Hp.d.qin atta. 
[*265°27] 2. qla, at ty ta. 
[x64°312] D. Glo, a Mea: Db. Prop 


Propositions concerning N, and @,, and generally N, and ,, where v is 
an inductive cardinal, are proved precisely as the above propositions are 
proved. There is not, however, so far as we know, any proof of the existence 
of Alephs and Omegas with infinite’ suffixes, owing to the fact that the type 
increases with each successive existence-theorem, and that infinite types 
appear to be meaningless. 


#2653.  bsaeNr“(&,),.9.a<0, [265°22-25] 
#26531. b:qiX,.d.N2N, 


Dem. 
+. *265°25. D+: Hp.d.CNe®, (1) 
+. «2652. DF-NO fin — +0, CON (2) 
b .*262:19-'21 . #123-27.3+:Hp.>.NO fin— 10, eX (3) 
F.(2).(3). Dt:Hp.d.NceCNDR, (4) 


+ .(1).(4). DF. Prop 
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#26532. big! ND NEN Nataa 


Dem. 
F. 2653. 3+:Pe0.CPe®,.3.Preo,. 
[(#265-02)] D.C°P we, 
F (1). ®262°18 . (#265°02). DEAN AN =A.DE. Prop 
#265°33. +.N,e NC [%152°71 . *265-12] 


426534. big i&.D.N DN, [4265313293 . #25574] 
> 
426535, b+ q!o,.d. Mo, =NO fin u Nr“(s), 
Dem, 
b. #2653. 426391.DF:Hp.v.NO fin N(®), Cio, 


426511. D+: Pew, NrQeMa,.>.Qless P. 
[*265°1] D.Nr‘QeNO fin v Nr“(&,), 
f.(1).(2). DF. Prop 
#265351. t: Peo,.=.q!o,.Nr“D'P; = NO fin v Nr“(&,), 
Dem. 
F.*256°11 . *265°35 .D 


big to,. NrD‘P, = NO finv Nr“(&,),.= 
[¥236-1.#20434] =.Pea:Dt. Prop 


= 
#265352, b: Peo,.D.Ne“D'P, = Mo, [#26535°351] 
#26536. ba, 8eNr“(N).D.a¢8 e Nr“(N,), 


Fem. 
F. «180-71. +: Hp.>.0“(a+8)= Cat, CB 
[426212] =N. +8 
[*123°421] =WN,- 
[*262°12] D.a+fe Nr‘ (&,),: D+. Prop 


#265361. + .a,8¢ NO fin v Nr“(N,), .D.a+86e NO fin v Nr“(&,), 
[Proof as in #265°36, using #12045 and *123-41] 
42654. bs Peay. a COP. Pyne Cls induct v &, > ..q!p' Pa 


Dem. ; 
b.*2651.3F:Hp.>.(PE Py a) less P. 


[*254°51} D.Pyiat OP. 
te 
[*202'504] D.q!p'P“a: D+. Prop 
#265401. F: Pew,.aC OP. PaeClsinduct uN,.3.q tpP“a 
Dem. 
> 

b.#205181.3t:Hp.d. Py“a= Pau maxpa. 
[#205-3.*] 20°251.%123°4] D. Py ae Cls induct v &,- 
[265-4] 2.q tp Pa :DF. Prop 


> > 
»qio,. MNrP=Me,. 


(1) 


(1) 


(2) 
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> > 
#26541. +: Peo... P«COP CR, vu Cls induct. PyC'P C®, v Cls induct 
Dem. 


> 
£ #254°182, DtiHp.dieeOP.3.(PE Pta) less P. 
> 
[*265°1] >. Pfre®, v Cls induct (1) 
> 
F.(1). #120251. 123-4. 3+ Hp. DireC’P. 3. Pyiwe®,v Clsinduct (2) 
F.(1).(2). DF. Prop 
*265°42, +: Pea,.d.0°PC DP 
Dem. 
_ 
b.#265441.>Db:Hp.ce QP. D.q! poPMe. 


[*53-01°31] D.veD‘P:D+. Prop 
& & 
¥265°43. +: Pew,.c2eCP.2. PEP, we. E! lt P,,& 
Dem. 
e 
b . #2642 .*265-42.9+:Hp.d.~ BE! maxp‘P,,@. qa) 
-_ 
[*264-22] D.PE Pinfee wo (2) 
< 
b.(2).#265-41 4129-421, 2b: Hp. dD. PHP ee &. 
ee 
[#265°401] D.qiptPHP, to. 
e 

[(1).*250°123} D. ES ltp P.M (3) 
+. (2).(3). D4. Prop 


ee e < 
#265-431. : Pea, QE P.xeOQ. QaeC Pyfa. 3. qi pi Pmcrgd 
Dem. 
> & 
b.*265°43.3Db:Hp.d.CQC Piltp'P,,a: It. Prop 


426544. +: Pew.ceO'P. >. PE Pyiaee, 

Dem. 
F.425313.Db: Hp.d.D(PE Py'a)s = R(qy)-Pyy. R= PL P(ery)) (1) 
F. 4254101. Hp.oPyy. 2. NPE Pry) @NePp Py. 
[*265°352] 2. NPE P (or ye io, (2) 
b,*265°352. 3+: Hp.d.Nr'P Pie Mo, (3) 
b . (3). #265-361°35 . D 
bt: Hp ae Me, : >.NeP[ Padac Mo, ‘ 
[*265°351] >. (qy). NrePT Pot sre Nr‘Pt Py as 
[¥253°47°11] D.(qy).ePgy -NrPP Pw+a=Nr'Pl Pty. 
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[4204-45] D. (qy).2Pyy. NYPL Peda= Nv Pt Pet Ne PEP (ery). 
[#255564] 3. (qy).2Pyy.a=Ni PT (ery). 
(Q)] Date NDP L Pyle), (4) 
b.(2).(4). Dk: Hp. >. Nr“D(PE Py!a): = Me. 
[#265°35°351] D. PEP ae «2D. Prop 
«265441. t: PeSer.Q, Reon RIP.REQ.D. 

POOR = POOR. QYOR = 09 


Dem. 
+. *263°27. Transp. +: Hp... E! maxg'CR. 
[%205-123] D.ORCQUCR, (1) 
[*87°2] D.PHCRC PHQecR 
[¥87°15°2] Cc PH (2) 
b.*263°47.Transp.+:Hp.3 Qik = A. 
[(1).#20251] 2.06 =Q“OR, (3) 
{*201°5.Hp] D.PECQCPEOR. 
{(2)] 2. POOR = PHC” (4) 
b.(3).(4). 3F. Prop 


- & 
#26545. br. Pew, QE PrvcCQ. Ie. G!Qa— Pye: Qew. 
co _ _ 
S=29 we OQ. y =ming(Q'a— P,,f2)}. R=SPSy'BQ:D. 
Ryo € @ « Rag © Q + PMC Ryg = PAOD 


Dem. 
+ .*32181,3+:Hp.3d.SEQ. (63) 
[x9159.420118] DR EQ (2) 
F.x26311. Db Hp. Dive OQ. D,. Ese: 
[¥71571] 2: SeCls>1.0Q CDS: 
(a) 3:SeCls—+1.0S CDS: 
[¥122:51.496°21] 3: Re Prog: 
[*263:1] I: Ryo (3) 
+ .(2).(3). #265441. Db: Hp.d. PHOR= PHorg (4) 


F.(2).(3). (4). 9. Prop 


4265°451. ts. Hp 4265-45. Dre CRD. P(ar Ryz)e, 
Dem. 


be 4265-45 426314. 2b: Hp. DizeOR.D. Ryiw= Se. 


er 

[Hp] D.Rwe Pa — Pye. 
[*260°131] 2. P (ce Rx) ~eClsinduct (1) 
F.#265-41.3':.Hp. Dive CR.D.P (ah Ria) e&, v Cls induct (2) 


F.(1).(2). DI. Prop 
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#265452. +: Hp *26545..q! P(ar Rytz)n Ply Ryy). Demy 
Dem. 
+. 420118. 3+: Hp. 3: 0P(Ryy). yP (Byte): 

[#1421] Dia yeCR.xP (Ri‘y) «yP (Byte) : 
[*204-41.4265'45] D2 aR, (Ryty) «yy (Ryn): 
[204-71] Diasy.v.cRyy:y=2.v-yRye: 
[#441] Div=y.Vichyy-YRypr? 
[+204'13.4265°45] -: 
#265453. + : Hp #2654504 = 4 {(qa).2eC'R.a= P(r Rio) «de 

kN, a Clexcl'®, .sfe= PHCRa Py OR [265-451-452] 


z=yt. +. Prop 


#265454. + :. Hp *265°453: «eX, a Cl excl). 9, .sfee Xr. 
POOR a Py CR eR, [265-453] 


#26546. +:.Peo,.QeanRiPiceOQ. 22.4 1Q'a— Pte: 
Ke®, no Clexcl*®,. d,s eX 2D. PODVeNn, 
[265-441-454 . 4193-421] 
_ 
#265461, |: Hp 4265-46. .q! p‘P“OQ [426546401] 
#26547. +:.Peo,.Qewn RIP: x eX, nClexcl'®,.3,.s%eNyi Dd. 
al pP“CQ [¥265°461-431] 
#265°48. bs. eX n Clexci*&,.D,.sieeN rd: Peo,.QewnRiP.D El lbp CQ 
[#265°47 . 4250123] 
«265-481, F: Multax. >. Hp*265°48 [#113'32 . #12352] 


#26549. +:. Multax.3:Pea,.QeonRIP.Dd. Et tp CQ [*265°48-481] 
This proposition shows that, assuming the multiplicative axiom, any 
progression of ordinals of the second class (7.e. consisting of series having X 
terms) has a limit in the second class, because Ne a. 
#2655. +:Pea,.Qeo.C'QCOP.~E! maxp'CQ. 
oe ee - 
R=29 {we CQ. y =ming(P'a a Qa) -S= RP Ry BQ. D- 
Spo ¢@- Spo EP. PHOS, = PROD 


Dem. 
+. «20511 Dr: Hp.d.REP.REQ. qd) 
[*201°18] 3.8 EP. Spo EQ (2) 
- > — 
F.#205°197. DE: Hp. we CQ. Qy’aC Py'a.D.a=maxp'Qy’a (3) 
=> 
f.*263-412. *261-26.3+: Hp.xed‘Q.3. EH! maxp Qa (4) 


R&W. UL 
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e — 
f. (8). (4). #205193. Dk: Hp. we OQ. QyieC Pye. D.E!maxrOQ (5) 


F.(5). Transp. Dh: Hp.d:ee0Q.d.q1Oy'e—Py'e. 
[#91542.4202103] D.q! Qian Pro. 

[4250121] >. Et Re (6) 
F. (1). (6). #12251. Dh: Hp.d.SeProg. 

[*263'1] I. S,,€ 0 (1) 
F.(2).(7) «4265441. Db: Hp... PACS, = PHO (8) 


F.(2).(7).(8)- DF. Prop 


#26551. +: Hp «26548. Pew.aeX, an ClhCeP.~ Ei maxpa. 2. EH! ltpfa 
Dem. 
+, #265°5. Db: Hp.3.(qS).Sean RIP. P“CS=a (e)) 
F.(1).*265'48. 5+. Prop 
The following propositions follow easily, 
#26552. |:. Hp ¥26548.Pea,.3: 
e_ 
an (Pe, v Clsinduct.=.q!0'P ap’P (an OP) [#2650141] 
#26553. | :: Hp *265'48.3:. Peo,.=: 
PeDranO'P eX, vCls induct. =... q!10'P ap P"(an OP) 
#26554. Fb: Pew .d.0°V'PC ltp“C(an RIP) [2655] 
Ie. every limit-point inan @, is the limit of a progression, which is what 
(following Hausdorff) may be conveniently called an w-limit. 
#265°55. Fb: Pew,.>.0°V'P = ltp“C(an RIP) [*265°54. *216°602] 


This proposition does not, like *265'48, assert that every progression in 
P has a limit, and therefore it does not reqnire the hypothesis of *265°48. 


SECTION F. 
COMPACT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES. 


Summary of Section F. 


A compact series is one in which there is a term between any two, 
ie. in which PG P?, where P is the generating relation. We may call 
any relation P compact when PG P*; then a transitive compact relation 
will be one for which P= P% Hence a serial relation Pis compact when- 
ever P= P* Compact series in general have certain properties, some of 
which have been already proved; but the majority of the interesting pro- 
positions in this subject come from adding some other condition besides 
compactness. Thus series having Dedekindian continuity, which have many 
important properties, are such as are compact and Dedekindian. Rational 
series (t.e. such as are ordinally similar to the series of all rational numbers, 
positive and negative, or, what is equivalent, to the series of rational proper 
fractions) are defined as such as are compact, without beginning or end, and 
consisting of &, terms. Such series, alsu, have many important properties. 
A continuous series (in Cantor's sense) is a Dedekindian series containing 
a rational series in such a way that there are terms of the rational series 
between any two terms of the given series, This species of compact series 
also has many important properties. It consists of all series ordinally similar 
to the series of real numbers including 0 and 0. 


*270. COMPACT SERIES. 


Summary of #270. 


The propositions of the present number are mostly either obvious or 
repetitions of previously proved propositions. The latter are repeated here 
for convenience of reference. 


We put comp = Bw GP) Df, 
so that the class of compact series is Sermcomp. We have 
=> 
#27011. +:.Pecomp.=:2Py. 24-4 tPien Py 
#27034. +: Petransncomp.).s‘P =sgm‘P 
The proposition ¢‘Py =sgm‘Py, which was proved in *212, is a particular 
case of the above. 


*#270°41. +: PeSerncomp.>.Nr‘P CSer na comp 
Ie. a series which is similar to a compact series is a compact series, 
#27056. +: PeSer. QeO. cE! BP, sE!BQ.>. P%eSeracomp 


This proposition gives us a means of manufacturing compact series of 
various types, such as @ EXP, @, @ EXP, @, etc. 


#27001. comp=P(P¢ P*) Df 
Here “comp” is an abbreviation for “compact.” “Compact” series are 
the same as the series which Cantor calls “ tiberall dicht.” 


#2701. +:Pecomp.=.PGP? [(4270°01)] 

#27011 +: Pecomp.=:«Py.2zy-] 1 Pex nPy [*270-1] 

427012. +: Pecomp.=.Pecomp [427011] 

#27013. +: Petransacomp.=.P=P? [#270°1 . 201-1] 

#27014. +: PeSerncomp.=. Pe RI‘J nm connex. P=P?.=. PeSer. P= P! 
[%270-13] 


#27015 +: PeSerncomp.=.PeSer.Pj=A [#201 65 . *«270°14] 
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> = 
#2702. +:Pecomp.3.~q! maxp'P a [*205°25 . 270-1] 


> > 
270201. +: Pecomp.3.~q!minpU'P.~q! maxp'D‘P 
Dem. 
— v v 
b. «37°25 « DF. mine CP = PYD&P — (PDIP (1) 


5 
F.(1).#2701. Db: Hp. >. mings O'P =A (2) 
> 
Similarly bk: Hp.3.maxpD‘P=A (3) 


F.(2).(3). DF. Prop 


~ > 
#270202. f: Pecomp.3.~ q! minp‘ Pa. ~q ! maxp‘P“a 
[Proof as in *270-201]} 


= 
#270203. +: Pecomp.3.~ ql seqpt'x [*206°42 . *270°1] 


#270204. bs PeSer n comp. E! seqp'a. 3. ~ EK! maxp‘a 
[#206°451 . #27015] 


#270205. +: Pe Sern comp. 2. Itp = seqp (*207°1 . *270°204] 
> 

#27021. +: PeRiJancomp.ceC*P.3.elbp(P‘x) [*20731.*2701) 

*270°211. F: Pe Ris an comp. 3. DItp= CP [*270-21]} 


Thus if a relation is compact and contained in diversity, every member 
of its field is a limit-point. 


#270212. +: Peconnex. D'ltp = C6P.3. Pecomp 


Dem. 
F.*207°34.3F:Hp.d.C°P C-A(P+ P’). 
[#33-251 ] D.d(P+ P=A. 
[*270-1] >. Pecomp: 3+. Prop 


#27022. +: Pe RJ connex.3:Pecomp.=.DItp=C°P.=.0'P CD'ltp 
{*270°211-212 . ¥207°18] 


#27023. +: Pecomp—uA.3.P~€e Bord 


Dem. as 
b.*270201.3+:Hp.3.(qa).aCOP.qta.~q! minpa. 
(*250101] >. Pwe Bord: D+. Prop 

#27024, b:PeSerncomp—tA.2.C°P ve Cls induct 

Dem. 


+ .*27023. 2: Hp.d.Preil. 
[*261°31] D.C*P ~eClsinduct: D+. Prop 


#2703. +: PeSermcomp. >. sect‘P — DiPe = Pyi'CP 
[211-351 . 427015] 
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#27031. +: Petransncomp.3.D‘Pe=D(PeAL) [21151 .%27014] 
> 

#27032. :Petransncomp.3.PieeD(PeAT) — [*211'452.*2701] 


4270321. t: P“OP CD(P.A 1). >. Pe comp [#211451 4270-1] 
4270322. | :. Pe trans. 3: POP CD(PeA I). =. Pe comp 
[4270-32321] 


#27033. +:.PeSer.3:Pecomp.=.U'maxpn C‘seqp= A 
[211-551 . *270°14] 
#270°34, +: Petransacomp.>.s*P=sgm‘P [*270'31 . (x212°01:02)] 
#27035, +:. Petransm connexn comp. >: PeDed.=.M‘maxp = — A ‘seqp 
[42144 . #27013] 
#270351. + :. PeSer.3: Pecompn Ded. =. ‘maxp= — CU ‘seqp 
[x214-41 . #27014] 

A series which is compact and Dedekindian is one which has Dedekindian 
continuity. Thus the above proposition states that a series which has Dede- 
kindian continuity is a series such that every class has either a maximum or 
a sequent, but not both. 

#270352. + : Pe Sern comp a Ded .aesect*P. D . limaxp‘a = liminp‘(C*P — a) 
[214-42] 

#27036. +: Pe Ria comp.).dp°CP=0°P.ViP=P 
[4216-2 . #270-211 . (4216-05)] 


#2704 +: Pecomp.>.Nr‘PC comp 


Dem. 
b.a2012. Db: Se Pm). Dd.(SQP=S3Q?. P=S3Q (1) 
F.(1).#2701.3+: Pecomp.SePsmorQ.>. 539 ES3Q?. 
[15031] >. SSiQESISIQ?. 
[151-252] >.QEQ?:Db. Prop 
#270401, F: Pecomp.=.N,r‘P C comp [#270°4 . #155°12] 


«27041, +:PeSerncomp.>.Nr‘PCSernacomp [#270°4. #20422] 

#270411, F: PeSerncomp.=.Nyr'PCSermcomp [%270°41 . *155°12] 
> 

#27042, +: Pecomp.>. PE Py‘a, Pt Py‘a ecomp 


Dem. 
F.#27011.3+:Hp. y,2e Pet yPz.3.(quw).yPw.wPz. 
[*90°16] 2. (qw).w c Pyfa -yPw.wPz (1) 
F.(1).#270-11. 2+: Hp. >. PE Pye comp 2) 
Similarly F:Hp.3.P P Pyfe € comp (8) 


F.(2).(8). DF. Prop 
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42705. +: P,QeSerncomp.C'P a CQ=A.~(E!BP.EIBQ).>. 


ae P#QeSern comp 
F.x16051. Db:Hp.d.(PHOP= Pw Qe DP TCQUOPTAQ 
[*93°103.Hp} = Pv Qtu PTO (1) 
F.(1). #2701. 3+: Hp.d.PAQE(PHOY (2) 
F.(2).#2045. DF. Prop 
#27051. +: PeSerncomp.C’PCSernacomp. Pe Rel?excl.>. 
=P eSer m comp 

Dem. 

+. *20452.3+:Hp.>.2'Pe Ser (5) 

b.*1621.3 


b. (SP) = (8 O“PY w (FIPS w (CP) | (FSP) 0 (FIP)| (OP) (2) 
b. #2701. Db: Hp. a (SCP) y.2.(qQ). Qe OP. afty. 


[+41-13] Da (OPP y (3) 
F.#2701. 3+: Hp.2(FiP)y.3.0(F3P%)y. 

[¥163-12.%201-2] D0 (FIPyy (4) 
F.(2).(8). (4). 1621.3: Hp... 2°P €(2'P): (5) 
f.(1).(5). +. Prop 


The hypothesis of *270°51 is in excess of what is required for the 
conclusion, which only requires, in place of Pecomp, that there should be 
no two consecutive relations in C‘P of which the first has a last term while 
the second has a first term. This is proved in the following proposition. 


#27052 |: PeSern Rel* excl. C’P CSern comp. 
B“P SOP w Cav“C'B) = A.D. SP e Ser n comp 


Nem. 
b. #2701. #16312. DF: Hp. >. #OP G (OP) dQ) 
t. #20163. Dh: Hp.d. FP = FIP, a FIP (2) 
+. *93°108 . D+: Hp.Q@P,R.3:DQ=C?EQ.v.dSR=CR (3) 


+. (8).Dh:. Hp. «(FP y. 3: 
(qQ, B):z@eDQ.yeCOR.v.ceOQ. ye CR: QP,R: 
(*33°'13:'131:17] 
D:(qQ, Bz): aQe.2eCQ.yeOR.vi.ceCQ.zeCR.2Ry: QPiR: 
[150°52.4201-63] D+ a {(6C*P)| F3P)} y. va (FSP) | (CP)] ys 


(*162-1] Dia(SPyy (4) 
b 16312 #2012. 3b: Hp. >. FSP? =(FiP) (5) 
b.(2).(5).#1621.3+: Hp. >. PG (SP) (6) 
b.(1).(6)-¥1621.3+:Hp.>. «PE (SPY (7) 


b. (4). (7) «#20452... Prop 
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#270521. | :. Pe Ser n Rel? excl. C-P C Ser n comp: 
CP a Cov" B=A.v. CP ad B=A:3.2PeSerncomp [#27052] 


427053, tk: PeSer .Qe Ser a comp. + (E1B‘Q.E! B'Q).2.P x Qe Sern comp 
Dem. 


F.¥1661. DE.PxXQ=2QI3P qd) 
F.*l6521.36. Qt iP ¢ Rel? al (2) 
f #16525 .420421. DF: Hp. !P-3-Q)3P eSer (3) 
+. #16526. *2704.9F:Hp.>. oad 3P C Ser n comp (4) 


F.¥1515 #16526. 2b: Hp. cE! BQ.3.0Q)3PaTB=A (5) 


b.¥1515 #16526. Hp. EIBQ.2.C'Q|3PaCnv“EB=A (6) 
F. (1). (2) «(3). (4) (5) (6) #270°521. > 
b:Hp.q!P.3.P x QeSern comp (%) 
b.¥*16613.3+:P=A.D.P x QeSerncomp (8) 
+. (7).(8). DF. Prop 
#27054. +:PeSerncomp.~E! BP.aveCP.3.P+2eSern comp 
Dem. 


b. #20451. Db: Hp.d.P-+weSer (1) 
b.xI6l1. DF: Hp.d.(Ppay=P aD P Fue 

[*93°103] =Pa OP hie (2) 
+ .(2).*2701.3+:Hp.3.P+2G(P pay (3) 


F.(1).(8). DF. Prop 
#270541. b: PeSerncomp.~E! BYP.a~veOP.3.04 Pe Sern comp 
{Proof as in #27054] 
#27055. b:PeOX.0'PCSer.~ EI BP. OP aCov"aB=A.). 


TIP e Ser q comp 
Dem. 
-#2513.9: Hp. 3d. WP eSer (1) 
+ #25021 . *93-103 . 3 
tHp.QeOP. Me RCP .3. (gz). (MP,Q) (PQ) (2) 
- *200°43. 3 


: Hp(2).(MPQ)(P<Q)e. L= MP (—uBQ)ee | (P'Q).D.M(IP)L (3) 
420043 > 
: Hp(3). Ne Fa‘C*P. (M*Q) Q(N*Q). MPPQ= NP PQ. >. LIP) N (4) 
»(2).(8)+(4) 0D 
> > 

:Hp. M,Ne Falk. Qe OP. (M*Q)Q(N'Q). MPP'Q= NPPQ.D. 

(qL). MIP) L. LIP) (5) 
.(8) «#20043. k: Hp. D. WP © (Py (6) 
-(1).(6). 3. Prop 


ot) “Sam | Se ae IR ea 


is el ad 


SECTION F] COMPACT SERIES 185 


#27056. +: PeSer.QeQ.vE!BP.~E1BQ.3. P%eSeracomp 
Dem. 


f.x176151. Dt: P=A.5.P%eSerncomp (1) 
+. «176°181-182. D+. P&smor ISP 4 1Q (2) 
b. 16525 .#251121. 9b: Hp. !P.2.P1iQe0 (3) 
F¥165-26. #204621. Jt: Hp. >. CP L3QCSer (4) 
Fe 16525.41515. Dt: Ap.g!P.d.vE1BCov'P 1 iQ (5) 
F.¥16526.41515. Ib: Hp.2.CPLIQn CaveM'B= A (6) 
t .(8). (4). (5). (6). #27055. Fs Hp. 1P.2. TP | 3QeSera comp. 
[(2).#*270°41] >. Pe Sern comp (7) 
f.(1).(D. 3+. Prop 


By means of the above proposition, compact series can be manufactured by 
taking series of such types as w exp, w, w exp, @,, @,eXp,@, etc. Any power 
aexp, 8 consists of compact series, if 8 is an ordinal having no immediate 
predecessor, and @ is any serial number having no immediate predecessor 
(ie, not formed by adding i to a serial number). 


*271. MEDIAN CLASSES IN SERIES. 


Summary of #271. 


We shall call a class 2 a “median” class in P if aC C‘P and there is a 
member of a between any two terms of which one has the relation P to the 
other. When this is the case, we have 

aPy Dey (2). 2ea.aP2.2Py, 

te. PEPfhalP. 

Thus P cannot contain any median class unless P is compact. Conversely, 
if P is compact, C‘P is a median class. Hence relations containing median 
classes are the same as compact relations. Median classes are important in 
dealing with rational and continuous series: the rationals are a median class 
in the series of real numbers, and the series which Cantor calls continuous 
are characterized by the fact that, in addition to being Dedekindian, they 
contain a median class which forms a series of the same type as the rationals, 


ay 
If P is a compact series, the class P“C‘P is a median class in the series s‘P 
(#27131). This fact is used in proving that the series of segments of a 
rational series is a continuous series, 


Our definition is 
- med =@P(aCO'P.PGPhalP) Df 
Thus med‘P will be the median classes of P, and “Pe«(U‘med” means that 
there are median classes of P. We have (‘med = comp (*271'18) ; also 


#27115. t:amed P.>.P, PE eecomp 


#27116. +: (an C’P) med P.=.(an D‘P) med P.=. (an U‘P) med P. 
(an D°Pad‘P)medP 

Tf P is a series,and @ C C“P, a is a median class when, and only when, its 
derivative is A‘P, ie. 


#2712. &:.PeSer.aCO'P.3:amed P.=.d‘'P = dp'a 


An important proposition is 


*271:39. F:P,QeSern Ded.amed P. 8 med Q. (Pf a) smor(Q[ 8).>. 
PsmorQ 
Te. if P and Q are Dedekindian series, and a, 8 are median classes of P 
and @ respectively, then if Pa and Q[ 8 are similar, so are P and Q. This 


i ut 
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proposition is proved by showing that P is similar to the series of segments 
of Pf a, the correlator being Itp with its converse domain limited (*271:37), 
Another important proposition is 


#2714, t:Se PamorQ.@medQ. >. (SB) med P 


Ie. a correlator of P with Q correlates median classes with median 
classes, 


The above two propositions are used in *275'3'31, which prove that two 
series which are continuous (in Cantor’s sense) are similar, and that a series 
similar to a continuous series is continuous, 


#27101. med=aP(aCC'P.PEPpal|P) Df 

2711. tamed P.=:eCO'P.PGPfal Pia: = 
aCOPiaPy.3,,.qtan Pan Pry [(*271-01)) 

427111, t:amed P.=.amedP (¥271-1] 

#27113, tiamedP.8CCP.D.(avf8)med P [#2711] 

#27114. biamed P.3.C'P [ amed(Pha) 


Dem. 

b,«2711.5 

Framed P.Dia,yea.aPy.Dey.(qz).zea.cPz.2zPy. 
[*35:102] D,,y+(Gz).zea.a(Plaz.2(Pl ayy: 


[*35°102.*271-1] 3: C*P [amed(P[a):. 3+. Prop 
#27115. t:amed P.>.P,Pbaecomp 


Dem. 
b.x271-1. Dt:Hp.d.PEP?. 
{*270-1] >. Pecomp (1) 
b.(1).#271:14.3+:Hp.d.P[ aecomp (2) 
f.(1).(2). +. Prop 
#27116. +: (an C’P)med P.=.(an D‘P)med P.=.(and‘P)medP. 
=.(enD‘Pad‘P)medP 
Dem. 
b.*271'1. #8315. 
&- > 
f:.(an CP) med P.=:¢Py.Dzy.qlanD'Pan Plan Py: 
(*271-1] =1(an D‘P) med P (1) 
b 2711. 433-151. ts (an C’P) med P.=. (an GP) med P (2) 


f. #2711. *83-15-151.5 a 

ti.(an C'P) med P. :aPy.3e,.qlanD'PadPa Pan Py: 
[#271-1] :(an D‘P an C‘P) med P (3) 
f.(1).(2). (8). DF. Prop 


th Ml 
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sy 
#27117. +:Pecomp.>.C'P, D'P, ‘Pe med‘P 


cs b .#35°452. 42701. Db: Pecomp.d.PGPfA'P|P. 
[#2711] 2.d'Pe med'P , (1) 
[*271-13] 2.C*PemedP. (2) 
[*271:16] 3. D‘Pemed‘P (3) 


FE. (1). (2) «(8). DF. Prop 
#27118, +.C‘med=comp [#2711517] 
#2712. b:. PeSer.cCC'P.D:amed P.z.d'P = Spa (#21613. #2711] 


a 

#2713. +:PeRIJntrans.amed P.2. Pa med (s‘P) 
Dem. 

+. #27115. *27034.95+:Hp.d.s'P=sem‘P. 


[¥212-11] D.6P=A$ 18, yeD(PeAl).qly—A} (DY) 
f.(1). #21112. 3+: Hp. @(s'P)y.d.q!y—8. PMy=y. P“B=R. 
[*37:1] D.(qa,y).aey—B.aPy.yey. 
[#2711] D.(q2,y,2).cey—-B.2Pz.z2Py.zea.yey- 
[{*201-12] D.(qa,y,2).cey—B.aPz.2Py.zea.yey.~(yPz). 
> > 

[*32'18] D.(qz).zea.qiP2—B.qty—P%. 

a 7 
[(1).#270°322] D.(qz). zea. B(s'P)(P*z). (P%) (s‘P)y (2) 


f.(2).*271:1.34+. Prop 

#27131. +: Pe Rid n trans a comp. > Paap med (s‘P)  [*271:3:17] 
The following propositions lead up to the proposition 

#27137, +: PeSern Ded.amed P.D.lipf O's(Pf a) « Pamor {s(P[2)} 


whence, if @ is a median class of P, P is similar to the series of segments of 
Pa. This proposition is used in proving that every continuous series is 
similar to the series of segments of a rational series. 


Sy 
#27132. +: PeSer.R=Pha.BeD‘'R.. Et lip 8.3. p=R“B=an Pits 
Dem. 


~ ~ 
F.#2059.3+:Hp.anC’Pwel. >. maxp’8 = maxp(2n 8) 
ae 


[#37-413.4211-11] = maxp'f 
[*207-13] =A Q) 
> 
b.(1).*200°35.9+:Hp.D.maxg'f=A. 
[*211-42°12] >.B= RB (2) 
> 
b.#207231. Dk: Hp.d. P< B= Pty A. 
> 
[437-413] D>. R“B=an P'ltp'B (3) 


}. (2).(3). DF. Prop 
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#271321, F: PeSer. R= Pfa.3.ltp[ DiReel—l 
Dem. 


b, «27132. D+: Hp. Bye D*Re. ltp'B =lip'y. D.B=y¥: D+. Prop 


#271322. +: PeSer. R= Pfha.d. ltpissREP 
Dem. 
F.*212:23.5+:. Hp. Ds a(ltpis‘R)y. =. 
(48, 7)-B,yeD'Re. PCy By. a=ltp'B.y=ltp'y. 
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> > 
[#207231] .(B,y). ByyeD' Re. BC y. By. P'e= PUR, Py = Phy, 


> = 
[#37-2.%271'321] 3. P&C Py.aty. 
[#204'33] D.aPy:.>+. Prop 
> > 
#27133, +: Petrans.amed P.3. Pia= Pan P'x) 
Dem. 
> 7 
+. #201501. +: Hp.d. P* Pie Pn. 


+> > 
[487-2] 3. Pan P'x)C Pe 
F.x2711. Dh: Hp.d:yPe.D.(qz).yhz.zea.2Pa. 
[4371] D. ye Pan Pex) 


+. (1). (2). D+. Prop 
> > 
#271331. + : Hp *27133.R=Pla.d.an Pa= Ran Px) 
Dem. 
2 => 
F.#*271338.3b:Hp.d.an Plae=an Pan Pia) 
> 
[#87413] = R“(an Px): D+. Prop 
~> 
#271332. +: PeSer.amed P.veC'P.3.2=ltp(an Px) 
Dem. 
> > 
+. *271331.3+:Hp.d.an Pa Pan P*a). 
= 
[205°123] >. maxp(an Pen) =A 
F. (1). #27133. 
> > > 
ti: Hp.d.ceCP. Pia= Pan Pir). ~ Et maxp(an Por). 
~ 
[*207°521] 3. 2=lip'(an Px): D+. Prop 
#27134. +: PeSer.amed P.>.P=Itpis(P[ a) 
Dem. 
> 
+. #271331. 421111.>+:Hp.R=Phe.d.an PaeD‘Re 
> 
+ #20433. Dt: Hp.aPy.d.an Pe Can Py a 
F . #271332. 3+: Hp.ePy.D.0=ltp(@ na P'n) y= ltp(an Py). 
=> 
[*204:1] D.anPetan Ply 


(1) 


(2) 


qi) 


a) 
(2) 
3) 
(4) 
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F.(1) +(2).(4) #21223. D 


bs. Hp.R=Pa.d:aPy..(an P'a) (sR) (an P'y) (5) 
F.(8).(5). bi. Hp. DraPy.d. 0 {ltpis(P pad} y (6) 


F. (6). 4271322. F. Prop 
«27135. F:amed P.3.D(Pf ale C ~ O'maxp 


Dem. 
b . *87°413 . *211-11.3 
kz. BeD(P[a). 3: (qp).R=an P(pna): (¢9) 
[*37-1] D:(qp)iveB.d..(qy).yepna.aPy (2) 


+. (2). «2711.5 

ti. Bp. BeD(P[ ae. 3: (qp)ive8.d,.(qy,2).ePz.zea.zPy.yepna. 

{] D,.(qz).e2Pz.2ef8. 

[*37-1] D,. ce PB (3) 
> 

b . (8). #205123. +: Hp.BeD(P[ ae. >. uaxp'B=A: D+. Prop 

«27136. £:PeDed.amed P.3D.D(PfDakeCOltp [27135 . *214101} 


*27137, +: PeSernDed.amed P.5. ltpf C's(P[ a)e Pamor {s(Pf a)} 
[#271°821:34-36 . #151'22} 


#27138. +: PeSern Ded.amed P.3.Psmor{s(Pfa)} [#27137] 


#27139. +: P,QeSern Ded.amed P.8medQ.(P[a)smor(Q[ 8). >. 
Psmor Q 
Dem. 
+. «21272, 3+: Hp.>. {s(P[a)} smor {s( PE B)} qd) 
+ .*271:38.3+:Hp.3.Psmor {s(Pf a)}. Qsmor {s(Qt A)} (2) 
f.(1).(2). DF. Prop 
This proposition is used in proving that all continuous series are similar, 
by means of the fact that such series contain rational series as medians, and 
that all rational series are similar. 


#2714. +:Se Psmor Q.8 med Q. >. (SS) med P 


Dem, 

b.35°354.47414. 9+: Hp.d.Qhe|S=Q|STS“A. 

[#1501] >. S(QPa)=(SQrsg. 

[#151-11} 2+ (S4QTB)} | (S3Q)= (PP S“B)! P () 
+. K726. Dt: Hp.>d.(QPA)|S|/S=QPB- 

[#1501] >.{SKQL AIS =S/QralQis 
F.(2).42711. DE: Hp.d. 81 Q/SE (SOP A)}|(S3Q). 
[*151-11.(1)] 2.PE(PPS*g)|P. 


[*271-1] 3 .(88) med P: D+. Prop 


*272. SIMILARITY OF POSITION. 


Summary of #272. 


If P, Q are two serial relations, and 7 is a correlator which correlates 
some terms of C*P with some terms of C‘Q, we say that two terms « and y 
of which « belongs to OP and y to CQ, have similar positions with respect 
to T if y comes after the correlates of all members of D‘Z which x comes 
after, and y comes before the correlates of all members of D‘7 which z comes 
before. This notion is useful for inductive definitions of correlations. If we 
start by correlating any two terms 2, y,, and take another term 2, coming 
(say) after 2,,a term y, having similarity of position with respect to 2, | y, 
must come after y,. Suppose now we take a, between 2, and 2, Then 
aterm y, having similarity of position with respect to a, | y, ua, | y, must 
come between y, and y,; and soon. A correlation 7 constructed in this way 
will be such that TiQEP. TPG Q. If the whole of C‘P and C“Q can be 
obtained by prolonging the construction long enough, 7’ will at last become 
a correlator of P and Q. This is the principle of Cantor’s proof that any two 
rational series are similar. 

As arule, when the notion of similarity of position is useful, the relation 
T will be one-one, but this is not assumed in the definition. We write 
“gT egy” for “x and y have similar positions in P and Q respectively with 
respect to 7,” or, as we may express it more shortly, “the P-position of 2 is 
T-similar to the Q-position of y.” The definition is 


> > € <= 
Trq9= 29 {ae OP .yeCQ. DT aPa t gy. DTn Pal MOY. 
> 
DTaveCTy} DE 
This definition states that the predecessors of x which have J-correlates are 
to be correlated with predecessors of y, the successors of 2 which have 


T-correlates are to be correlated with successors of y, and if a itself has 
a T-correlate, y is to be a T-correlate of «. 


When T is a many-one relation, the definition becomes somewhat simpler. 
We then have 


#27213. $i: TeCls41.3:. cTpgy.=: 
~ v = y 
weOP.yeOQ:zeD Tn Pa. d,.T2Qy:zeDTn Pix. d,.yQTe: 
ee DT. D.y=T 
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We have 
#27216. +.(D‘T)1 TreET 

That is,a term which has a correlate cannot have similarity of position with 
any term except one with which it is correlated. A member of C6Pa D‘T 
will have similarity of position with its correlate (assuming Z’eCls—y1) if 
PEDTETIQ. TCP COQ (#272'18). 

Under ordinary circumstances, a term which is not a member of D‘T’ 
cannot have similarity of position with any member of (‘7 (#2722). When 
T is many-one and its domain is contained in C‘P, and P and Q are series, 
and has no Z-correlate, we have (*272°21) 

> v 
aTpgy.S:e2eOP.yeOQ:r2zeD Tn Pe.=,.T2Qy, 
ae. in this case, # and y have similar positions if the predecessors of # which 
have correlates are the terms whose correlates precede y. In this case. if 
aweC*P, we have (#272212) 

e ong => = _— 

Troft = CQ a 9 (DIT n Pla = THQy) = OO 9 9 (DST n Pla = THQty). 


We next investigate the condition for C‘P=D‘T pq, te. the condition 
required in order that every member of C‘P may have similarity of position 
with some member of C*Q. A sufficient condition is 


P,QeSer. Qecomp. TeCls—y1 . D‘Z'eCls induct .P[ D7 E T3Q.q!1Q. 
THOP CDQnaQ 
as is proved in *272:34, 
We next consider the reversibility of T'pg, ta the condition that the 
converse of J'pg should be (Dyer. A sufficient condition is 
P,QeSer. Tell. D‘TCOP.AT COQ  (*272'42). 


Finally, we have two propositions on the addition of another couple x | y to 
LF. With the above-mentioned hypothesis of *272°42, if eT pay and TQ G P, 
putting W=Tua | y, we shall have Pt D‘W = W3Q (*272'51), so that the 
hypothesis we had for 7 still holds for W. 


The propositions of this number are in the nature of lemmas for 
Cantor’s proof that any two rational series are similar, which is given 
in *273, 


¥27201, Tro = 99 lowe OP. ye OQ. D'T n Pn C THQty . 
DT a Pin TQy DT avec Ty} Df 
42721, braT poy. 2.ceOP.yeOQ. DT a Pa CTO. 
DT a Pin TQty DT ave Ty [(4272-01)] 
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¥27211. bireCP.2. 
e ve > _ e 
Trokt = ud n pee DT n Poe) n pQTDT a Por) 


Pol 
an pT DT an tka) 
Dem. 


F.#2721.5+:Hp. >. 
| od = i) 
Trofe = COQ a § ize DT an Pte. 3,027 QyizeDPa Por. 3,.2T Qy: 
zeDTate.2,.2zTy} 
war =o > — y= 
[*40°51:53} = CQ n ptQeeT(DIT an Per) a poQeeTe(D‘T n Pix) 
— 
np’ T(DIT a eke) DE. Prop 
#272111. br: weCP.D. 
-— ye > - - € 
Toit _ (o@) n PUQET A DT 0 P*x) v VT DT a P*z) v T(D'T a efx) 
[*272°11 . *40°181 
#27212. biraTpogy.SrreOP.yeCQ:.2e DT. 3,12Px.3.2T | Qy: 
2Pa.d.2zT\Qyiz=a2.I.2Ty [*272-1] 


#27213. bi: TeClsol.D:.aTpgy. =: veCP. ye CQ: 
> vu _ uv ¥ 
zeD'Tn Pfr. d,. TzQy:z2eD'Tn Pe. 3,.yQTaziceDT.D.y=Ta 
[4272-12 . x7 -701] 
#2721381. F: TeClsol.xceCP.D. 
= ee i Oe ee 
"pot = OQ a plQeT! Pea v QUT! Pa v TY DT 0 t2)} 
[4272-111 . *71:613] 
#27214 Five((P—-D‘T.D. 
e ye 2 — = 
Teo _ (O74) n prey An Ptr) an pQeraDT n Ptr) 
[#272111 . 440-18] 
#272141. Five ((P—D‘T.9. 
= > =? - = 
Poole = OO n (DL in Pix THQYy «DT Pn C THQY) 
[*272:1] 
#27215. £:TeCh—ol.veCP—DT.D. 
< rv aye 
Tole = OQ n pt Qe TOPS a p’ Qe Te Px 
[x272°131 . #4018] 
*27216. + .(D‘T)1 Trp ET 
Dem. 


F.x27212. Dh: 26 DST. 2Tpgy. 3. 2Ty: 3+. Prop 
R.& W. WL 
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«272-161. §: Te Chol. PE DT E 13Q.3.(D‘T)] Tre = OP 1 TE OQ 
Dem. 
b.*15041. Dt:Hp.zeD*7.2Pr.aTy.3.TeQy (1) 
b. 150-41. Dt: Hp.zeD‘P.2Pz.aTy.3.yQTz (2) 
F. (1). (2). *27213.3b:Hp.xTy.ve CP. yeCQ.I.aT pay (3) 
b. (3). #27216. D5. Prop 
#27217. £: TeClso1. PE DTC TIQ.DVPCOP.ATCOQ.D. 
T=(D‘T)41 Tq [#272161] 
The hypothesis of #272'17 is satisfied in all the important uses of 7'pg. 
4QTQATL, bs Hp #27217 cee DPD. Pyg'n= Te [427217] 
#27218. +: TeCl—ol.P[ DITETIQ. THOR CE OQ.veCP nD T.D. 


v 
T pola = Tx 


Dem. 
b. #15041. Db Hp. dizeDT'n Pir. d,.(2) Q (Lx) (1) 
b.x15041. bi. Hp. DizeD'Tn Pir. d,. (Px) Q(T") (2) 
b.a3761. Dk: Hp.d. TMeeCQ (3) 
F. (1). (2) + (8) «#27213. Dk Hp. DoT p(T) (4) 
b.x27213. DF: Hp. aT roy. D.y= Te (5) 


f. (4). (5). DF. Prop 
#2722. F:TeClsoal.DITCCP. Peconnex.Q€J.r~veD‘T.9. 
Proto adTv=A 


Dem. 
> u 
F. #27213. 3b: Hp. aTpgy.2eD'Pn Pw. d.Tety qd) 
— ¥ 
b.*27213..3+:Hp.a7?pgy.zeD'Tn Pa. d.Tety (2) 


F.(1). (2). DF: Hp. aD pgy.2e DT. d. 72 4y:D+. Prop 
#272201, t: TeClsa1. DST COP. LP econnex.q!D*Tpg—-D‘7.3. 


arcoceQ 
Dem. 
F.*202104.3b:.Hp.zeD‘T. aT pgy.aveD‘T.3:2Pa.v.aP2: 
[#27213] 2: TeQy.v.yQ (Tz): 
[#33°132] 3: TzeCQ:. +. Prop 


#27221. bi: TeClsoal. DST COP. P,QeSer.rveDT.31 


> v 
aTpgy =rceOP.yeCQizeD' Tn Pia. =,. TeQy 
Dem. 


F.#272-2. Db: Hp.ceD'T.0T gy. Diate.yh Te: 
[*204-3.%272°201] D:a@Pz.=.~(2Px):yQ (The). =.~ (Tz) Qy} (A) 
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F.(1).#27213.3h::. Hp. Dis eTogy.= 
we CP .yeCQ:.2e DT .9,:2Pe.5.T2Qy:~ (zPa). D0 (Tz) Qy (2) 
F.(2).Dhi: Hp. d:.aTpgy.s:aeCP.yeCQ:ze DT. 2P2.=,. TeQys: 
D+. Prop 
#272211, bs: Hp *#272:21.3:. elegy: = 
weCP ye OQi:zeD'Tn Pa. =,.yQ (T'z) [Proof as in #27221] 
#272212. bs Hp x272-21.2eCP.D. 
= > > — < 
Profa=CQa 9 (DT a Pa = THQy) = CQ 0 9 (DT 9 Pla = THQty) 
[¥272°21-211] 
#27222. +:TeClsl.P,Qetrans.2Trpgy.z,weD‘T. weP(z—w). >. 
«Q Pee — Tew) 
Dem. at 
F.#27213.3t:Hp. >. Tey. yQr*w :Dt. Prop 
4272291. b: TeClso1. P, Qe trans. !D‘Tpqga P(z—w) «ds (F42) Q(Pw) 
[#27222] Z4webDT 
#27223. 1. Te Cls—1. P, Qe trans: 
2(PE D‘T)w.d,0-G!DTrgn P(z—w):d. PE DITE TIO 


Dem. 
b.272221 Db. Hp. Di 2(PE DT) w.d. (12) Q(T). 
[*150-41]} D.2(TiQ)wi. D+. Prop 


4272.24, b: DT a (P= A.D. Trg = OP TOG [¥2721] 
#2723, F: Te Cls-91. 867.3. Tre E Spe 
Dem. 
#27213. Db. Hp. aT egy. DizeD'T.2Px. >. P2Qy: 
[x729] DizeDS.2Px.d. SeQy (1) 
Similarly bs Hp. 22 pqy.DizeD‘S.aP2. 2. yQSte (2) 
F.¥Q7213. Db. Hp aT poy. DizeD'T 2=0.3. Tey: 
(*72-9] DizeDS.2=0.9. Seay (3) 
F.(1).(2).(8). #27213. 3+: Hp. 7 poy. 2 eSpgy: D1. Prop 
The following propositions lead up to. *272-34. 
#27231. +:P,QeSer. bet Cho l.ane DT. z= meee UST Per). 
w=minp(D‘T a Pre), PUDTETIQ.3. Toga = Q( Te Tw) 
Dem. 
b.#205°21 Di Hp.weD Pa Pa—ve.>.uPs. 
[150-41.Hp] >. PuQis (1) 
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F. (1). DFrHp.yeQ(Te— Tw). weD'Tn Pn. >. TuQy (2) 
Similarly t: Hp. ye Q(T - Tw) +UE D'Pa Px 2. yQTu (3) 
F.(2). (3) 427213. Dk: Hp.yeQ(Tz—Tw).D.aTroy (4) 
b 4272-22, DhrHp.d. Troe C Q (Te — Tw) (5) 
F.(4).(5)- DF. Prop 


427232. b:P,QeSer. TeCls1. DTC Pe. 
< ev 
PED PE TQ. 2= max DT Dd. Pro'e= QT 


Dem. 
b.#27213.3Dhi:Hp.d:.a7pgy.=rueD7T.5,. Puy () 
b.*20521.3+:Hp.weD‘T—-e%.2.uPz. 
[#150°41.Hp] >. PQs (2) 
F.(2). Dh: Hp. ye Qe. D:ueD'T. Dy. Pudy t 
a] 10D rey (3) 
F.(1). Dr: Hp. ePrgy. D>. TizQy (4) 
b.(8). (4). DF. Prop 


#272321. F: P,QeSer. TeCls—91.D‘T CP a fi 
PED PE 13Q. w= ming DT .d.Tygia= Tw 
[Proof as in *272°32] 
*272:33. +: P,QeSer.Qecomp. Te Cls—»1 . D‘Te Cls induct. 
PED‘PG T3Q: >. (PAD!T a PHD!) — DIC D‘T pq 


Dem. 
is = > 
b.*261-:26.>+:Hp.q!D‘Tn Pw&.>.E! maxp(D‘T a P*a) (1) 
b. 4261-26. 3+: Hp. g!D‘Pn Pie. >. EB! minp(D'Tn P*x) (2) 
b.*205°11:111.3 
> «= 
Fk: Hp.gre D‘7.2= maxp(D'T an Pfr). w= minp(D'T n P'x).3.2Pw. 
[150-41] >. TQTw. 
[4270'11] D.q!Q(Ps— Tw). 
[#27231] D.q! Tho'e (3) 
F.(1). (2). (8). 


> & 
Fi:Hp.ave DT. giDTa Pa. qg!D'Tn Pie.d.c2eD'Tpgi dt. Prop 
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y - 
#272331. bs Hp #27233. !Q.76CP CDQ.9.0°P n pPODIT CDT, 
Dem. 


F.*261-26.>+:Hp.qiD'fnCP.3.E! maxp DT? (1) 
bf .*272°32.D+:Hp. aep POT 2 =maxp'D‘7'.D Profe= QT ‘ 

[433-4] Di ql Toole (2) 
F.(1).(2). Dk: Hp. cep PDT. gt DTa OP .d.0eD Tyg 8) 
b. 435-85 . #27224, : Hp. DTaP =A.d. OP CD‘T pq (4) 


F.(8).(4). DF. Prop 

#272°332. | : Hp *272'33.q!Q. THORPE aQ.3.c0¢P ap PODTC DT p, 
[Proof as in *272°331] 

4272-34. +: Hp *272°338.q1Q. THOR DQanM‘Q.3.C°P=D'T pq 
[#27 2°33'331-332'18 . #202505] 

The following propositions are lemmas for *272°42. 
#2724. +: P,QeSer. Tel»1.DTCCP.ATCOG. 
aveDT 2T pgy. Dd. y(T ora 


Dem. 
b.*272:21.>h:. Hp. DimeOP.yeOQtzeD'Tn Pin. =,. ToQy : 
[#72243] DiveOP ye CQ: (Tw) Pa. ay. we TT. wQy: 
[¥272-21] D:y(Dgpa D+. Prop 


#27241. +: P,QeSer. Telwa1l DTCC. ATCCQ. 


ae D‘T.aTpgy.2. y(Dove 
Dem. 


427218. Db: Hp.Ds.veOP.y= Ta: 
zeD'Ta Be. 3,. T2Qy: £gDLn Pee. >. . yQ(T*2) 
[2043] DiaceOP.y= Pos rzeD'Tn Be. Dis TeeQy 
zeD'T—t'a— Pe. 3,. Taty. ~ Kl (12) Qy} 
{Transp} D:.26C'P.y= PearceDT Ue. 3,:2Pa.= (Ta) Qy te 
[*204'1] D:.veOP.y= Te: 2 zeD‘T.3,:2Px.=. ce Qy 3+ 
[#72248] Di.weCO'P.y= That. (Tw) Px. =,. we AT. wQy :- 
[71362] 2 yeCQ. a= Ty:. (Tw) Px. =,.weAT. wQy: 
[#14-21.433-43] Ds. ye CQ. a= Ty: we AT. Dy: (Tw) Po.=.wQy 
[*204-3} Di yeOQ.a= Tyr. wed Tn Gy . Dy. TwPat 
wel Tn QYy «Dye @P(Tw) t. 
[427213] D:.y(Popa tt DE. Prop 


Vv 
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«272-42. +:P,QeSer.Velol DTCOP.ATCO@.3D. (Tyor = T'rg 
Dem. 


Fe aQ72441 Db: Hp. d. Tog (Dor (1) 
7.Q,P - 
FQ) eed be Hp. >. Cnv4 Por € Pre (2) 


F.(1).(2). DF. Prop 
#27243. +:P,QeSerncomp—UA.Teloi. DTCDPadP. 
aT cDQan dQ. PE Df=TiQ. D'TClsinduct.>. 
D‘T pg = OP. . TT pg = C*Q 


Dem. 

+ #27234. Db: Hp.d. Di Ly = O*P ra) 
F.#15036. 3. TIQ= BOL AT. BP=PBPLDT (2) 
F. (2). FrHp.d. PED T=PQrar. 

[151-25] >.QLA?=TPLEDT 

{2)] =TiP (3) 
F. *120-214. Dh: Hp.d. Ae Cls induct (4) 
F. (3). (4). #27234. DE: Hp. Dd. OQ= DP )op 

[#27249] = (Tyg (5) 


F).(5). 3b. Prop 
#2725. 2 P,QeSer. TeCl—al. DIT CCP .aTpgy. QEP.D. 


(Peal yiQeP 
Dem. 
F.150°75.> 

. : => <— 
b:Hp.d.(Purl yiQ=TiQu LQy fae ua t THQy (1) 
> ee 

b. #272212. Db: Hp.aneDT. >. THQ'y C Pia. QC Pla (2) 
F.(1).(2). Db: Hp.areDT.3.(Tual yiQeGP (3) 
b.x27216. DkiaeDV.2.fualy=T (4) 


F. (3) .(4). Db. Prop 
#27251, 1: P,QeSer.Telol. DITCOP.OTCCQ. 
eTpgy.PUDT= TQ.W=Teely.d.PLDW= Wig 


Dem. 

b #2725. Dt:Hp.>.WiQEP ()) 
b . #27242. DhrHp.d.y(Dore (2) 
+. #15036 .¥15126.+:Hp.d.FP=Qrar (3) 
F.(2).(8).42725. DE: Hp.d. WIPGQ (4) 


F. (1). (4) .#15036. Dk: Hp.>. WiQE PED W.Wi(PLDW) GQ. 
(¥151-26] >. PE DW =WiQ:D+. Prop 


*273. RATIONAL SERIES. 


Summary of *273. 


A “rational series” is a series ordinally similar to the series of all positive 
and negative rational numbers in order of magnitude, or, what is equi- 
valent, a series ordinally similar to the series of all rational proper fractions 
(0 excluded). This characteristic of rational series is not, however, the most 
convenient for purposes of definition. Following Cantor, we define a rational 
series as one which is compact, has no beginning or end, and has N, terms in 
its field. Thus the field of a rational series can be arranged in a progression, 
and this is the source of the special properties which distinguish rational 
series from other compact series. 


Rational proper fractions can be arranged in a progression in many ways, 
for example the following: If two fractions (in their lowest terms) have the 
same denominator, put the one with the smaller numerator first ; if they have 
different denominators, put the one with the smaller denominator first. We 
thus obtain the series 


1 
PEEPLES bee 
This series is a progression, and contains all rational proper fractions. 


Conversely, the’ natural numbers can be arranged in a rational series. 
Take, eg., the following arrangement: Express the numbers in the dyadic 
scale, so that every number is of the form 


E2 (wer), 


where « is a finite class of integers. The relation of the number to « is 
one-one, Arrange the various «’s by the principle of first differences, 12. 
form the series M,[(Cls induct —c‘A), where M is the relation “less than” 
among finite integers. he resulting series is a rational series; thus the 
integers are arranged in a rational series by virtue of their correlation with 
the classes x, This arrangement places all the odd numbers before all the 
even numbers, all numbers of the form 4v-+2 before all numbers of the 
form 4v, and so on. If two numbers are expressed in the dyadic scale, 
their relative position in the series is determined by the first digit (starting 
from the right) which is not the same in the two numbers: the one in which 
this digit is 1 precedes the one in which it is 0. 
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The two chief propositions in regard to rational series are (1) that any 
two rational series are ordinally similar, (2) that if R is a progression, its 
finite existent stb-classes arranged by the principle of first differences form 
a rational series. The second of these propositions is proved by showing 
(a) that the finite existent sub-classes arranged by first differences form 
a compact series, (b) that the finite existent sub-classes arranged by last 
differences form a progression. By this means, given any progression, we 
can specify a relation which arranges its terms in a rational series. For if 7 
is a correlator of our progression & with the progression 


Ry.  (Cls induct — 1A), 
then T3Rat (Cls induct — A) 
isa rational series whose field is C‘R. Hence rational series exist in any 
type in which progressions exisi. 
The arrangement of the finite sub-classes of a progression, with the 
resultant existence-theorem for rational series, will be dealt with in the 


following number. In the present number, we shall be concerned with the 
proof that any two rational series are ordinally similar. 


The proof of the similarity of any two rational series is due to Cantor. 
It is long and rather complicated ; in outline, it is as follows. 


Let P, Q be two rational series, and R, S two progressions whose tields 
are OP and (*Q respectively. Construct a series of correlations of parts of P 
with parts of Q on the following plan: Begin with A, and if 7 is any correla- 
tion, let the next be 

<- 

Tu seqe'D‘T | ming! T pefseqn'D‘7. 
Then the sum of all the correlations generated from A by this law of 
succession will be a correlation of P with Q. It will be seen that, if 
we put 

valic <— 

W= XT (X =seqa'D‘T | ming’ Trg‘seqn’D‘T}, 

the relation which is to be shown to be a correlator of P and Q is Wy, in the 
sense defined in *259. Thus we have to prove 


Wyelal. dW, =CQ.P=W43d. 
W.4¢1—+1 results immediately from *259'15. 
PUD W, =W,3Q results immediately from *259°16 and *272°51. 
Thus it remains to prove DOW, =O'P . U6 W, = 02. 


D‘W,=C*P is easily proved. By induction, if 7 is one of the series 
of partial correlators, D‘7'¢ Cls induct, and therefore E !seq,‘D*T7, by *263-47, 


ge 
and by #27234, C(P=D'Tpy; hence q! Ppyfseqr‘D‘7, and therefore, by 


e 
*250121, Et min,‘ 7'p,'seq,I'. Hence 7 has a successor, which correlates 
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ya 
seqr'D‘T with mings‘T'po‘seq,‘D‘7. Hence the successor, in R, of every 
member of C‘R which has a correlate, has a correlate; hence by induction 
every member of C‘R (i.e. of C*P) has a correlate. Hence D6W, = O*P. 


The proof of d‘W, = C‘Q is more difficult. As before, let T be one of the 
series of partial correlators. We have to prove that there is a correlator which 
has seqs‘C‘T in its converse domain; when this is proved, the result follows 
by induction, To prove this, put 


@= min , ‘seqfA‘T. 
sa R 4 pg SCqs : 


« exists, in virtue of *272'43. Also since D‘W, = CP, it follows from *259-13 
that there is a partial correlator U such that 


w= seqr' DU. 
= 
We then have to prove — seqg‘‘7’ == ming‘ Upo'a. 
> > & 
Put y=seqsA‘7. Then SyC A‘. Hence, by #2722, Styn Upefa = A. 
Thus if eUpgy, it follows that y = ming Vpo't. To prove #Upgy, observe that 
TCU .U pg E Teg. PE DOU HUQ. 


We have we DSU. 3. +(uT poy), by *272'2. Hence, by the definition of 7'rg, 
we have, if we D‘U, 


(qz).zeD‘T.zPucn (T*2Qy) .v.(qz).zeD°T.uPz. ~(yQT*2). 


In the first case, we have (qz).zeD‘7T.zPu.~(2Px), because «Tpgy 
Hence, since x+2 because ave D‘T, 


(qz).zeD'T.2Pu. xPz. 
Similarly, in the second case, 
(az). ze D'T .uPz.2P2. 
The second case is incompatible with #Pu, and the first with uPx. Hence 
aPu.d.(qz).2eD'T.aPs.2PuruPe.D.(qz).2eD‘T .uPz.2Po. 
But, since wT pay, ePz.>. yQ(T"s) 2d. ¥Q (2), because 7'G U, and since 
PEDU=U3Q, 2Pu.d. (U2) Q(U*u). 
Hence zPu.> (0%), and similarly uP#.>. (Un) Qy. Hence cU pay. 


Hence y = ming‘ Upo‘a, and therefore y belongs to the converse domain of the 
next correlator after U. Hence every term of C*Q belongs to the converse 
domain of some correlator, and therefore to (‘W,. Hence W, correlates P 
and Q, and P and @ are ordinally similar. 


14 
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427301. 4 =Seracompn CR, P(DEP=A‘P) De 
Following Cantor, we use 7 for the class of rational series. 


ee 
273-02. Repo T= Tu seqr'D‘T | ming’Tpe'seqa’D‘7 Dt [*273] 


pasos 
#27308. (RS)eq = (Repo) Dft [#273] 
#27304. Trspg = s(RS)pq Dft [4278] 


Trspq Will be shown to be a correlator of P with Q when P and Q are 
rational series, and R and S are progressions whose fields are C‘P and C‘Q 
respectively. 

#2731. ob: Peq.s.PeSerncomp.C’PeX&,.DSP=A1‘P [(*273'01)] 
#27311. bi. Pen. =:PeSerncomp.D‘P=(U‘P:(qk).Rewo.C'P=OR 
[#2731 . 263°101] 
oA — 
#2732. bF:WaXT{X =seq,D‘T | ming‘Tpo‘seqa’D‘T} «3. 
Bspo = Aw -(RS)pq C (Aw AYA « Trspg © Wa+ Trspqe (Awe AA 
[4257-125 . ¥258-249 . (4273-02'03-04 . ¥259-02-08)] 

Here the temporary definitions of #259 are revived. 

The second of the above inclusions might be changed into an equality, 
but it is not necessary for our purposes to prove this. 


#27321, +:Hp*2732.3.D°W,CCR.TW, COS 


Dem. 
b.*25918.3Dh: Hp. 3. DSW, = 8D W( Aye AA (1) 
F.*20618.3h:Hp.XeD‘W.3. DX COR (2) 
F.(1).(2). Db: Hp.d. DSW, COR (3) 
Similarly Fk: Hp.d.a‘°w,cos (4) 


F.(3).(4). DF. Prop 
#273-211. Fs Hp *2732.7Te A W.3.DTaDWT=A_ [*206-2] 


#273212, +: Hp *273-2.3.W,eClso1. Df (Ayxd)Aclol 
[e273:211 . ¥259°141-171] 


*273-22. |: Hp *273-2.C*P=C'R. Peconnex. QG J.D. 
Wael—+1l. dp (AypedA)Acl1 
Dem. 
F . 273-211-212-21 . x206°2 . (%259-03). D 
biHp.D:Te(AyxdA) And‘ W.3. Te Cls1. DOT C OP. seqz! DT we DT. 


a 
[4272-2] D>. ming’ Ppo'seqy' DT ~ ¢ AP (1) 
F.(1). Dk: Hp.d:2e(Ay¥A) An. 2p. On OWE = At 

[A2591417] D:Wye1-+Cls. QP (AyxA)el—1 (2) 


b. (2). 273-212. Db. Prop 
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#27323, +: Hp*273'2.P,QeSer.C*P = O'R. CQ=CS.Te(AyeA) A.D. 
PIL DT=T3Q 
Dem. 
b. 427251. 4273-21.Db: Hp. TeC'W. 3. PED Ay T=(Ay TQ (1) 
F.(1).*259°16. D+. Prop 
#27324 +: Te(RS)pg. 3. D‘T, U7 ¢ Cls induct 
Dem. 
b. #120251. 
bi.Hp.3: Te D‘Ay.D‘7'e Clsinduct. 2. D6 Ay‘T ¢ Cls induct: 
[#90112] 3: A(Ay)y 7. D. D'Te Cls induct : 
[%273-2.(4273-03)] 3: Te(RS)pq. >» D‘T'e Cls induct (1) 
Similarly +:.Hp.3:7e(RS)pg. 3. O‘7¢ Cls induct (2) 
+.(1).(2). DF. Prop 
#273-:25. +: P,Qen. OP=CR.CQ=CS. Te(RS)pq. 2. 
D'T pq = OP. UT pg = OQ 


Dem. 

b.#273-1,.3 

b:Hp.>.P, QeSerncomp.CP=D‘P=O0'P.0Q=DQ=1¢@ (1) 
b #2731 263-44. DF: Hp.d. Gi P.w!Q (2) 


k. (1). (2) «%273°22°23'24 . #27243. 3. Prop 
#27326. £:.P,Qen.R, Seo. CP=OR.090=CS.3: fe 
Te(RS)pqg.D. El seqe' DL. El ming Tpo‘seqn’D‘T 


Dem. 
ee 
be e273-21 «263-47 4273-24. Db: Hp. Te(RS)pq. DG! OR a phe. 
[250122] D.Etssqek DT (1) 
< 
bk. (1). #27325. 3b: Hp. >. q! Tpo‘seqeD‘T. 
[25012142721] D>. El ming Ppg'seqy!DL (2) 


F.(1).(2).D. Prop 
4273.27, +: Hp #279-2. Hp #273-26.D. (RS) pq C UW «(RS)p9 C D'Ayy 
[4273-26] 

4273271. +: Hp 273-26. Te (RS)pq. D . seq g!D'T € D‘Taspo 

Dem. 
«4273-2. +: Hp. Hp #2732... Te(BS) pon D'Ay «D+ A wT (RS) (1) 
#2732.) 
: Hp. Hp #2732. Te(RS)pg- Et Ay!T.D .seqg' DT e DA fT (2) 
(1). (2) #27827 2D 
: Hp. Hp #2732... Ay/Te(RS)pq« seqn' DT e D'A y!T 
#273'2.(#273'04)] D.seqn'D‘T ¢ D!Paspgi DF . Prop 


aes man ee le 


on] 
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4273-272, |: Hp 4273-26... D(RS)p9 = R“OR 


Dem. 
+. 4206-401 .>k: Hp. Pe(RS)pq-D'T = Ra. ce O'R. D.0 =8eq,D'T. 
[420471425021] >. D’ Reng T= BR RMa q@) 
F.#25013. DF: Hp.d.DA=RBR (2) 
F.(1). (2). #90131. Db:. Hp. 3: 7 (Rsp)yA oD. De ROR : 
[(#273-03)] >: D“(RS8)pp CRYO (3) 
F. (1) «(#273'08) . 
bs. Hp. Dive OR. Rae D“(RS)pq. D. R’Ry'e DRS) pq (4) 
F.(2). Dk: Hp. d. HBR D“(RS)p9 (5) 
F. (4). (5). #90112. Fs. Hp. Dive (Ray BR.D. RxeD“(RS8)rq (6) 
F 426343. 425021.D:Hp.>. CR = OR, . BR = BR, (1) 
b (6) (7) «#263141 . 1221-141. 
Fi. Hp.DiveO'R.D. Rix e D“(RS)pq (8) 
F.(3).(8).D4. Prop 


4273-28. +: Hp *27226.D. Trspgel 1. D'Taspg = OP» P= TpspyiQ 
Dem. 


+. *273:222.>b:Hp.>.Trspgel—91 qd) 
b.#273:272. DEtHp.d. DT aspg =o R“OR 

[263-22] =OR (2) 
F. 4273223. +:Hp.d. PE D‘Tpspg = Tasroi + 

[2)] D.P=TxspqiQ (8) 


F.(1).(2). (8). DF. Prop 


In order to prove Tpspg ¢ Psmor Q, it only remains to prove 
C'Traspa = CE. 


#2733. bs, Hp 2732.7, Ue(AyedA.3:DPCDU.s.7CU 


Dem. 
+. #33263 . DF: 7CU.3.DTCDU (1) 
b.x259°111. Dk: Hp.d:7GU.v.UGT (2) 
b .*33°'263. DF:UET.DTCDU.I.DT= DU (3) 
b. (3).4273-212. DF: Hp.UGT.DITCDU.3.T=U (4) 
F. (2). (4). DE:Hp.DTCDU.2.TCU (5) 
F.(1).(5). 4. Prop 
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#27331. |: Hp 273-26. Te(RS)p9.ye CS — aL. Sty ca‘7.d. 


= 
es (qa,U).2 = ming‘ T pgty Ue (RS)p9. 2 = seq,‘D‘U 


F.¥273-25 #250121. +: Hp. >. (gqo).0= ming Troy a) 
+ .#273272. +: Hp. a= ming Tro'y .D.(qU).U e(RS)pq- DU =Bix. 
[*206:401} >. (qU).Ue(RS)pg.@ = seqn'D'U (2) 
F.(1).(2). 34. Prop 


427332, +: Hp 273-31. a= ming! Toofy .U e(RS)pq 0 = seqy’D'U.D, 


Dem. ie cd 
b.#205:14.5+:. Hp. uke. d:~ (ul poy): 
[#27213] D:(qz)izeD‘T: 2Pu.n (T2Qy) “V.uPz.~ (yQT*2) qd) 
b #272242 . Dt: Hp.d.are D7. (2) 
[4273-272] >. DTC Rs (3) 
b.4273972. Dk: Hp.d.Re=DVT (4) 
+.(8).(4).42733.3+:Hp.>.7EU (5) 
F. (1). #27213.) 
+: Hp.uRke.3:(q2):zeDTi2zPu.~(2Pa).v.uPz.~ («Pz) (6) 
b.#2041.3b:.Hp.3:uPo.zPu.d.2Po:02Pu.uP:.>.0Pz (7) 
+.(6).(7).(4).9F:. Hp. we DU. 3: uPa. 2. (qz).2eD‘T. uPz.~(aPz): 


ePu.d.(qz).2¢ DST. 2Pu.n(zP2): 


((2)] D:uPe.2.(qz).zeDT.uP2.2Pe: 
ePu.d.(qz).zeD‘T.2zPu-xPz (8) 
F . #272°13 . *273'23.5 


b:Hp.weDU.ceD'T.uPe.2P.d.(U'u) Q (U2). (72) Qy. 


[6)] >. (Un) Qy (9) 
Similarly t; Hp. ue DU. 2e DT. 2Bu.aPz.>. yQ (0) (10) 
+ .(8).(9)-(10). 3 

b:.Hp.we DOU. :uPa.d.(U*) Qy:ePu.> 7 yQ (Ux) (11) 
b. (11) .#272138.5+:Hp.>.2Upoy (12) 


+ .(5). (12). DF. Prop 
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-_ 
«27333. + : Hp *273°32.9.y¥=ming! Upo'x. «(RspoiU) y 
Dem. 
> 
+ .¥278'32. Db: Hp. d.Sy Cu. 
a oe 
[#272:242} >. Sy nUpgic=A (1) 
oo 
b. (1) .#278'32.#20514.9h:Hp.d.y=ming Upgie2 (2) 
b. (2) (4278-02). Db: Hp.D.0(Rgpo'V)y: D+. Prop 
*273:34. +: Hp*273'31.3.y¢ CU‘ pspg 


Dem. 
F .¥273'3133.3h:Hp.d.(qU).Ve(RS)pq- ye A RegpU « 
[*90°16.(4273°08)] D.(qW).We(RS)pq. ye OW. 
[(*273:04)] D.yeA'Trspgi Dt. Prop 
#273:35. + : Hp *273:26.3. ‘7 psp9 = CQ 
Dem. 


= 
F.#273'34. DF: Hp. ye CS. Sy COT aspg.D.yeA'Trspg (1) 
F. (1). #25034. 55. Prop 


#27336. +: Hp #27326... Trspge Psmor Q [2732835] 
#2734. +:P,Qen.3.PsmorQ 


Dem. 
F.*2731].3+:Hp.3.(q 8,8). R,Seo. CP=OR.0Q=CS 
[*273°36] >. (GR, 8). Taspg ¢ P smor Q: D+ . Prop 
#27341, +b: Pen. PsmorQ.d.Qen 
Dem. 
F. «27041. DF:Hp.d.QeSern comp (9) 
b. #151-18 . #123321. 3+: Hp.d.CQe®, (2) 
F. #1515. Dt: Hp.d.D‘Q=aqQ (3) 


F.(1). (2). (5). #2731. 5+. Prop 
#27342, bi: Pen. D.n=Nr'P [#273441] 
#27343. +. ne NR [*273°42 . *256°54] 
The following propositions are easy to prove: 
Fk: QeSera CHR, Pen. 2. Qx Pen, 


whence bFiraeNRaClSer. Ca=&,.3.axX n=0; 
and 


tr Pen. QeSernG®, .ceOP.d.0 LiQeNr'Qn RI(Q x P).Qx Pen, 
whence, from the fact that all ’s are similar, 

bt: Pen.QeSern CR, Dag ENr'Q a REP, 
Thus an » contains series of all the order-types composed of &, terms. 


*274. ON SERIES OF FINITE SUB-CLASSES OF A SERIES. 


Summary of *274. 

In the present number, we shall be concerned with the construction of 
a rational series consisting of the finite existent sub-classes of a progression. 
When the finite sub-classes of a progression (excluding A) are arranged by 
the principle of first differences, the result is a rational series. When they 
are arranged by the principle of last differences, the result is a progression. 
These two propositions, with the consequent existence-theorems, are to be 
proved in the present number. 

We define “P,” as Py with its field limited to finite existent classes. 
(For the definition of Py, see #17001.) In the present number, we shall be 
chiefly concerned with P, when Pew, but it has interesting properties in 
many other cases. 

Our definition is 

P,=Paf(Clsinduct —iA) Df. 

We shall be concerned in this number not only with P,, but also with 
P,,[ (Cis induct —¢‘A). This is Cnv(P),. Thus if we put P=Q, the 
hypothesis that PeQ as used in studying P,,[ (Cls induct —¢‘A) is 
equivalent to the hypothesis that QeQ as used in studying Cnv‘Q,, 
te. Qn. Thus the study of Py and P,, with their fields limited to inductive 
existent classes may be replaced by the study of P, in the two cases where 
(1) Pe Q, (2) P ¢Q The second case is the simpler, and is considered first. 
We have first, however, a collection of propositions which only assume that 
P is a series. 

Since an inductive existent class in a series must have a maximum and 
a minimum, we have 


#27412. b::PeSer.D:.0P,8.=: = 4 
a, Be Cl induct‘O'P — A: (qz).zea—-B.an Pe=Bn Pe 
We have 
#QTAIT,. b: O§P wel. 3D. OfP, = Cl induct§OoP — fA 
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Whenever P is aseries, P, is a series (#27418). If P has a last term, the 
class consisting of this last term only is the last term of P,; if P has no last 
term, P, has no last term (#274191). If C‘P is an inductive existent class, 
the first term of P, is C“P (*274194); if not, P, has no first term (#274195). 
Hence if P has no last term, P, has no first or last term, and we have 
D‘P, = UP, (*274196). Thus of the characteristics used in defining y, 


we have P,¢Ser whenever PeSer, and D‘P,=(‘P, whenever ~wE!BP 


We next prove 


427422. b:PcO.D.P, 2 
which, in virtue of what was said above, is equivalent to. 
PeQ.3.Pyf (Cls induct — eA) Q, 


that is: The principle of last differences applied to the inductive existent 
sub-classes of any well-ordered series gives a well-ordered series. 


To prove *27422, since we already know that P, is a series, we only have 
to prove that every existent sub-class of C‘P, has a maximum with respect 
to P,. This is proved as follows. 


Let « be any existent sub-class of Clinduct‘C‘P —«‘A. Consider the 
minima of all the members of «: these minima all exist, because « is 
composed of inductive classes. Then in virtue of the nature of the principle 
of first differences, members of « which have a later minimum come later 
than those that have an earlier minimum. Hence if we consider minp‘‘x, 
the classes whose minimum is the maximum of minp‘« (which exists, because 


PQ) are later than any other members of x. Put 
ya 
a, = Maxp'minp“« . «= « A Minp*a. 
Thus «, consists of those members of « which have the largest minimum, 
and members of «, come later than any other members of «. Similarly the 
latest members of x, will be those that have the greatest second term. 
That is, if we take away the (common) first term from each member of x, 
and if A, is the resulting class of classes, we have to apply to ), precisely 
the same process as we have already applied to «. Thus we are led 
to put 
R ; < 

= maxp'minp“« .«,=« aminp a, .rA,=(— t6a,)n, 

Oq = MAX p* MIN p Ay » y= Ay A Minp*H, » Ag = (— Ly)“ Key, 
and soon. The series 2, %,...18 an ascending series in P, and is therefore 
finite, by *261°33. It therefore has a last term, say z,. Then the class 
ta, v Ua, ¥ ... Ua, Is a member of «x, and is easily shown to be its 
maximum. Hence every existent sub-class « of OP, has a maximum, and 


therefore P, ¢ 2. 
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In order to symbolize the above process, we put 


Pax = max p'minp Dit, 

v e 

Tete = (— Pink) («ea minp’ Paik) — USA Det, 
es, 

Mp‘t = Pah (TP p)y Se Dft. 


v ea 
Then Pa‘x is what we called «,, Tp‘« is what we called d,, (Tp)y‘« is 
the class «, 4, As, ... Ayv1, and Mp« is the class a, #, 3,... 2%. Thus what 


we have to prove is 
M p‘« = max (P,)*«, 


which is proved in #274215. 


We prove next 


#27425. t:Pew.d.P,ew 

For this purpose we use *263'44, namely 

o=2-VAn PP. =OP.vE! BP), 
Thus it only remains to prove 
D(P,) = DIP, .~ E! BP, 

~E! BP, follows from #274195, and D‘P,), = D‘P, is proved without any 
difficulty ; hence our proposition follows. 

From #27425'17, by substituting P for P, we obtain 
#27426. +:Pew.).P,,f (Clsinduct—t‘A)ew. 

OP, [ (Cls induct — ‘A) = Cl induct*O*P — fA 

whence it follows immediately that 
#27427. biae®,.D.Clinduct‘aeN,. Clinduct‘a—tAe®, 

Je. a class of &, terms contains &, inductive sub-classes. 

We now have to prove 
#27433. +: Pew. d.Pien 

In virtue of #27417-27, we lave C'P,e&,; and by #27418, P, «Ser. 
Thus it only remains to prove P,ecomp.D‘P,=(‘P,. The second of 
these results immediately from #274196. As for P,«¢ comp, if aP,8, 

— 

av BeCls induct, and therefore qt p'P“(av 8); but if ce p‘P (av B), we 
have aP,(@ vex). (@v tx) P,8; hence P,€P,?. This completes the proof 
that P, 7. 

The proposition holds not only if P ea, but if P is any series which has 
no last term and whose field has N, terms (*274°32). 

Finally, we deal with the existence of » (2744-46). If Pew, P is 
similar to P,,[ (Clsinduct— tA), by #27426; and if 7 is a correlator of 

R. & W, IL. 
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these two, T3P, is an 1 whose field is C‘P (*274-4). Hence the existence 
of » in any type is equivalent to the existence of @ in that type (#27441). 
Hence we have merely to apply previous propositions on the existence of a. 


#27401. P,=Py[(Clsinduct—ifA) Df 
#27402. Pe = maxp*'minp“« Dft [*274] 


v « 
#27403. Tp’ = (— UPS) (ee 9 inp’ P afk) — UA 
Dft [*274] 


_—— 
#27404. Mele = Pini (Tp)yix Dft [4274] 


42741, braP,8.=.0,8 ¢ClinductO"P - uA. qta—B—P“(8—2) 
[#17011 . (427401)] 

#27411. +: PeSer.ae¢Clinduct‘O'P — ‘A. >.E! minp‘a. E! maxp‘a 
[#261°26] 

4274111, f: Pe Ser. wE! BP. ae Clinduct'OP «>. gq tp Pa 


Dem. 
b.«27411.3+¢:Hp.qia.>.maxpaeD‘P. 


ya 
[#205°65] D.qip'PXa (1) 
+. (1).#40°2.34. Prop 
#27412. b:: PeSer.3:.0P,8.=: 


> > 
" a, Be Cl induct‘C'P — Ai (qz).zea—Bi.an Pe= Bn Poe 
lem. 


F.#*1702.5 
++. a,8¢Clinduct(O*P — As (qe). 2ea—B.an Pie= Bn P2td.aP,B (1) 
b.427411.+:Hp.aP,@.3.E!minp{a— 8 — P“(B—a)}. 
[¥170:23.%205'192] D.(qz).zea-B.an Pe =f aPs (2) 
b.(1).(2). 34. Prop 
427413, +. P,b(Cls induct — tA) =Cnv(P), [#1 70-101 . (427401)] 
¥27414, b::PeSer.3:.@{P,, [ (Cls induct —s‘A)}@.=: 
- - 
a, 8 e Cl induct*O‘P — ‘A: (qz).zeB—a.an Pe=Bn Poe 

[#2741213] 
#27415. b:a,8eClinduct{CCP—iA.BCa.B+a.5.aP,8 

[#17016 #2741] 
¥274151. biae Clinduct(OSP —1.2¢a.D.aP, (ue) [%27415] 
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427416. big! P,.=.0°P~c0vl 


Dem. 

b.x2741. DbrGgtiP,.d.qlOP e5) 
b.#274151. 3b: CSPwe0¥l.d.q!P, (2) 
F.x60°38. Dk: CfPel1.D.~(qa,8).a, Be ChCP-UA.qta—B. 
[#2741] D.P,=A (3) 


F.(1).(2).(8). 3+. Prop 
#27417. +: O'Pwel. >. CP, = Clinduct*O'P — fA 


Dem. : 
F.«274151.5+. Cl induct‘C*P — A —1 CD*P, qd) 
b.e274151  DbiveOP.OP+ te. Dd. ee dP, (2) 
F.(2). Dt:Hp.d.ClhOPal CaP, (3) 


F.(1).(3). DE: Hp. Dd. Clinduct‘OP — “AC CP, (4) 
F. (4). #2741. 5+. Prop 
#274171. b: P?E ST. aPy.D . (uke) P, (uty) [#2741] 
«27418 «+: PeSer.>.P,¢Ser 
Dem. 
F.*2010-14.5 
t:.Hp.zea—B.weB—y. gn Pu Sgn Pees Bo Pu = 10 Pew. 3: 
zPw.Dd.zea—y.- an Pemyn Ps (1) 
b.«20114.5:.Hp(1).3:wPz.d.wea-y. an Pasa Pw (2) 
b. (1). (2). #202103 . #27412. Dh: Hp.aP, 8. @Pyy.D-aPyy (3) 
b.x27% 11.5 
bs Hp-a8eClinduct*OP— UA a+ 8.2. (gz). 2= ming {(a— 8) ¥(8—a)}. 
[*205-14] D.(qz).ze(a—B)v(B—4).anPe=PpanPe. 
[27412] D.a(P,o P,)B (4) 
£.€8). (4). 417017. 3+. Prop 


ad ~y 
#27419. +: Peconnex. ?GJ.3. BP, =t' BP 


Dem. 
b.274151, DF. Cl induct“O‘P ~1 CD‘P, (1) 
b.aQ74171. Dt: Hp.d.uD‘P CDP, (2) 
~yY zy 
F. (1). (2).427417. bs Hp. >. BP, Cu BSP (3) 


f. #202524. 
Brees y 
bi: Hp.cwe BOP. BeChOP—UA.ere B.D. 26 PM(B- Ua) (4) 
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F.(4).D 

biHp. ve BP. >.< (gq). Be Clinduct*O'P — Aq tee—R—P“(B-uen). 

[«274°1] D.t'a~e DP, (5) 
a 

b.(5) 427417. Dk: Hp. DBP CEP, (6) 

+ .(3).(6). DF. Prop 


#274191. ts. Peconnex./?GJ.3:E! BP ale BP, = UB : 

WEIBP.D.BP,=A [427419] 
4274192. f. Peconnex. PG J.D: E! BP. =. EV BP, [*274191] 
4274193, |. BYP, = vO'P a (Cls induct ~ A — 1) 


Dem. 

b.xQT4151. DE: CP eClsinduct—vA—1.).0°P e BP, (1) 

+. x2741617. Dk: OP ve (Cis induct—A—1).3.0PneOP, 2) 

b.k27415.0 0 DEsaeClinduct*CCP —U A. me C(P—a.Dd.(avite) Pia (3) 

F. (8). DE. Clinduct*C*P — vA — OP COP, (4) 
> 

b.(4). Transp. #2741 .3+. BP, C(Clinduct(O"P — A) n UCP (5) 
3 

b.(5). #27416. DE. BP, C(Cls induct — fA —1) a vOP (6) 

F.(1). (2). (6). F. Prop 


#274194. +: OP eCls induct“ A—1.3.B°P,=C'P [274198] 


= 
#274195. : C“P ~eClsinduct. 3. B‘P,=A [#274193] 
4274196. b: PeSer. WEI B'P. >. DP, = OP, 
vy 
Dem. 4274192. Dt:Hp.>.BP,=A (1) 
> 
b. #274195-16 . 4261-24. +: Hp.d. BYP, =A (2) 
F.(1).(2). 34+. Prop 


The following propositions give the proof of PeQ.d. B, € QD (#27422). 
42742, b: Pe Qe COP, gle. DE! Pmt. Pye € ming e 
[#27 41-11. #250°121 . (4274-02)] 
#274201. t: Be Px =. (qa). aex.minpa= Pe. 8 =a—-UPaik. q18 
[(4274-03)] 
#274202, Fr ELPafe. DEL Tove [(#27403). 41421] 


y e- 
#274203. +:. Hp #2742 .3:7Tp'e=A.=.e¢nminp’Pyic = UP yk 
Dem. 


+. 274-2202 ..D 
F::Hp.3:. Tp'e=A.=i0(qa,8).aex, minpa= Paik. B=a—UPaik.q!B: 
[#137191] Staec«n minp’Py «.D.-4—-UPmik=Ai 


[4274-2] =iaenn minp! Ppt 0,4 Pye it DE. Prop 
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274-204, bre COP, 4 (Tryhs Dd ACOP, 


Dem, 
F.120-481 . #274201. DF re C Cis induct. Et Zpfe.d-7'p« € Cls induct (1) 
F.274-201.D Fre COMO. EL Lote. D. Tye C CHOP 8A (2) 
+1). (2). #27416. Db: e COP, ELT pe. 2D. Tee COP, (3) 


t.(8). Induct. 3+. Prop 


4274205. ts Pe Ser. EY PyaéT'p'Xe Dd «(Pinfd) P (Put Pr) 
Dem. 


b.#274201 . 4205-21. Db: Hp. ge Tr. Dd. BCP Pair () 
F. #20511 . (427402). DF: Hp. Dd. Py Tptr e sFpr (2) 


F.(1).(2). +. Prop 


4274206, +: Hp #274205. (Trg D« (Pyle) P (Pm To!r) 
Dem. 


bel 421 . (427402). DET EL Py Ter. Dd. EL Pid (1) 
F.(1). Induct. Dt: Hp.d. EI P,f« (2) 


F (2) .*274205 . Induct. D+. Prop 


¥2TAQ07. bs Pe. (Tp) « Py = max pM pfx Dd. 
wELP, ptr. TekR =A 


Dem. 
+ .¥274205. Transp. +:Hp.2.~sE!P,{T pr. 
[*274-2042, Transp] D.7TpA= AIDE. Prop 


4274208, b:. Pe Qe COP, qle.d: 


— - ] 
Ae (Tr)yict (qr). « (Tp)ygd © X.9 minp Pm r= UCP ALT PRS A 
Dem. 
F.4250'121.3+:Hp.>. E! maxp!Mp‘« qd) 


F. (1) « 274-207:203:204 . D+. Prop 
427421. Be T pn. D. BvUPaicen [274201] 
H2TADLL. bs (Try ds Bers D+ BY Pa Tr (er dex 

Dem. 
b. 427421. Db: Hp: Ber. dpe Bu Pal Te (er) ewe Dd: 


yeTpr.D,-y¥ Py Tp (a Tp’) ex (1) 
b.*27421.(1).Induct. IF. Prop 
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H2TAD12, b: Pe Qe COP, qin. Dd. Mpwen 
Dem. 
b.#274208-211 > 
br Hp. D.(qr)ee(Tryd. PARKA. Pat hers UP AY Pr Tp) 6 
[121103] D (qr) » Pin“ T'p (A) € & « Pin Tp (AA) = PT pa’ Ks 
D+. Prop 


ry 
#274213, +: PeSer.«CO'P,.aen.«(Tp)yr.PoPnAo Mpe Ca.d. 
a— (PPro Mp'x)er 


Dem. 
be #274201 Dh LHp.e=2.2.0- (PP ath Mole) = a. 
[*13°12] D.a-(P8Pridt a Mpa) e« qd) 
F.#274'206. > 


bs Hp: Bex. P*Pq'h a Mpx CB. 2~e B—(E'Pnfd a Mpeyedrd: 
Bens PP Toda Mp CB. Dd. PPh co Mee CBs Pye 
1p- (Beran 0 Myx) eX Pm Re (B - (PePatha Mefx)} « 
[4274201] 9. {8—(P*Patrin Mye) — Pf d} eT pd. 
[4274206]. (@—(P*Pat Pon Mike} e Td (2) 
F.(1). (2). Induct. 3+. Prop 


¥OTA214. bs Pe Oe COP, 2 e — UM pe. Da P,( Me) 

Dem. 
F.#274212, Db: Hp. d: Mp‘«e Cls induct : (1) 
[*170-16] D: Mp'e Ca. D.aP,(Mp‘x) (2) 
F.#27411.(1). 3b: Hp.q! Mpe—a.3. Hopman (Me =) 
[*205°14.(4274-04)] D. (qr) «(Toye Pafhiv et. PEP mika Mee Ca. 


[#274-213] D.(GA)-€ (Tp) + Pav ea. a— PP. nfhin Mpfn)er. 
PPro Mee Ca. 
[4274-201] D. (qr, 2). (Tp). 2= ming {a— (PP ar a Mpe)} 
eP (Pid) + PfPmir 0 MpSe Ca. 
[*31:18] D.(qe).sea— Mpc. Molen Piz Ca. 
[L701] > .aP,(Mp‘x) (3) 


F.(2).(8). DF. Prop 
HOTAQIB. bz PeQ. ne COP, gies dD. Mole = max (P,)e [274-212-214] 
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427422, b:PeQ.D.P,eO 
Dem. 
b.*274215.Db:Hp. >. El! max (P,)“Clex‘C*P, . 


[#250125] >. P,eQ:34. Prop 
The following propositions constitute the proof of 
Pe @.). P, e@ (*274°25), 
42TLO21, bs P eSer . Pimax pfate Cls induct «ae Cl induet(O"P — A — BP, 


e 
B=(a—e'maxp'a)v Pimaxp'a. .aP,8 


Dem. 

b .205°55 . Dt: Hp. BPea.d.qla—umaxp a ql) 
b.*202°511. Dt:Hp. BPw~ ea.2. BP Pina (2) 
b.493101. Db: Hp. EIB P.D.q! P'maxp‘a (3) 
+.(1).(2).(3). DF: Hp.d.q!8 (4) 
F .*120481-71.3+:Hp.>. 8 Cls induct (5) 
+. 20521. *200°361. +:Hp.3.8 a Pmaxp'a= a na P*max pa (6) 
Fb 


(4). (5). (6). bs Hp. 3.4, Be Clinduct*O‘P — ‘A. maxp‘aea—f. 
a > 


an P‘maxp‘a= 8 a P‘max pa. 


[*27412] D.aP,8:D+. Prop 
#274222, bs Hp *274221 . aP,y. maxpaey.d. BP y 
Dem. 


F.*27412.3b:Hp.d.(qz).zea—y- sey Mane @s an P= yn Pe. 
[*201-14.%205:21.Hp] 3 .(qz).ze8-y- (Aa Ps= yaks. 
[*274°12] D.BP,y: Db. Prop 


#274223. bs Hp *274:221 .aP,y. maxplarey. y+ 8.2. BPyy 
Dem. 


> > 
b.*27412. 3b: Hp. d:(qz).zea—y—U'maxp'a.an Pe=yn Pav. 
et 


—s 
an P‘max pa =n Pimaxp‘a qd) 
b 201-14. #205:21.5 


=> ~ 
bi. Hp:(qz).zea—y—-t eee aa eal >. BP. (2) 
b.*205'21, Db: Hp.an Pemaxp'a= =ya Permax pé ‘a. D>. 


—efmaxpfa=yn Pemaxpta (3) 


b.*202101.3+:Hp.d.¥ Bile ieee vu Psmax pa (4) 
> 

F.().(4). Dt: Hp. an P'maxp'a =a P'maxpa. D:iyCB: 

[¥170-16.(4274°01)] DiytB.d-APry (8) 


F.(1).(2).(5)- DF. Prop 


216 SERIES [PaRT V 


4274224. bs Hp 274221 .aP,y. By D6 BPyy [274222293] 


427423, b: Hp#274221.9.0(P,),8 [#274221 -224.. 204-72] 
427425, b:Pew.d.P,ew 
Dem. 
+. 2742216. Db:Hp. Dd. Pye Q—UA QQ) 
b.*274191:17.3 
b:Hp.aeD'P,.d.aeClinduct(OP — vA —~ BP @) 
bk .*263°412 .*27411.3 
b:Hp.aeCl induct‘C*P—tfA.D. Pimaxp'e e Cls induct (3) 
F.(2) . (3). #27423. 4: Hp. ae D‘P,..aeD4P,), (4) 
F (L) «(4) + #274195 . #1.21-323 > 
b:Hp.>.P,eQ—A. D'P,=DYP,), .~ EL BP,. 


[k263-44] D. Pew: Dt. Prop 


427426. +: Pew.>. Pf (Clsinduct—tA)ew. 
C“P,, [ (Cis induct — eA) = Cl induct‘C*P — A 


Dem. 
b.x27413. 3b: Q= P.D. Pf (Cls induct — fA) = Q, qd) 
b.#27425.Db:Pew.Q=P.3.Q,¢0 (2) 


b.a27417. Db: Pew. Q=P.>.0Q,=Clinduct*OP- uA (8) 
F.(1). (2). (3)... Prop 
#27427. F:ae,.>.Clinduct'ae&,.Clinduct‘a—uAe®, 
Dem. 
b.#263:101.3b:Hp.>.(qP).Pew.a=CO'P, 


[*27 4-26] 3. (qM).Mew. Cl inducta-vwA=CM~ 
[*263°101] >. Clinduct‘a—iAeR,. qQ) 
[*123-4) 2. Clinduct‘ae &, (2) 


F.(1).(2). D+. Prop 
The following propositions constitute the proof of 


Pew... Pen (427433), 


#2743, bs PeSer.aP,B. wep Pav B).>.aP,(B vex) (Bu ve) P,B 
Dem. 


b.*200°53. Dhitip.eeeys. Bn Pese urea re qd) 
F.#200°5 . Dt:Hp.zea-8.d.zea—(Bvu'a) (2) 
F.(1).(2). 427412. 3b: Hp. d.aP,(8 ve) (3) 
b. #2005. #17016. Dk: Hp.d. (Buu) PB (4) 
b.(8). (4). 3b. Prop 
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427431. tb: PeSer.~E! BYP. >. P,eSeracomp 
Dem. 
b #2741. #12071. 2 :aP,8.D.au8eCisinduct—eA (1) 
F.C). #27411, D+: Hp.aP,8.>.E!maxp (au). 


e 
[#93-103] D.q! Pimaxp(av 8). 
<— 
[*205°67] D.qipP“(au B). 
[#27 4°3] D.aP38 (2) 
b. (2). #27418. +. Prop 
#27432. +: PeSern ON. SEL BP. >. Pin 
Dem. 
b.*27431. DF:Hp.d. P,¢Sern comp (1) 
+. #274196. Jt: Hp.d.D‘P,= A'‘P, (2) 
b. #2742717. Db: Hp.d. OfP, eX (3) 


F. (1). (2). (8). #2731. 3+. Prop 
#27433, +: Pew. >.P,en (*27432 . *263'101:11-22] 
This is the principal proposition of the present number. 


e 
427434. biaeN.d.q!9 9 C(Cl induct‘a— tA) 


Dem, 
F.#263:101.3+:Hp.3.(qP).Pew.C'P=a. 
[*274°33-17] 3.(qM). Men. CM =Cl induct‘a — ufA: DF. Prop 


The following propositions are concerned with the existence-theorem 
for ». They all follow from *274°33. 


v e 
#2744. +: Pew. T=e'P smor {Py f (Cls induct —u'A).3. Ti Pega OCP 
Dem. 


b.e2742617. Dt:Hp.>.d‘7= CP, qd) 

F.(1).#151-11131.3+:Hp.>. 73P, smor P,. CTP, = OP. 

[*274°93.4273°41] D. TIP, en. CLIP, = OP: DF. Prop 

#27441, bi qtoantP.=.qinantP 
Dem. 

b.x2744. DE: QewantP.D.(qRk). Ren. COR=CQ. 
[#6424] D.qiqn#P Q) 
b.x27311. 3b: RenatP.D.(qQ).Qew.CQa=CR. 
[*64°24} D.qioatP (2) 


b.(1).(2). 34. Prop 
_- 
#27442. Frae®.d.qiqn Ca [%274426 . 263-17 #2506. #263°101) 
#274430 +N, = Cn [K273-1 #27442} 
#27444. big ti ata.s.qinn toa [#263131 . 4274-41] 
#2T44B. big IN (c).seqinn Me [#26918 4274-41] 
#27446. |: Infin ax(z).=.qinn x [263-132 . #27441] 


#275. CONTINUOUS SERIES. 


Summary of #275. 


The definition of continuity to be given in this number is due to Cantor. 
A different and not equivalent definition was given by Dedekind: series 
which are continuous in Cantor's sense are also continuous in Dedekind’s 
sense, but not vice versa. Cantor's definition has the advantage (among 
others) that two series which are continuous in his sense are ordinally 
similar, which is not necessarily the case with series that are continuous in 
Dedekind’s sense. Dedekind’s definition of “continuous series” is, in our 
language, “series which are compact and Dedekindian.” Cantor’s definition 
(after a certain amount of simplification) is “series which are Dedekindian 
and contain an N, as a median class.” In the case of the real numbers, the 
rationals are a median class of this sort. 


An equivalent definition to the above is that a continuous series is a 
Dedekindian series whose converse domain is the derivative of a contained 
rational series (*275°13). 

Following Cantor, we shall use @ for the class of continuous series. 


In what follows, we prove first that the series of segments of a rational 
series is a continuous series, @.e. 


#27521. +: Pen.d.s'PeA 


4 
The contained XN, is P‘‘C‘P. The proposition follows at once from 
*27131. On its importance, see remarks on *275'21 below. 


From this proposition, it follows that if 7 exists in any type, 6 exists in 
the next type (275:22), whence the existence of 6 in sufficiently high types 
follows from the axiom of infinity (%275-25). 

To prove that any two continuous series are similar, we use *271°39. By 
the definition, if P and Q are continuous, they contain respectively two 
median classes a and 8, such that P[ a and Q[ 8 are rational series. Hence 
by *273-4, PlasmorQ[ 8, and therefore PsmorQ, by *271:39. Also 
obviously Ped. PsmorQ.3.Qe6. Hence 


#27532, b:Ped.3.0=Nr°P 
and 
#27533. +.0eNR 


SECTION F] CONTINUOUS SERIES 219 
427501. 0=Sern Deda med“, Df 

> 
#2761. +: Ped.=.PeSern Ded. qiN,amed‘P 


[(4275°01)] 


#27611. +:.Pe0.=: PeSern Ded: (qa).ae®,.dpa=AP.aC OP 
[#275-1 .¥271-2] 
#275612. bir Ped. =:. PeSera Ded:.(qa)iaeN,: 
aPy. Dey qian P(a—y)saCOP [¥275°1. x271-1] 


#27513. +:.Ped.=:PeSern Ded: (qk). REP. Ren. dSCR=0P 
Dem. 


b. #2731. 271-2. 

Fi PeSera Ded. REP. Ren. dC R= UP. d. ORe®y. ORemedP. 
[*275°1] 2.Pe6 ree) 
F.#27116.3b:amed P.B=anD'Pad‘P.3:8medP. (2) 
[¥271-15] >.PE Becomp (3) 
b. #12317. +: Hp(2).PeSer.aeX,aClO'P.3.8eNn CCP (4) 
b.x27L1. DE: @med P.d.P“B=D'P. PeQ= OP (3) 
b.(5).487-41.(2). Dt: Hp(2).3.D(PEB)=8-A(PEA)=B8 (6) 
b.(3).(4).(6).#2731.D+: Hp(4).>.PE Ben (7) 
b.(2).4271-2.Db: Hp(4).3.dC(PE B)= OP (8) 
b.(7).(8).#2751.Db:Pe6.3.(q8). PE Ben-8XO(PE B)=A'P (9) 
F.(1).(9). D4. Prop 


#27614, + .68=Cnv“6 
Dem. 
os 
+. 421414. 4271-11.3+: PeSern Ded.aeX,anmed‘P.=. 
v > v 
P Sera Ded.ae&, a med‘P qd) 
b.(1).#2751.2+. Prop 


> > ~ 
#2752. +: Pen. D.$‘Pe Sern Ded. P“O'P e&,. P“C'P « med‘s‘P 


Dem, 
fb .¥214°33. Dt:Hp.d.s‘PeSera Ded qd) 
#20435. Db: Hp. >. P“CPsm OP. 
[427314128321] >. BeoPer, (2) 
F. #27131. 42781. bs Hp. >. POP e med's‘P (3) 


F.(1).(2).(8). DF. Prop 
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#27521 +: Pen. d.9'PeO [2752-1] 

This proposition is of great importance, particularly in the theory of real 
numbers. We shall define the real numbers as segments of the series of 
rational numbers, in order to be sure of their existence. Thus if P is the 
series of rational numbers, ¢‘P, which may be taken to be the series of real 
numbers, is continuous. If P is the series of rational proper fractions, 
excluding 0, s‘P is the series of real proper fractions together with 0 and 1: 
this series is continuous in virtue of the above proposition. 

The above proposition is also useful as enabling us to deduce the existence 
of @ 10m that of », and thence from that of &,, and thence from the axiom 
of infinity. A rise of type is, however, required for the existence-theorems, 
which are given in the following propositions. 


#27522, bi qinainia..qGlOanta 


Dem. 
b. #6455. Db i gtnn ina. d-(qP). Pen. OPC a. 
[%63°371] D.(qP).Pen.C Petia. 
[*275°21] D.(qQ)-Qe9.0OC ta. 
(*64'57] D.q!@ ata: Dt. Prop 


#27523. big iN ata. dD. ql@ata [427444 . 427522] 
H27B 24, biG IR (@).D. qi Ont — [*275'23..x6431-312 . (#65°02)] 
427525. | :Infinax(2).3.q late 


Dem. 
b.#12337.5b: Hp. >. qt, (#2). 
[#27524] 2. qlOn PX. 
[*64°312] D.qi@nte:It. Prop 
*2753 =F: P,Qe@.>.PsmorQ 
Dem. 


b. #27513. 3b: Hp.3:P,QeSera Ded: 
> 
(qR, 8). B,Sen. RG P.SEQ.CRemed'P .C’SemedQ: 
[#20441] 3: .P,QeSern Ded: (qa,8).amed P.8medQ.P[a,Q[ Ben: 
[*273°4] 3:P,QeSern Ded :(qa, 8).amed P. 8 med Q.(P[ a) smor (QE 8): 
[#27139] 3: PsmorQ:. 3+. Prop 


#27631. +: Pe@. PsmorQ.d.Qed 
Dem. 
> ~ 
b. #2714. 5b: PsmorQ.q!&,a med‘P.3.q tN, a med‘Q (1) 
+. 204-21. 4214-6. Db: PeSern Ded. PsmorQ.3.QeSern Ded (2) 
F. (4). (2). 42751. DE. Prop 


*27532. +:Pe@.3.0=Nr°P [%275°3°31] 
*275°33, +.deNR [*275°32 . #25654] 


#276. ON SERIES OF INFINITE SUB-CLASSES OF A SERIES. 


Summary of *276. 

The subject of the present number bears the same relation to 6 as that of 
#274 bears to 7. We shall consider, in the present number, the arrangement 
of all the infinite sub-classes of a series (together with A) by the principle of 
first differences, 7.e. the relation 

Paf (— Cls induct v t*A), 

where P is the given series, This relation we will call Py. It consists 
of P with its field limited to terms not belonging to C‘P, («276°12). It 
will (under a certain hypothesis) contain a part similar to P,, namely Py 
with its field limited to complements of finite sub-classes of C“P. Hence 
if Pew, P, will contain an », whose field is composed of the complements 
of members of C“P, (*276'2). The field of this 7 will be a median class of Ps. 
We shall find, also, that Pye Ser, if Pe Q (*276°14), and Py e Ded, if Pe Qinfin 
(#2764). Hence 


#27641. +: Pew.d.P,e8 

Also, since Pew.>.ClC* Pe 2®, and since OP, eX), we shall have C‘Pye gh 
(*276°42). This result is important, since it gives the proposition 
#27643, + .C%0 = 2% 

The proof that P, is Dedekindian if P is an infinite well-ordered series 
is somewhat complicated. We proceed by proving that every sub-class of 
C*P, has a lower limit or a minimum. In this proof, we observe first of all 
that 

OP = BYP,. A= BYP, (#276121). 
Hence CP is the lower limit of the null-class, and A is the minimum of ‘A; 
also if « is any existent sub-class of C‘P,, other than ‘A, we have 

= 

linnin (P,)‘e = limin (P,)‘(« — UA). 

Hence if we can prove 
nCCOP,.qine- Aven. d,. Et limin (Py) (A), 

we shall have Clex‘C*P, C C‘limin (P,), 
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whence, by *214°12°14, we shall have P,eDed. Thus we have to prove (A), 
te. eCD{P,.q!x.d,.E! limin(P,)‘«, which is *27639. To prove this 
proposition, consider minp‘(s‘« —p‘x). This exists unless «e1; it is the 
first term which belongs te some members of « but not to others. Those 
members of « to which it belongs precede (in the order P,) those to which it 
does not belong. Let us call those to which it belongs Ten, so that 


ea - . 
Tp =X (N= KA €fminp(s‘« — p‘x)}. 


Put also Prfx = minp(s‘« —p‘«) Dft, 
¥ e 
so that we may put Tplx = 00 ef Paik Dft. 


Then if we put 4 = aR (AC«.X%+x), Tp and A fulfil the hypotheses of #258, 
and we have 


A (Tp, ee Q. 


The series A (Zp, «) proceeds to smaller aud smaller sub-classes of x, of which 
any one, say A, consists of terms which come earlier (in the order P,) than 
any other sub-class of « not belonging to». By *258°231, the series .A(T'p, «) 
has an end, namely 

p(Tr%A)‘x. 
If this is not null, it must consist of a single term, which will be the minimum 
of « (*276°38), But if it is null, we proceed as follows. Put 


~ 
Put = 89 (Gr). Ne (Tp A) cy = pra P Par} Dit. 
Then P,‘x will be the lower limit of x. 
Tn the first place, we easily prove that, since p‘(7'p*A)‘« = A, if 
re(Tped)in— eta, 
Pm and Tp both exist (4276-341). Hence every member of « has 
predecessors in x, and « has no minimum. In the second place, we show 
that 
r{A (Pp, «)} wed Le D«(Pm'd) P (Pri) (427634342), 
> 
and that = @eX.D.p'RaPPairaan PPy!d (#276353). 
Hence we find that 
> > > 
A{A (Tp, «)} pete. Dd. pra POP yr = pen POP yA = 00 PP r. 
> > 
D. pan PPairC pian P8Pn Sp 
> > > 
(pha PiPakp)o POP n= pra POP Uw, 
whence it follows that 
> ~ 
Ne(TpeA)in —U A.D. pra PoP yd = Pain PoP nh, 
whence, by what was stated above, 


ay 
he (Teed) aeh. dD. an PPh = Palen PPh (#276354). 
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Again, if aex, the product of all the members of (7p%*A)‘x« to which a 
belongs is a member of (Tp*xA)‘« to which a belongs, but if we call this 


product A, Pp‘A~vea (because, if Pm‘nea, ae Ter, which is contrary to the 
definition of X). Hence we have 
aex.D.(Pyix) Pye (*276:36). 
It only remains to prove 
(Pate) PoB. Dd. (qa).aen.aPsB (*276°37). 

By the hypothesis, and the definition of P,,‘x, we have 
(qz,r)rNe(TpxA)x. ze pr nPPn -B oP yn nPe =B a Pe, 
Since this involves E! P,,‘A, it involves X+A, hence, by what was stated 

above, it involves 
> > > 
(42, 4,0). re(TpxA}in cer. zean PPA — B. Pyica Pz = Ba Pee, 


> > 
Hence we obtain BaPZC Pye a PEP mr, 
= = 
and Palen PoP = 00 Po Pind, 
> 
whence BaP2Ca. 


Hence, by *170°11, we have aP,. 


This completes the proof of Py‘ = tl (P,)‘« (#27638). Hence, combining 
the two cases, we find that « has a minimum if q! p‘(7p*A)‘«, and a lower 
limit if ~q! p(ZpxA)‘«. Hence E! limin (P,)‘«, in either case (*276°39). 


This completes the proof of Pye Ded if Pe Q infin. 


427601. Py= Pal (—ClsinductuctA) Df 


¥276-02. A=88(8Ca.B+a) Dft [+276] 
#27603. P(X = minp{(s‘h — pD) Dft [*276] 
427604. Tp=XAlw=Ane'Pyfd} Dit [4276] 


4276-08. Pun =s°9 (qr). re(Tpwd)n —U Any = pra P Paid} Dit [4276] 
42761. braP,8.=.0, Be (OVOP Cls induct) vitA. gq ta— B- P“(B—2) 
(*170°1 . (4276°01)] 
x27611 bi: PeN.DrnaPyB.=14, Be (ClC*P—Clsinduct) vy ufA: 
= > 
(q2).zea-B.anPae=BaPe [*251'35. (*276:01)] 
¥OTE12, b:O'Prel.d.Py= Pal (—OP,) [k2741T 42761 #1701] 
4276121. f: CP ~e Clsinduct.>. 
BP, = A. BEPy= OP. Of Py= (C1OP — Cs induct) v tA 
[170°31-32'38 . (4276°01)] 
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#276122. b: C6P~we0¥1.3.0°P, vOfPo= CCP [#276121 . #27417] 


#276123. b: C’P~e Clsinduct.=.q! Pe [#2761121] 
#27613. b:C’PreQul. Dd. NcO'P, +, NeO% Py = QNECP 
[276-122 . *116-72] 


#27614. b:PeQ.3.PoeSer [4251-36 .(*276-01)] 


#2762. +b: Pew.>.(C*P—)(Clinduct{‘C’P —U'A)e Xia med'P, 
Dem. 
b. #24492. 3+ .(C&P—)(C) induct*C*P— t*A) sm (Chinduct*C“P —t'A) (1) 
b. (1). #27427.3+: Hp. >. (CP -)(Cl induct*C“P — ‘Aye, (2) 
+. #200361 . *263:47.> 
> ~ 2 & = 
F: Hp.aP,8.zea—B.anP%2=8n P'z.y=(an Py‘z) vu Pominp(an P*z). 
: e > 
D.minp(an Pizjea—y.an Pominp{an P&)=y a Péminp(a nP*2) . 


> > > : 
zey—B.yn Pesan Pe=Bn Pe. y~re Clsinduct. 


[¥276-11] D.aPoy.yPoB (3) 
b.*263-47..>+: Hp(3).3. C’P — ye Cls induct (4) 
+. (8). (4). #27611. 

F:Hp.aPs8. >. (qy). O*P —veCls induct. aPoy.yPo8 (5) 
F.#120°'71. Transp .> 

tf: Hp. aeClinduct'C’P — t6A.3.(C°P — a)ve Cls induct (6) 
t. (6). #276121. 3+: Hp.>.(CiP—)“(Cl induct*C*P — tA) C Of Po (7) 
b. (2). (5). #2711 .(7). Db. Prop 


The following propositions constitute the proof of 
Pe Qinfin. 3. PyeDed (*276-4). 


#2763. FTE! Prt. Diae Te. =.aer.P,, Neat PA = minp(s‘A — pr) 
[(*276-03:04)} 


#276301. b: Pe. AC COPA Awe0UL. DEL Py EL Pp 
Dem. 


b.*40°1913 Dhupr=sr.d:a,her.Dag-a=8 a) 
+.(1). Transp. #4023. 0b:Hp.d.q!ste—pte. 
{*250:121] D.E! minp(st« — p%«): 3+. Prop 


4276302, FrE!P A.D. Patreplpr—pr [2763] 
4276303. +. TeGA (Lo GA 
Dem. 
b.42763. DkipTpX.D.pOr a) 
F.4276°302. Db: pTprA.D.per (2) 
bd). (2). #20118. 34. Prop 
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#276304. bu {A (Tp, a)[ he De wOr. pAC pie. wer. prt py 
[¥276-302'303] 
#276305. b.A(T'p,x)eQ [4258-201 . 4276'303] 
#27631. b:PeQ.qir.XCCiKCP—UA.AweD Tp. dD. 
rel. s'A= praun [*276°301 . Transp] 

#27632. b:.PeQ.rAnv~e0U1.ACD‘P,. 9: 

Ppfde p lpr — priaerd.d,.% a PP_th =pr 0 E* Pp 


Dem. 
b.4276301. Dt:Hp.d.E! Ten. EL Pad. (a) 
[*276'302] 2+Prthe pT pr — Bm (2) 
b.(1). #2763. 9b: Hp. dD. PPPn da sr= PPPp dr a pr (3) 


+ .(2).(8). D+. Prop 


4276-321. t : Hp 4276°32.ae Tp". Ber—Tp'. Dash 


Dem. 
= > 
+ .#*276°3:32.3h:Hp.d.Pprdrea—- B.an PPAN= Bn PoPmdr. 
[*276°11] D.aP,8: D+. Prop 


#276322, bs Hp #27632. €(TpeA)X.ae p+. Red—p-I-aP,8B 
Dem. 
b.#40238 Db. pC(PpeA)rA. gq! pipwep.dep.Ber— f+ DMuap+APoBiD: 
acp'p. Ber—p'p-Iaa+4Py8 (1) 
F. (1). #276321 . #258241 . +. Prop 
#27633. +: Hpx276°32.q! p(Tp*xA)A.D Up Tp A) n= min (Pe) 
Dem. 
+ .¥276°31. #258231. +: Hp.D. p(Tp#A)re1 ql) 
F. (1). *276°322. Dk: Hp.aedr—p(TpeA)a.d. {tp T pA} Pya (2) 
F.(1).(2). 3+. Prop 


¥276°331, +: Hp #27632. q! p'(Tpk AYA. D- KE min(Ps)'A [427633] 


#27634. bs Hp #27632. upd. pe DT ps >. (Putd) P(Pmntp) 
Dem. 


+ .*2763. Dh: Hp. Dd. Pad = minp (sr — pr) qd) 
b. 2763304. 3+: Hp. dD. Prtwe(sr— pr) (2) 
+ .*276302. Ot:Hp.d. Pare pty. Paiwrve pp. 

[#1 3-12] D. Patt + Pape (3) 


F.(1).(2)-(8). 3+. Prop 
R, & W, IIL. 
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#276341, | :. Hp #27632. p(TpxA)AX=A.D: 
Prf (Lp AYR C PEP S(T pe AY » Pini (Tp# AYA ~ € Cls induct : 
pwe(TpeA)X—t'ALD, ELT pip. E! Pang 
Dem. 
F . *258'231 . «276301. > 


bs. Hp. D:e(TpeA)X—Up(Tpx AX. DE! Tus E! Patt 

[#276°34.Hp] D:we(TpeA)A.E!P,‘p.D. (Pnfp) P (PT pw) (1) 

F. (1). #261:26 . Transp. 3+. Prop 
276342, |: Hp *276341.2{A (Tp, «)} w- EY Pafp. Dd. (Pid) P(Pn'e) 

Dem. 
bk. #2763.) 
Fs:Hp:pC(Tpx A). qi p.qipp:d:. Papp es‘p’p — ppp: 
[#40°1-11)} D:.(qa).aep'p. Paippeas(qa).ae pip. Pr ppweat 
[#40°1.411:26] D:.X€p.D,:(qa).aer. Pr‘pipea:(qa).aer.P,, ‘pip rear 
[x401-11] Dz. Ne ps Da» Patpfpe (8 —p'r) (1) 
F. (1). #276302. 3: Hp(1).>: 
Tp'r€ pede pe Dye Puide pol pr. Pmip'p~ ep'Tp'd : 
[#1312] 2:Tpep-NEep» Dae Prd + Pupp (2) 
F.(1).(2).*2763.5+:Hp(1). Teepe p-D- (Pu) P (Papp) (8) 
b. (8). #27634. %258-241. D+. Prop 
¥276:35. b:.PeQ. nC D'Py. qin. p(TpeAyn= A.D: 
he (TpwAVe ~UA.D. Pye pT phn PP yi T pd 


Dem. 
}.¥276341.2+:Hp.re(Lpe del. Dd. ELT pn. 
[4276-30234] >. Paihep Ted a PPP: Dk. Prop 
4276361. b: Hp*27635 62. Pai (TpeA)e C Put 
Dem. 
b. 42763. Dt. SE! PyfA a) 


+, #276°35 (4276-05). Dk: Hp. re(Tr¥A)e A.D. Pathe Pye (2) 
F.(1).(2). 34. Prop 
*276:352. | : Hp *276'35.35.Pyfe~e Clsinduct [*276'351°341] 


#*276:353. | : Hp *276°35 . Ne (Tp#A)‘« «X{A (Tp, x)} Msmepe >. 
2 
prn P Paik = pea PP d= an PoP r 


Dem. 
b. #276304. Dt-:Hp.Dd.aer (1) 
+. #2763531 .Transp. D+: Hp. 3. E!PpA.Av~cOvVl (2) 
> 


: > 
F. (1). (2). #27632. DE: Hp. dD prAnPPmA=anP Par (8) 
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> => 

b.(8).- Db. Hp.d: Pep. dp.an POP AA = Bn POP yd (4) 
= > 

b.(4)- Dh: Hp. dD.an PPP A= pen Pair () 


f.(3).(5). 3+. Prop 
#276354. | : Hp #27635. Re Eaea ees aerA.D. 
Pyicn PP N= prn PP, Naan PP 
Dem. 
+ .*276353.3t:Hp.q!w.rA{A (Tp, x)} wo. 


oy 
pen PEP r= PRATT ah 


= 

[*22°47] >. (pian PY Prin) an PP, a ese A EP, ™ (1) 
> > 

+ .*276°353.5+:Hp.p{d (Tp, «)}rA.2- p* BAP Pape pho Flat 

[*276°342] Cprn POP pir (2) 


F.(1). (2). ¥276°305. > 
> = > 
F:Hp.we(Tp%A)e— A.D. (phan POP p) 9 PEP WAC PAN PPA (3) 
+ .(3) . #276°32 . (#27605) . DF. Prop 
276-355. b : Hp *276:35.aex.D. (qr). Ne(TpkA)x Ger. PrAvea 
Dem. 
b.#401. 3b: Hp. 3: (qa). re(Tp¥ Ax .ared: 
[276305] Di (qr): rA€(Tpx Ae avers pe{[A (Lp, «)}X-I,.4¢e~ (1) 
b.#401. Db. [A (Lp, e)}X.D,.cepir= pid (Tp, x)A:D.aer (2) 
F.(1).(2). Transp. 3 
b:Hp.D.(qA,u).p, re(TpeA)ic X= Tp'p.cepiarved. 
[42763] D.(qp).we(TpeA)c. cen. Paiwwear Db. Prop 
*276:36. | :Hp*27635.a0cn.3.(Py‘x) Pea 
Dem. 
+. x276°351:355°354.D 


> > 
F:Hp.D. (qa). r6(Pex A). Pre Pui — ao. Pyen POP = ANP iPad. 
[*276:352) D.(Pyfe) Peat DE. Prop 
e 
*276°361. +: Hp #276:35.3.«CP,'Puix [*27636] 


#27637. | : Hp *276:35 . (Pu‘x) PpB- 2. (Gqa).aex.aP,h 
Dem. 


= > 
+. 276-11.Dh:Hp.>d.(qz).zePate— 8. Pyfen Piz = Bn Po. 


> 
[(276-05)] D. (gz, %)-Ne(Teed he. ze pd PPP dr — =f: 

Pate n Pew =Brn ra , 
[*276°354] Dd. (gz, r,%)- ~he(Teedye:. aed, aea— B. 


Pr CPP, ng an P Pat = fn Paths 
[Fact.*276°304] D.(qz,a).aex.zea—B. Ba P2Ca. 
[#170711] D.(qa).aex.aP,8:Dt. Prop 
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#27638. |: PeQ.«CD°Py.qt«. p(TpeA)« = A.D. Pyfc= tl (Po) 
[*276°361:37] 
#276381. b: PeQ.c«CD°P,. gtx. p(TpeA)ix = A.D. EL th (Py) x 
[*276°38] 
#27639, :PeQ.cCDP,.qtx.d. Ef limin(P,)« [%276331:381] 
in the following proposition, the only reason why P has to be infinite is 
in order that P, may exist; for “Ded” was so defined as to exclude A, 
#2764. +: PeQinfin. >. Pye Ded 
Dem. 
+ .¥276°121.*207°3.%205°18.5: Hp.2.liminp‘A = CP. liminp't‘A =A (1) 
b.#2067. Dk: Hp.«cCO'Py. Nex. xttA.d. 
> aa 
prec (P,)‘« = prec(P,)(«—- fA) (2) 


b. #205192..D ks Hp (2)... min (P)fe = min (Py)(« — tA) (3) 
1. (2).(3). Dk: Hp(2).D. limin (P,)‘« = limin (P,)‘(e — tA). 

[*276°39] >. E! limin (P,)‘« (4) 
b.(1).(4). #27639. 3b: Hp.diceCOP,. D,. EB! limin (P,)‘«: 
[*21412°14] 3: P,eDed:. +. Prop 


#27641, b: Pew. Dd. PyeO [*276°2-4°14.%2751] 
427642, bz Pew. Dd. OPye 2% 


Dem. 
b ..#276°13 .%27427.3+:Hp.d.Ne'O'P, +, &, = 2% qd) 
b. ¥2762. Db: Hp.d. (qu). NefO'Py = w+, %o- 
(#123°421] >. NefO'P, +, % = NeOP, (2) 


-.(1).(2). 34. Prop 
¥27643, | . O° = Qh 


Dem. 
b. «276-4241. Db: glo. Dd. qiCOn Ie, 
[%100°42.4275:33.%152°'71] 3. OO = 280 qd) 
b. #27511. #263101. Dkrw=A.D.G=A (2) 
b. #263101 . #116204. DE:@=A.D. 2A (8) 
+ .(2).(3). DE:~= A.D. C9 = Qe (4) 


b.(1).(4). D+. Prop 


The propositions proved in the present number are capable of being to 
some extent generalized. Also we can prove 


t, 0 = (wexp,o) +1. 
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For this purpose, we prove first that if P,Q are well-ordered series, P? is 
Dedekindian (except that if ~E! BYP, P® has no last term); 1. we prove 

P.QeQ.D:XNCOPY. G!r.D,. EB! limin (PX. 
For this purpose, assuming XC C‘P?. q!A, put 

Ont = ming’ G (ry ~e0vl), 

Tp = dn MM Qmn!d= min pM Qua'A}, 

A=KB(u CA. wr), - 
(PQ) =a (qu). we(To¥A)® = (pu) O Omi}. 


We can then show, by steps closely analogous to those in the proof of PyeDed, 
that we have 


Al p(Lpe A) A.D. Up Tpe AYA = min (PY, 
wl p(TpxA)r. 2D. (PQ)A = prec (Pe)'Aa, 
whence, in either case, E! limin (P®)". 
Hence we have 
F:P,QeQ. E1BP.>. Pee Ded, 
b:P,QeQ.wE! BP. Zr eOF®, Dd. Pet Ze Ded. 
We have therefore + .(w exp, o) +1 € Ded. 
We now have to prove 
Qe(w exp, o) +i sD. EN n med‘Q. 
For this purpose, it will be sufficient to prove 
Pew. d.q! Xn med(P*), 


The &, in question will be the class of those members of C“(P?) in which, 


from a certain point onward, the correlate of every member of CP is BtP. 
We have 


M(P?)N.=:M,Ne(OP TOP) SCP: os 
a 
(qz). ce O*P. MP P& = NU P%.(M‘a) P (Nx). 
Now consider the relation 
4 v ev 
L=MfPyScoy) Pou (BP) tT PPS, 
where (MP2) Py. 
Then M(P’)L.L(P?)N. Also L has B‘P for the correlate of every term 
after Pea, Hence it is determined by the correlates of the terms up to and 


including Pye, Thus, putting z= P,‘x, we have to consider the class of 
relations 


w—¥cqe). ce UP. Kel Cle. GX = Pyte, DEX COP}, 
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If Xep, Xo (BP) } Pémax p(X is a member of C‘P?. We have there- 
fore only to show that we X. 


To show that we®&,, we observe that if Xepw, D‘X and AX are both 
inductive classes; hence each has a maximum. Let X and X’ be two 
members of yz, and let us put 

aw = maxp'D*X . a’ = maxp'D‘X’. y = maxpA‘X . y’ = maxpC‘X’. 

If w=pp and y=vp, put at+py=(e+,v)p. Then put X before X’ if 
(a@+py)P (a +py), or ifatpy=a'tpy.yPy. Butif et+py=2' +py’ and 
y=y, te. if c=a’.y=y’, take the immediate predecessors of 2, y, a’, ¥ in 
DX, Gx, D‘X’, ‘X’ respectively, and apply the same tests to them, and 
so on, until we come to a difference. In this way, we obtain an arrangement 
by last differences (in a slightly extended sense), and this arrangement is 
easily shown to be an w. Hence we. Hence the class 


y= 4 ((qX).Xep.y =X w(uBP) t Pmaxp OX} 


is an &, and we have already shown that it is a median class of C*P?, 
Hence 


b:Peo. > .qiNpn med(P*), 
The same class will be a median class of P? 4 Z, if Z~eO*P?. Hence 
brPew.Zve OP?. Deg 8a med(P? 45 Z). 
Hence, by what was proved earlier, 
br Pew. ZreOP?.3.(PP Ze, 
ie. +. (w exp, o)+i=8. 


PART VI. 


QUANTITY. 


SUMMARY OF PART VI. 


THE purpose of this Part is to explain the kinds of applications of 
numbers which may be called measurement. For this purpose, we have 
first to consider generalizations of number. The numbers dealt with hitherto 
have been only integers (cardinal or ordinal); accordingly, in Section A, we 
consider positive and negative integers, ratios, and real numbers. (Complex 
numbers are dealt with later, under geometry, because they do not form 
a one-dimensional series.) 


In Section B, we deal with what may be called “kinds” of quantity : 
thus eg. masses, spatial distances, velocities, each form one kind of quantity. 
We consider each kind of quantity as what may be called a “ vector-family,” 
ae, a class of one-one relations all having the same converse domain, and all 
having their domain contained in their converse domain. In such a case as 
spatial distances, the applicability of this view is obvious; in such a case 
as masses, the view becomes applicable by considering eg. one gramme 
as + one gramme, i.e. as the relation of a mass m to a mass m’ when m 
exceeds m’ by one gramme. What is commonly called simply one gramme 
will then be the mass which has the relation + one gramme to the zero 
of mass, The reasons for treating quantities as vectors will be explained in 
Section B. Various different kinds of vector-families will be considered, the 
object being to obtain families whose members are capable of measurement 
either by means of ratios or by means of real numbers. 


Section C is concerned with measurement, i.e. with the discovery of 
ratios, or of the relations expressed by real numbers, between the members 
of a vector-family. A family of vectors is measurable if it contains 
a member T (the unit) such that any other member S has to 7' a relation 
which is either a ratio or a real number. It will be shown that certain 
sorts of vector-families are in this sense measurable, and that measurement 
so defined has the mathematical properties which we expect it to possess. 


Section D deals with cyclic families of vectors, such as angles or elliptic 
straight iines. The theory of measurement as applied to such families 
presents peculiar features, owing to the fact that any number of complete 
revolutions may be added to a vector without altering it. Thus there is not 
a single ratio of two vectors, but many ratios, of which we select one as the 
principal ratio. 

16 


SECTION A. 


GENERALIZATION OF NUMBER. 


Summary of Section A. 


In this section, we first define the series of positive and negative 
integers. If y is a cardinal, the corresponding positive and negative 
integers are the relations +, and —, ym, or rather (+,u)f (NC induct — e‘A) 
and (—, #)[ (NC induct — cA). (It will be observed that a positive integer 
must not be confounded with the corresponding signless integer, for while 
the former is a relation, the latter is a class of classes.) We next proceed to 
numerically-defined powers of relations, i.e. to R’, where y is an inductive 
cardinal. We have already defined R? and R:, but for the definition of ratio 
it is important to define RY generally. If Rel—+1.2R,, CJ, we shall have 
Ry=R,,.and if ReSer, we shall have (&,)"=R,. But these equations do 
not hold in general, and in particular if REZ and »+0, R’=R but R,= A. 
After a number devoted to relative primes, we proceed to the definition 
of signless ratios, thence to the multiplication and addition of signless ratios, 
thence to negative ratios, and thence to the generalized addition and 
multiplication which includes negative ratios. (In the case of ratios, signless 
ratios are identical with positive ratios. This is possible because signless 
ratios, unlike signless integers, are already relations.) We then proceed 
to the definition of real numbers, positive and negative, and to the addition 
and multiplication of real numbers. At each stage, we prove the com- 
mutative, associative, and distributive laws, and whatever else may seem 
necessary, for the particular kind of addition and multiplication in question. 


Great difficulties are caused, in this section, by the existence-theorems 
and the question of types. These difficulties disappear if the axiom of 
infinity is assumed, but it seems improper to make the theory of (say) 2/3 
depend upon the assumption that the number of objects in the universe 
is not finite. We have, accordingly, taken pains not to make this 
assumption, except where, as in the theory of real numbers, it is really 
essential, and not merely convenient. When the axiom of infinity is 
required, it is always explicitly stated in the hypothesis, so that our 
propositions, as enunciated, are true even if the axiom of infinity is false. 


#300. POSITIVE AND NEGATIVE INTEGERS, AND NUMERICAL 
RELATIONS. 


Summary of #300. 


In this number, we introduce three definitions. We first define “U” as 
meaning the relation which holds between w+,v and « whenever » and » 
are existent inductive cardinals of the same type, and vy +0, and w+,» exists 
in this type. Thus U is the relation “greater than” confined to existent 
inductive cardinals of the same type. The definition is: 


#30001. U=(4+,1),.0 (NC induct—e'A) Df 


Then if yw is an inductive cardinal which exists in the type in question, 


v 


U, and U, are the corresponding positive and negative integers, where “U,” 
has the meaning defined in #121. It will be observed that 0U, , so that 
U,, exists, when p exists in the type in question. We prove (*300'15) that 
U is a series, and (30014) that its field consists of all existent inductive 
cardinals of the type in question, its domain consists of all its field except 0, 
and its converse domain of all its field except the greatest (if any). If the 
axiom of infinity holds, C‘U consists of all inductive cardinals. 


It will be observed that U arranges the inductive cardinals in descending 
order of magnitude. The reason for choosing this order instead of the 
converse is that U is less required in its scrial use than as leading to the 
functional relations U,. As explained at the end of Part I, Section D, there 
is a broad difference between functional and serial relations, and this 
produces, where one relation (or its derivatives) is to have both uses, a 
certain conflict of convenience as to the sense in which the relation .is to be 
taken. Considered as arranging the integers in a series, U would naturally 
be defined so as to arrange them in ascending order of magnitude, as was 
done with “N” in *123. But considered as functional relations, it is more 
convenient and more natural to take (say) +, 1 as the relation to start with, 
and —,1 as its converse. Thus we want wU,» when w=vt,1, te. we want 
U,v=v4,1; and this requires the definition of U given above. 


We prove in this number (*300-23) that Tis well-ordered, and (#300°21:22) 
is either finite or a progression. We also prove (#300-17°18) that, if » is any 
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typically indefinite inductive cardinal, » and 4 +,1 will belong to C‘U if U 
is taken in a sufficiently high type. 

Our other two definitions in this number define two classes of relations 
which are of vital importance in the theory of ratio. We define numerical 
relations, which are called “ Rel num,” as one-one relations whose powers are 
all contained in diversity, i.e. we put 


¥30002, Relnum=(13 1)a R(PotRCRIV) Df 
We thus hay» (*300°3) 
b:ReRelnun.=.Rel +1. 8, EU. 


It will be remembered that the hypothesis Re(Cls—>1)v(1—>Cls). Ryo EF 
played’a great part in *121, and in all later work which depended upon #121. 


When both R and RF fulfil this hypothesis, we have Re Rel num, and 
vice versa. We prove (*300°44) that if o is an inductive cardinal not zero, 


and P is a series, then P, is a numerical relation, and so is P,. If P is an 
endless well-ordered series, finid‘P (ie. the class of relations P,) is what 


(in Section B) we shall call a vector-family: P, is the vector which carries 
a term o steps along the series, 


In order to be able to deal with zero, we have to consider the application 
of ratios, not only to such relations as are numerical in the above sense, 
but also to relations contained in identity, because a relation contained 
in identity may be regarded as a zero vector, so that (eg.) if P is a 
series, [[ CP will have a zero ratio to P, if o is an inductive cardinal 
other than 0. 


We therefore introduce a class “Rel num id” consisting of numerical 
relations together with such as are contained in identity; these may be called 
numerical or identical relations. They may be defined as one-one relations 
whose powers, other than R,, are contained in diversity, because, if RG J, 
there are no powers other than 2. Thus we put 


#30003. Rel num id =(1 1) a &(Potid’R—R, CRI) DE 
and we then prove 
*300°33. + . Rel num id = RIZ v Rel num 
For the application of ratio, it is important to know under what circum- 


stances there exists a numerical relation R such that R, is not null. We 
prove (*300°45) that if o is an inductive cardinal, and P is a series of 
a+,1 terms, then (B‘P)P,(B‘P). Now we also prove (*80044) that if 
P is a series, and R=P,, P,=R, and R is a numerical relation. Hence 
it follows, by *262°211, that if ¢ +0 and ais a class of ¢ +,1 terms, there is 
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a numerical relation R whose field is of the same type as a and for which R, 
exists. Remembering #300714 (quoted above), this proposition is: 


«80046. biae d‘'U-10.). 
(qP, RB). Pe(o+,I,-R=Py. Re Rel num. (O'R = ta . (BER) Ry (BR) 
We have conversely (*300°47) 
+f: ReRelnum.q!Re.d-ceNCind. gi(o+,1)ntOR.catCRe Ay, 
where “NC ind” has the meaning defined in *126, te. “ceNC ind” means 
that o is a typically indefinite cardinal. 


The number ends by propositions proving (*300°52) that U, is a 
numerical relation, that (*300°57) 
ALU ACU a D+ Exeve CU. E xev = 7 Xop, 
and analogous theorems. 


#80001. U=(+elpo$ (NC induct — ¢A) Df 
#30002, Rel num =(1—1)a R(PotfR CRIN) pe 
#30003. Relnum id =(1—1)a R(Potidé‘R-UR, CRIS) DF 
#3001, Fi wy. =. w(tel)pov. ve NC induct—eA — [(*800'01)] 
#30011. Fi.uUp.=: 

uve NC induct — fA: (qr). Xe NC induct —t0 .pavt,r: 
tp,veNCinduct — tA: (qr) XO. m=rt.A2 
rm,veNCinduct—t'A: (qr). XeNC—tO0. ment r 

[#800°1 . #120°42°4.28°462°452 .110°4] 

#30012. F:yUv. 


+#,veNCinduct—tA.u<p. 
«pve NC induct. v <p. 
«we NC induct .vp <u 


[4300711 . #1173 . 120°42 . 117-26 . #1106. k11 7°15 . #120748] 
#80013. /.UGJ [%30012.*117-42] 
#30014. +.0*U=NC induct — ‘A. D‘U = NC induct — ‘A — 0. 
GU =NC induct nf (qt v4, lL =F (v +, 1 NC induct —t‘A). 


Bar=0 
[#30012 . #117511 . #120°122 . #101-241 . 120-429-422] 


#30015. |.UeSer (*30013 . 120-441] 


#80016. b:aeClsinduct.>.Nyefae OU n tha. Noctae CCU fa) 
Dem. 


we we a 


b.*12021.5t:Hp.>.N,cfae NC induct (1) 
#10813. Db. Nicfat A (2) 
b.xL0B11. DE. Nicla eta (3) 
b. (1). (2). (3). #80014. 3. Prop 
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«80017. F:weNCind.>.(qa).patacCU .pweC(UL a) 
Dem. 
F. «1261. Dt:Hp.d.(qa).aeCls induct.~—=Nea.qip. 


[*103°34] >. (qa).aeClsinduct.wntta=Nicla (1) 
F, (1). #80016. 2h: Hp. 2. (qa). pn ttacOU. (2) 
[65°13] Dd. (qa). peOU peta. 

[*63°5] D.(qa).pweCU. pet*a (3) 


F. (2). (3). +. Prop 
#80018. -:weNCind.>. 
(qo). 2 CCUL Pa). (wt. lattice OU. weA(Ut oc) 
[#126°13°15 . *800°17°14] 
#8U0181. bs we NC ind. wa tiae OU .2. 
wa taclU. (wt, lnacKU.wntiacdU 
[126-23 . #30014] 


43002: Infinax.>.U=N,, 
Here W has the meaning defined in *263-02. 
Dem. 

F.43001 41251. Dh: Hp. Dsulv. 
[#120-1.491574] 

{*96°13] 

[(#263-02.%120°01)] 


+» ve NC induct. u(+¢1)po¥+ 
(te Lx 0 + (te Vpors 


+ HA(to lL) Pte D'Olpo + 
+N, 4%. I. Prop 


Me tll 


#380021. +:Infinax.>. Tew [*300°2 . *263°12] 


#30022. b:~Infinax. Dd. Ue OD induct 
Dem. 
b.#125:16-24. Transp. +: Hp. >. OU e Cls induct qd) 
F,(1).*300-15 . #26132. D+. Prop 


430023. +. eM [4300-21-22] 


#300231. b: wU,y.=.y,ve NC induct—uA.p=v4l. 
«we NCinduct -t'A.p=vt i. 

-we NCinduct —A-—t0.v=p—1. 
-veNC induct —t'A.v=p-—,1 


(allo til 


Dem. 

F #8001512. #20163. > 

Fi. wU,v.=:y,veNCinduct—tA.v<pin(Ga)-vp<cr.X< pm? 
pve NCO induct—iUA.y <pivt lee pevtl: 
{117-25] =: p,»e NC induct —tA.p=v4,1 (1) 
F. (1).#120422'424-423 . DF. Prop 
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#800232. F: we NC induct. >. 


Uy = (tem) E (NC induct — eA). Tu = (yu) [ (NC induct — 1A) 
For the definition of U,, see *121-02. 


Dem. 
F. 121302. #380015. Db:pU,c.=.c6eO'U.pa=c. 
[*800°14.4110°6] =+p,o¢€NC induct— ‘A .p=o 4,0 (1) 


F . #260°22-28 . ¥121:332. 3 

be U,=(tem) 0 (NC induct — 0A). 3. Tuya = (tem) [ (NC induct — “A)| U, 
[300-231] = (+) $ (NC induct — A) | (+, 1) E (NC induct — A) 
[4120°45-452] = (+6 (4 +e D} L(NCinduct -14A) (2) 

+ .(1).(2). Induct. 3+. Prop 


+> 

#30024, F:ye¢NC induct. >.D‘U,= Uy’ = NC induct a (v > p) 
[#300232 . #11781. #120-45] 

#30025. b:weNC induct.>. 


Sy 
BU, 


«. a 
= Uw =NC induct nd (p<) =U (0b gw) 


[*300°232°24-12] 
#30026. Fi weCU.=.pnU,0.=.q!1U,0 (CU) [*800'282:14. *1106) 
Here the » in “ U,,” is of higher type than the w in “weC*U,” because 
the interval U(0 +4) is composed of members each of which is of the same 


type as pu. 
¥300'3, +: ReRelnum.=.Relw1.R, CJ. =. Rell. Pot ROR 


[(*800-02)] 
#80031. :ReRelnumid,=.Rel— 1. Potid‘R—uR, CRIS 
[(*300-03)] 
«300311. : REJ.=.R,=R.=.R=IPOR 
Dem. 
e > 
F.x2011318. Dru REL.D:veCR.D. Ryian Ryfa=e'a (1) 
F.(1). #12111. 5+: RET. D.IPCRER,. 
[*121°3] D.R,=IP CR. 
(*72°92] D.R,=R=ItCR (2) 
b. #1213. DE:R=R.D.REI (3) 
F.(2).(8).F. Prop 


#300312. 1: REI.D. Potid‘R=uR=uR, [4300311 . *50-72 . Induct] 
#300313. |: Re Relnumid.d. Ry Ry, ES [300-31 . #9155] 
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«80082. +: ReRelnumid.d.R,=IP CR 
Dem. 


b.x9135. Db. TP CR Potid‘R — Ri ex'T qd) 
F. (4). «80031 .34. Prop 


4800321, t:ReRelnumid. R4R,.D.RET.qtR [30031] 
4800322. F: REJ.D. RAR =A 


Dem. 
F.¥l218. Dhak yet y.d.~(aRy) QQ) 
b.*5024.3+:.Hp.3:~ (Re): (2) 
[*91:57] D:ek,, c.2.0(R,,|R)c. 
[#121-103.(2)] D.R(wra)tee. 
[121-11] D.~ (Rye) (3) 


b.(1).(8). 3. Prop 
#300323. |: Re Relnumid.R+R,.d.R, CS 


Dem. 
+. #300°321-322-D+:Hp.3.R,  AR=A. 
[*300°32] Dd. RF, ATPOR=A:D+. Prop 
«800324. F:. Re Relmimid. 3: RE7.v. Re Rel num 
Dem. 
+. #300°311328.3h:.Hp.3:RGi.v. 2, Gu (1) 
F.*300'32. Dt: ReRelnumid. Rk, EU.D. Potid‘R~iR,=Pot!R (2) 
+, (2).*800'31. Db: Re Rel numid. &,, €J.9. Poh ROR (3) 


F.(1).(3).#300°3. DF. Prop 


*300°325. k: REJ.D. He Rel num id 
Dem. 
+. «300312. DF: Hp. 2. Potid'R - oR, =A qd) 


+. (1). #30031. 9+. Prop 
#300326. + : Re Rel num. 2. Re Rel num id 


Dem. 
.#121-3.43003. Dh:Hp.d.R,~ePot'R (ly 
b.*121:302.%300'3.3:Hp.>.R, =P CR (2) 
F. (1). (2). 49135. Db: Hp.>. Potid*R — eR, = Pot!R (3) 


+. (8). #800331. 3b. Prop 
*30033. +. Rel numid= RITZ vu Rel num  [*300324325'326] 
#30034. +. Ae Rel num [*300°3 . #72:1] 
«3004. + . Rel num = Cav“Rel num (*300°3 . #91522] 
«300-41. |. Relnumid=CnvRelnumid [#30031 . #91-521] 
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430042. +:ReRelnum.)D. Pot‘RC Relnum 
Dem. 
b. #916. *92102.3 
F: Re Relnum. Pe Pot!'R.D. Pell. Pot!PCRIV. 


[*300°3] >. PeRelnum: D+. Prop 
#80043. F: Re Relnumid, >. Potid’R C Rel num id 
Dem. 
F.*300°325°312. OF: REI.5. Potid‘RC Rel num id qd) 
F.*800°325. DF. EP CR. Rel num id (2) 


F. (2). ¥80042-326.D: ReRelnum.>. Potid‘RCRelnumid (3) 
F . (1) -(3).#30033 . DF. Prop 
430044. fs. PeSer.ceNCind.3: 
P,, P, eRelnum id: ¢40.. Py=(Pie+ Po, Poe Rel num 


Dem. 
+ 121-302 . #300325 . Dt: Hp.c=0.3.P,,P,eRelnumid (1) 
F .#260-28 . Dh: Hp.ct0.d.P.=(Pye (2) 
F.*300°3.*260°22. Dt: Hp.3:/f,¢Reloum: 
[¥121'5.%300-42] D:¢40.3.(P,)-¢ Rel num. 
[(2).*300°4] >. P,, Ps¢Rel num (3) 


F.(1).(2).(8). 3. Prop 


430045, b:ceNCind. Pe(o+,1),.2+(B'P) P, (BP) 
For the definition of (¢ +, 1),, see *262°03. 


Dem. 
+. 426212. Db: Hp.d.PeQ. CO Pertyl. 


[¥202-181.%261-24] >. (B“P) P, (BYP): D+. Prop 


#80046. Fice0U-10.3. 
(qP, R). Pe(o +,1),+R=P,. ReRelnum O'R = ta (BR) Ry (BER) 
Dem. 
F.*300'14. 3b: Hp. >. (qa). ae Cls induct .tta=to.aert l- 
[*262-21 1] D.(qP).Pe(o+,1),- OP =t'o. 
[300-45] D> .(qP).Pe(a +91); .6O°P = fo . (BP) P, (BP). 
[*300-44.9261-22]  9.(qP, BR). Pe(o te 1),- R=P,. ReRelnum. 
HOR = tfo . (BER) R, (BR): DF. Prop 


R & Ww. IM 
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#30047, +: ReRelnum.q!R#,.>. 
oeNCind .gi(o4+, 1) nfOR.catORe AU. 


Dem. 
F.¥12111.5+:Hp.d.(qz,y).R(a@Hyjert 1. 
[*121-46] Dot leNCind.gi(ot,l)ntCR. 


[#120-422.430014] D.ceNCind.g!(ct,1l) atOR. 
ontORe AU: a+. Prop 


«80048. F:RGJ.y+0.3.R,=A 


Dem. 
+.#300312311 #9155. D+: REI.2.Ry=IP COR (1) 
F.(1). #1211038. DF: REL.D.R(aHy)=ORataenvy (2) 
F.(2). #12111. DEA RET. D:aR,y.=.CRatvaentyev+1. 
[#117222] D.vt1l<Neia. 
[117-5421 20124] Divt l=. 
[1106414120311] d.y=0 (3) 


F.(8). Transp. 3+. Prop 
#800481. }: ReRel num id.v+0.9.(R,),=A.(R,) ER, 
Dem. 


F. «8003248 . DF: Hp..(2,)=A qd) 
b. £80043'32.F:Hp.3.(R,),=lf OR,. 
[#121-322.%300'32] >.(R,), ER, (2) 


F.(1).(2). DF. Prop 
*30049. F: ReRelnum. Awe Pot'‘R.D.C'R~e Clsinduct 


Dem. 
b.4#1215.3b:.Hp.Dd:veNCinduct.>.q!R,. 
[¥#121-11] 2-H! (v +, 1) 9 CIC'R:. DF. Prop 
#300491. b:(qR).ReRelnum. Ave Pot‘R.D.Infin ax [300-49] 
#3005. +.U,¢Relnum [*800:15-44] 
*300°51. +. U,¢ Rel num id [3800°15-44) 
#300511. +. U,=(Ti), [#800°21-22 , 263-491] 
#30052, b:yeNCind—0.3.U,¢Relnum [%300°15-44] 
#30053, f.(xo1)[ O'U ¢ Rel num id [#300°325 . *113-621] 


#30054. +: Infinax.we DU ~t1.3.(x,#) [ Di'Ue Rel num 
Dem. 


+. #12051. Dt: Hp.d.(x.n) > DiUel—1 (1) 
F. #12651 . #113621. 3+: Hp.D:p{(x.p)[DiU}c.D.p>c: 
[#117-47-42] D:{(x, 4) f D‘U},, EF (2) 


F (1) «(2) «3003.24. Prop 
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430055. iG! RAK, D.qi(ptolntCR.p=o [*l211.*12031] 
#800551. FG! R,ARe.=.q!R,.pao [*800°55] 
#300552. t: Re Relnum.>.(R,), © Rex.y 


b. #12136. Db:Hp.&veNCind-10.9.(Rp, = Rix (1) 
+. #300481. 3b: Hp.&=0.0+0.39. (RHA (2) 
F. €300°32°311 .#113:602. Db: Hp. &=0.»=0.9.(Ryy= Rexe (3) 
+. «3004814113602. DJh:Hp.F+0.y=0.9.(R VE Rex (4) 
b .*800°47 Dt: Hp. ~(EveNCind).3.(R),=A (5) 
b. (1). (2). (8). (4). (5). DF. Prop 

#80056. +: Re Relnum.q!(Rp,A(R,u-D- 

Ex.vHq xo me (Ex vy ntOR «AU 


Dem. 
b.#300°552. DF: Hp. Dd. G! Rees A Rayon rap) 
F, (1) .#300°55 «DF. Prop 
#80057. big !(Us,A(U,)..9 Ex ,veCU.Ex,v=q Xp 
Dem. 


F. *800°5°511:56552.D+:Hp.d.Ex v=axou- Hl Vex (1) 
F.(1).#30026.3+. Prop 

By 80056, we have, with the above hypothesis, (& x, »)ntC’U e IU. 

But here the U in (‘U is of higher type than the J in (£ x,v) n ¢*C'U or in 


the hypothesis. In the type of the U in the hypothesis, we have & x,veC‘U, 
not necessarily & x,veU‘U. 


«300571. bs. & ne DOU. Dt (UpV A(T, HEX VE OU EX Va a Xo fe 
Dem. 

F.#300:26. DF Ex ,veQU.Exgua7 xX_ ed ~(E XY) {Vex A Uy xen} 9 (1) 

F,#121-36.5b: Hp. Hp(1).¢+0.¥+0.D. Ux. = (Uso Ugxen= (Une (2) 

F.30032.3t:Hp. Ap(1).»=0.3.(U),= LP OU;. 


[*300-26] >.0((U,),} 0 (8) 
Similarly bt: Hp. Hp(l).m=0.3.0((U,)u} 0 (4) 
#113602. 3+: Hp. Hp(1).v=0.3.=0 (5) 
.(1).(2). (8). (4).(5). Db: Hp. Hp(1). 3.41 (Ud, a (Uy)u (6) 


+.(6), 30057. D+. Prop 


4300572. fs. Fe DU. D2 Gt (Upy = - EX, OU [ 800-571 B2] 


#301. NUMERICALLY DEFINED POWERS OF RELATIONS. 


Summary of *301. 

In this number, we have to exhibit the powers of a relation R, ie. the 
various members of Potid‘R, as of the form Rv, where o is an inductive 
cardinal. We have already had R?=R|R and R*=R?|R. What we need 
is a definition which shall give 

Retelez Re| R, 

Now #* is a function of R and a; thus we have to exhibit Re in the form 
S‘o, where § will be a function of R. That is, we have to define the relation 
S as a relation of Re to c, and S must be such that, if it holds between 
Re and a, it holds between R7**! and o+,1. Thus we may take S as a sum 
of couples, such that if one couple is Re | c, the next is (R*|R) | (c +,1), 
ae. such that, if one couple is Q | c, the next is (Q|R) | (c+,1). Now 

(QB) L(o +.1)={( BI DEQ J). 
Hence, since we want to have R°=Z[ C*R, our class of couples is 
MUM {| B) (eo Dix (ZT CFR) f OF]. 
Calling this class num (R), we may therefore put. 
R= {mum (R)}fe Dee. 
If we put (| R)|\(-,1) = Rp, the above definitions are 
—~ 
num (R)=(Rpy{(Z POR) | 0} Dit, 
Re = {3mum (R)}o DE 
But the above definition of R, requires some modification before it can be 
considered quite correct. With the above definition, we have 
Rp(@ Lo) =(Q| B) | (e +61) (1). 
Now since num(R) is defined by means of (Ry)y, and since the definition 


of Ry contains the hypothesis Rep Cy, it follows that, if num (R) is to be 
significant, the relation —,1 which appears in the definition of R, must 
be homogeneous, so that, in (1), o and «+,1 must be of the same type. 
Hence o, though typically ambiguous, cannot be typically indefinite ; 
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therefore, if the axiom of infinity is not true, we shall sooner or later arrive 
at o =A as we travel up the inductive cardinals. In that case, we shall have 


Re-el | (o-—,1)enum(R).(R7-*!| R) | Ae num(R), 
(Re-"1| R| R) | Ae num (R), ete. 
Now if (for example) R is a cyclic relation, such as that of an angle of 
a polygon to the next angle to the left, we shall not have 
Re-d= R-8| Ror R-1| R= Ro-| Ry R. 

Hence snum (R) will fail to be one-many, and Re will fail to exist. Hence 
it becomes desirable to restrict o to cardinals which exist in some assigned 
type, i.e. to replace —,.1 by (—, 1) [ (NC induct — eA), ie. by Uy. 


Thus we now put R,=(|#)|| Uy, Dft. 


But even this definition is not quite complete, because the type of U is 
not assigned. It makes some difference how the type of U is assigned, for 
if we take as the type of C‘U a type lower than that of &N,c‘R, we may 
find that our numbers become A before we have ceased to obtain fresh 
powers of RB. 


For example, suppose the total number of individuals were four, and that 
these were a,z,y,z. Let us write x | (a,y,...) fora lavelyv.... Then 
consider the relation R=a|(ay)ualyuy | (az). Then 

Raal(@yaval@aey| (ay) 

Raa] (ay,#,2)ua Lavy L(y), 

Rt=rl(y,aza)ual] (y,2,2)0y | (wy,2,2), 

Re=al(ac,y,zual(aayzuy | (a%,y,2). 
After this, R°= R*|R=R*|R*=etc. But up to R, each power of & is 
different from all its predecessors, If we take C*U=tN,citOCR, (7 
consists only of the numbers 0, 1, 2, 3, 4, and is thus inadequate to deal wien 
R* Hence the type in which we take U must be a sufficiently high type, 
which must increase with the type of R. Hence we take C‘U in the type of 
tN ctR, ie. in the type of tR. This is secured by writing UP tA in 
place of U in the definition of R,. Hence the final definitions for R% are: 


#30101, Rp=(/B)||(U.t eR) Dit [#301] 
¥30102. num (R) =(R) (POR) | On eR} Dft [4301] 
#30103. Re = (mum (R)} fo Df 


The two temporary definitions *801-01:02 are only to extend to the 
present number. 
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With the above definitions we have 
#30116. FipeC'Unt*R.=.E! RY 
43012, F.R=TPCR.R=R 
4801-21, Five UnR.D.R t= RR 
#80123, FiptveCUnt*R.D. Rete = Re| Re = R’| Re 
#«301:26. +: PePotid‘'R.=.(qo).P=R* 

Ie. the powers of R are the various relations R’. This proposition might 
have been not universally true if we had taken U in a lower type. 
«8013. F:REI.ceCUni*R.D.R°= R= R=IP OR 

It is largely for the sake of this proposition that we require powers 
of relations in dealing with ratio, rather than finid‘R. For we have 
RGI.o+0.5.R,=A, so that R, does not give what is wanted if 
RGI. On the other hand (#30141), if Re Relnum, we have R7 = R, 
ifoeC'Unt*R. Thus as applied to numerical relations, R, may always 
replace Rv. 

We have, whatever R may be, 
#301004. Fi pve Un MOR. v0.9. (Rey = Rex 


The importance of this number will appear in connection with ratios 


#80101. Ry =(|R)|\ (UE oR) Dft [#301] 
4801-02. num(R) =(Rp,{(I POR) | (On eR)} Dit [*302] 
#30103, Rr = (3'num (R)}‘o Df 


2011. broe MA (UL UR). Dd. Ro | o)=(Q|R) I (ote) oR} 
[455-61 . (4801-01)] 
#801101. bi oe A (UE RR). =. TUN R. Ss. cA Uc CHR 
[*x63°5] 
#801102. Fr ce A(UP eR). 
(HA). Ae Clsinduct.q!—-A.RetA.c=Necr 
[#800'14. 103-11] 
#801103. F:ceQA(UL@R).=. 
(GA). Xe Cls induct. q@!—-rA. RerA.o=Nycr 
[#801:102 . #73°71-72] 
#801104. Fro eC(UP &R).=.(o +,.1) nt Re NC induct — eA 
[#801:101 . *800-14] 
#801:105. Fi: oe (UE RR). =. (qa). Xe Clsinduct. Rer.o +, 1 = N cr 
[301-104] 
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#801106. Fic eA(UD MR). =. (qa). Xe Clsinduct. Ret‘r.o +,1 = Nyon 
[¥301-104} 


#301107. bro eC( UE MR). =.0e NCind. Res(o +1) 
[¥801-106 . 126-1] 


#B20L11. FioeC(U PR). =. EVR (Q) 0) [*3011] 


#80112 +: Menum(R).>.(qP,c).Pe Potid‘R.ce Un R.M=P bo 
[x95-22] 


430113. f:P | Ocunm(R).3.P=IP OR 


Dem. 
F . #90°31 . (4801-02). 3 


biP] penum(R)—c{(IP OR) | 0}. 3. 

(P | 1) (Body | By} (IP CR) § 0}. 
[#30°33.43011]9.(P | 2)(Rp)y (RY 1). 
[#95-22] D.pUy1. 
[#800°24] D.p+0 @3) 
F.(1). Transp. F . Prop 


#80114. -:PJy,Q0)enum(R).>.P=Q 

Dem, 
fF. 4#120-124. %90°31.5 
Fr {SL (u+el)} (By)y (LP O'R) | 0) .2- 

(S| ute] (Bp| (Rodel (ZT OR) 4 0} a) 
b. (1) « (#801-02) . #30112. #30014. > 
b:S J) (ut lenum(R).3.8 | (ut le Rp num(R). gl etl. 
[#3011] 

D.(qP,v).P | venum(R). SL (wt 1) =(P|R)L @t+.1)-dlatl- 

[*55°202.4120°311] 


>.(qP).P | wenum(R).8 | utel)=(PIR) | te) (2) 
F.(2),.Dtz Pl wQd wenum(R).dp9-P=Q:): 
Sis, UP Lee enn) Deka T (3) 


F. (3). #3011213. Induct. D+. Prop 


#801141, +. 0S‘num (R)=C'U n &R 
Dem. 
F. «3011.5 
broeAUnt*R.o e A'8num (R).D. (o +, 1) ¢ As‘num (R) qd) 
F. (1). #30014. Induct . >. Prop 
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#80115. |. snum (R) el Cls 
Dem. 
b.#30L14.3F:M, Nenum(R).qgitdMndN.3.M=N (1) 
b. (1) .#72:32. 34. Prop 


480116. bipeOUni@R.=.E!R* [30114115 .(#301-03)] 


#3012, +. R=IPCR.R=R [%801:13°16'1 . (*301-03)] 
#*801:201. Five CU nf R.D. (RY dv) enum (R) 
Dem. 


F. «80116 . (4301-08). Db: Hp. >. Ry [s‘num (R)} pv. 
[e411] >. (qM). Menum(R). ReMy. 

[*301:12] >. (qM, P,c).Menum(R).M=Plo. RM. 
[#5513] D.(R’ | v)enum(R): DF. Prop 


4301-21. Five Un ®R.D. Ret = RR 


Dem. 
F.#8011-201.3+:Hp.>. Ret? | (v 4,1), (R’| R) | (v +.1) enum (R)- 
[#30114] >. Reels | R: Db. Prop 


#30122. F:H!R’.D. Re Potid‘R [*301'201-12°16] 


#80123. FiptoveCUnt*R.D. Rete = Re) R= R’| Re 
[*301-21 . Induct] 


«801-24. bi.oeNCindtugo.v<p.d,,,. R$ Rd. 


P((qu).n<o.P=Rjeot! 
Dem. 


F. #120442. 3+:Hp.pmc.vge.R*=R.d.p=y (1) 
F.(1). #7314. «30115 2D 


tiHp.>.Ne‘P ((qu).p<o.P=R=NeA@(quco) (2) 
F. (2). #12057. 34. Prop 


#301241. bs Hp #30124. 3. cn eReA(UE OR). Rel = Ro |R 
[*301-24'104-21] 


#801242. bic eO Unt Rip Sow <p. R= RD. Rj R= Reon torte 
Dem. 
F.*120-412416. DF: Hp.d.0=(c-.p) ten 
[*301°23] D.Re = Ro-| Re. 
[Hp.*801-21] D. Re | R= Rome | Rete 
[*301'23] = Ro-cwtertel sb, Prop 
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4301-25. F:(qo).P=R.D.(qr). P| R=R  [¥801-16-241-2421 


*301-26. +: PePotid‘'R.=.(qo).P=R* 
Dem. 
F.*801-25-2. Induct. D+: Pe Potid‘R.D. (qo). P = Re (1) 
F.(1). #80122. 3+. Prop 


#8013. F:RGI.ceCUntR.D.R7=R=R,=ITOR 
[#300°312 . #301°16°26] 


#80131. F:RGI.c+0.3.R,=A [30048] 


The above proposition is the «ame as *300-48, but is repeated here to 
show the relations of R, and R:. 


#80132. Fi. RET.G1R.D:qtR..=-o0=0 [#300311 .%801:31] 
«8014 +: ReRelnum.ceCUntR.D. R= RB’ 


Dem. 
+. #801-2 .#121:302.3+:Hp.>.R,= qd) 
F . 801-21 . #121332. 
bi. Hp. ce MU nt R.9: KR, = R.D. Rey = Ro} (2) 


-.(1).(2). Induct. 3+. Prop 


#80141. +:2,SeRelnum. qi RtakR’.d. wav. ql(utolateR 
[#301-4°16 . #300°55] 
#8015. FipxpveCUn®R.nt0.v4$0.9. (Re) = Reve 
Dem. 
F. 41176232. Dt:Hp.d.pveCUneR (1) 
t. (1). #80116-2.5+:Hp.>.( Re)! = Rexel @) 
b. «801-23. DkrvtleOUntR.D. (Rete) = (Re) | Re (3) 
F. (3). *801-23.3 
bs (u X_v) topeCUntR. (Rey = Ree D, (Retell Riexer)ten (4) 
F.(4).4#113671.3 
be. (Rey = Beer Siu xe(vt, ly eOU nt! RD. (Raytel = Rexeete) (5) 
F.4117571:32.Db tp xe(ptoleCUntR.Dd.pxeveOUnt*R (6) 
F.(5)-(6). Ibn xveCUniR.D.(ReYy = Revd: 
Xo tele OU nt R.D.(Reytel= exerted (7) 

F.(1).(2).(7). Induct. > +. Prop 

«801501. F:p=O.veOUnt*R.D. (RY = Rexer [#30123] 

#301502. Fi pve Unt OR. Dd. pxeveCKU ath. (p xgvy ne Re OU 


Dem. 
b.#800-14 #1203. 3F: Hp. gl (u xen) nO RD. (ux,r)n PM ReOU (1) 
F.*300°14. Dt: Hp.D. (qa, B).aeu.Bev.a Bet CR. 
[#113-251] D. (qa, B).ax Bepx via Bet CR. 
[#113-17.464°61] Dd. (qa, B).ax Be(ux,n aR (2) 


F.(1). (2). «65°13. +. Prop 
17 
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#801503. F:veNCind.yntORe CUS (OR). D. va Re C(UL MR) 
Dem, 
F.*30014.5b:Hp.d.(qa).aevntOR. 


[*106°2] D.(qa,a).baacvnatR qd) 
F.(1). #80014 .3 +. Prop 


#301504. Fi uw, ve OU n@OR.vt0.3. (Rey = Rerer 
[¥301°5°501°502'503] 
#301505. bs. Fe DOU LDA i{(4e6)f OU}. SE xeve CU 
Dem. 
b.¥120-452. Db GG, OL CUP. 
[300-232] 
b. (1). #80052 . 4301-4. 
Fi Hp. d:qi (4 HOU .=.qi(U. FeCU. 
[*800°572] +E x,veCU:. DE. Prop 
#80151, Fs. Ege DU. tq {(4e BT OUP a (tem) f CU}. =. 
Ex ,veCU.E x, v= Xo 


HUG HL OUP. Fe OU. 
a! (Ug) Fe OU re) 


Mo 


Dem. 
+ . #801505 . #300-232 . 4801-4. > 
bie Hp. Dim tte bP CU} A (+omf COU. StU) A (Uy) 


[#300°571] =.& x, ve OU.Ex,v=4 xX,ut. 2b. Prop 
#80152. Five DOUnt*R.D. (xem) = X_(n”) 

Dem. 
F. #B30L-2 . #113-204 . 116204321. DF. (x, u) = x4 (u2) (1) 
F.#801-21 Db: ve Un RD a (xg uta (xy Hy |(%e is) Q) 
(2). Db sve Un OR. (xo py = Xo (we D+ (Xo pw)’ tel = Xo (M") | (Xo) 
[#11652:321] = xe(wrtet) (8) 


F.(1).(3). Induct. D+. Prop 


*302. ON RELATIVE PRIMES. 


Summary of *802. 


The present number is merely preparatory for the definition and discussion 
of ratios. We want, of course, to give a definition of ratio which shall ensure 
that p/v =(ux,7)(v x7). Hence in defining /» in any given type, we 
cannot exact that ~ and py themselves should exist in that type, but only 
that, if p/o is the same ratio in its lowest terms, p and o should exist in that 
type. Hence, if we are not to assume the axiom of infinity, it is necessary to 
deal with relative primes before defining ratios. 


The theory of relative primes is concerned with typically indefinite in- 
ductive cardinals (NC ind). It will be observed that we have three different 
sorts of inductive cardinals, namely NC ind, NC induct, and C‘U, NC ind 
consists of typically indefinite cardinals, NC induct consists of all cardinals 
of some one type, and C‘U consists of all eaistent cardinals of some 
one type. If the axiom of infinity holds, we have C‘U=NCinduct, and 
NCind=sm“NCinduct. But neither of these is true if the axiom of 
infinity does not hold. It will be found that, where we require typically 
definite cardinals, it is C‘U or G‘U or D‘U that we require, not NC induct ; 
that is to say, we almost always want to exclude A, and sometimes we want 
to exclude the greatest existent cardinal of the type in question, or to 
exclude 0. Thus “NC induct” will seldom occur in what follows. The 
cases in which C‘U or D‘U or A‘U occurs are of two sorts: (1) where we 
are proving typically definite existent-theorems, (2) where we are concerned 
with series, as e.g. in #300, where we considered the series of existent 
cardinals, or in *304 below, where we shall consider the series of ratios. 
Wherever series are concerned, we must have typical definiteness, because 
the definition of “PeSer” involves C“P, and therefore only a homogeneous 
relation can be serial, This is a particular instance of the fact that when we 
require numbers as apparent variables (as e.g. in the theory of real numbers), 
typical definiteness becomes essential, Many propositions containing the 
hypothesis “je NC ind” (where » is a real variable) do not allow of w 
being tumed into an apparent variable, because this requires that » should 
be fixed in one type, and our original proposition may demand that the 
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type in which y is fixed should be a function of ». For example, #30017 
states 
t:speNCind. >. (qa).peO( UL ta). 

If we fix the type of », we thereby also fix the type of a, and the proposition 
becomes false unless the axiom of infinity is true. In fact, the proposition 
demands that, the greater » becomes, the higher must the type of « become. 
“NC ind” is not a strictly correct idea, and the primitive proposition *9°13 
does not apply without reserve to propositions in which it occurs. We have 
introduced it because it immensely simplifies the expression of many proposi- 
tions, and because it is easy to avoid the errors to which it might give rise if 
used without remembering that it is a concession to convenience. 

Tt will be found that, when we are not concerned with existence-theorems, 
or with numbers as apparent variables, “NC ind” is almost always the notion 
required. This applies to all cases where we are only concerned with addition, 
multiplication, subtraction and division; it applies to ratios except when 
ratios are considered as forming a series, or when we are investigating their 
existence. As regards the use of an “NCind” as an apparent variable, 
there is a distinction between “all values” and “some value.” If we have 
“peNCind,” “(agp)” will often be legitimate when “(p)” is not. The 
reason of this is that, if we are to fix upon one typically indefinite cardinal, 
it will be possible to assign one definite type in which it exists; eg. there are 
at least two classes four classes of classes, sixteen classes of classes of classes, 
and so on, But if we are making a statement about all typically indefinite 
inductive cardinals, it will not be true unless there ig a type such that our 
statement holds of all inductive cardinals in this type. 

Tn virtue of #800°17, if we have “pe NC ind,” we may replace it by “peO‘U” 
if we may take U in as high a type as we please, or if, on account of the rest 
of our proposition, p cannot be greater than some assigned inductive cardinal 
so long as the hypothesis of our proposition is true. 

The above remarks will enable the reader to test the uses of typically 
indefinite inductive cardinals as apparent variables, and the passage from 
propositions concerning NC ind to propositions concerning C*U. 

We define pas prime to o when both are typically indefinite cardinals and 
1 is their only common factor, te. we put 
#30201. Prm=)¢{p,oeNCind: p=&x,T.c=9X%oT+yr-T=1} DE 

In this definition, £,, + may be taken to be typically indefinite cardinals, 
because, when p= £ x,1.0 = Xq7, we must have FE p.n<o.tr<Kp.t Kas, 
so that £, 9,7 cannot grow indefinitely (with a given p and o) while the 
hypothesis remains true. 

We define “(p, c) Prm,(#,v)” as meaning that p is prime to a, that 7 is 
not zero, and w= p XT. v=o X,T, %€. p/a is p/v in its lowest terms, and r is 
the highest common factor of 4 and ». The definition is: 
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#30202. (p,c) Prm, (u,v). =. 
pPrmo.teNCind-t0.p=px,t.v=ax,7 Df 

We then put further 
#302°03. (p,o) Prm (u,v). =. (qt). (p,0)Prm, (u,v) Df 

Here again there is no objection to t as an apparent variable, because + 
annst be not greater than » and ». “(p,o) Prm (,v)” secures that p/o is ply 
in its lowest terms. 

We also define, in this number, the lowest common multiple and the 
highest common factor. 

Our definition of “Prm” is so framed that every inductive cardinal is prime 
to 1 (*302'12), that 1 is the only number which is prime to itself (*302-13), 
and the only number which is prime to 0 (*302°14). 

After a number of preliminary propositions, we arrive at the result that 
if and v are not both zero, and £ and 7 are not both zero, the existence of 
a couple p, ¢ which is prime both to pg, v and to & 7 is equivalent to 
BXaQ HV XE, te, 

#80234. b:.4,9,&neNCind.~(u=v=0).~(F=n=0).)9: 
Xone v Xo Fb. = (Gp, o)+(p,o) Prm (yz, v)+(p; a) Prm (&,) 

We have also 
#80236. Fb: y,veNC ind.~(u =v =0).=.(qp,c).(p, 0) Prm (py, v) 
#302°38. +: (p, 0) Prm (u,v). (&,7) Prm(y, v)..p=F.c = 

Ie. there is only one way of reducing a fraction to its lowest terms. 

We prove also (*302°15) that if u, v are typically indefinite cardinals, which 
both exist in the type of A (te. Ma, ve CU), then 

(p, 7) Prm (p, v) «=.(p, 7) Prm (jaa, va). 
This enables us, when we wish, to substitute typically definite cardinals for 
the typically indefinite » and v. 


#80201. Prm=/2 {p,oe NC indip=£x, 7.0 = X_T+DgneeT= 1} DE 
#30202. (p,c) Prm, (u,v). =. 
pPrma.reNC ind—10.p=px,tev=ox,7 Df 

Here p,v are to be typically indefinite in the same way as px_.T and o X,.T. 
Thus if, in some one type, px, 7 and o x,7 are both null, that does not justify 
us in writing (p, 7) Prm, (A, A), because there are other types in which p x,7 
and o x,7 are not null. On this subject, cf. #126. 
#30208. (p,c) Prm (u,v). =. (ar) -(p, «) Prm, (u,v) Df 
#30204. hef (u,v) =(17) {(qp, o) - (p, 7) Prm, (y, v)} Df 
#30205. om (4, v) = (78) {(qp, 7, 7)-(p, 7) Prm, (u,v)-F=px,o XT} Df 
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«8021. Fi pPrmc.=ip,ceNCind:p=£x,t.g = X_T+DenreTHl 
[(*302°01)] 


«80211. b:ipPrmc.=.o¢Prmp — [*302'1] 
#802'12.. b:pPrm1.=.peNCind [*3021 .*117-631-61] 
430213. bipPrmp.=.p=1 


Dem. 
+ .*80212. Db: p=1.3.0Prmp () 
F.#8021. Dh: pPrmp.d:p=1x,p.I.p=1: 
[#113°621] D:ip=1 (2) 


f.(1).(2).D 4. Prop 
#30214. -:0Prmy.=.p=1 


Dem. 
b.#80212.3h:~=1.3.0Prmp () 
F.8027. Dhi.0Prmp.d:0=0x,p.~=1x,n.d-p=1: 
[*113°601°621] Dip=l (2) 
F.(1).(2). D+. Prop 


#80215. bi. u,veNCind.pa,neCU.>: 


(p, 0) Prin (yu, v). = -(p,0) Pr (11a, va) 
Dem. 


b . 4126-101 . x300°14.3 

bi. Hp. Dip Prmo.reNC ind—10.p=pXx,Tev=oX TEs 
pPrmo.reNC ind-tO.px=px,tTsm=oXx,t (1) 

F. (1). (4302-0203) . D+. Prop 


#8022. Fip,veC(U.n(u=v=0). c= F{(qp,o) «m= pXeT Y= Oo XeT}e De 
E! max (U)'e.max (U)‘«e DU 


Dem. 
+.¥113°621.3:Hp.d.le« (1) 
F, #117-62 .*118°602 . Transp . > 
bi Hp.trex.Dirgp.vergy (2) 


b. (1). (2). #800'21-22 . #261-26 . #80026 . +. Prop 


In the above proposition we write “max (U)‘x” rather than “min (U)‘x,” 
because, since U arranges the natural numbers in descending order, “min (U )‘«” 
is the greatest number which is a member of «, and therefore it is less con- 


fusing to speak of this number as “ max (Ox? 
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430221, +: Hp 3022.7 = max(U)'e.pap%,7-veex%ted. 


(p, c) Prm, 
Dem. ) (m¥) 


F.#1312.3+:Hp.p=p'x,7'.¢=0'X,7 2). 
=P Xt XoTVHO' XeT XoT. 
[*113°602.Transp-Hp] >.7’x,7+0.7'x,r<r. 
{#120°511.4117°62] D.7’=1 (1) 
+. (1).#3021.t:Hp.d.pPrmo (2) 
b . (2). #3022 . (#30202). DF. Prop 
#80222, bs. u,veNCind.~(u=»=0).9: (Gp, 4, 7)-(p, 7) Prm, (u,v): 


(dp, 7) « (p, ¢) Prm (4, v) 
[#302'2'21 . *800°17 . (%302°03)] 


#80223. b:.u,veD‘U.3: (ap, ¢):p,ceD'U.px,c =u Xyp: 
EneDU. pxen =v xb. dp, ES p nee 


Dem. 

b «#30023 . #113'27 .D 

b:Hp.e=D‘Un§ (qo). px,o = X¢p}.2.E! min (U)*«e (1) 

F.(1) «#30012 . > 

ts Hp.3:(qpo)ipceDU.px,o =v Xap: 
EneDU. pw xen =vx,F.Den Fp (2) 

b.*120°51.3 

F:Hp.p,ceDOU.px,o =v xgp-pXon=VXobu Dep Xon=TXE (3) 

b. «117571. Db :Hp(8).&9e DU. ES>p.3.& xo epx oe (4) 

b.*12651. DE: Hp(4).c >y-D.pXo>p xen (5) 

F.(4).(5). DE: Hp(4). Dig D>. D-ExX,o > p Xeni 

[Transp] DiEx,g =pX,7- I-97 eo (6) 


F.(2).(8). (6). +. Prop 


#80224. bi.p,v,p,ceNCind -t0.px,c=vX.p? 
Xen =X, F.EneDU.D:, ES p-nesir-pPrme 
Dem. 
+ .«302-1.3 
t:p,ceD'U.~(p Prma) . >. (gE, 9,7). TEL. p= Exot. oF = XT 
[*113°203-602.4120°511.4117°62] 
D.(gb ar). bn, teDU-U1.E<p.gnco.paixet-o=9%et (1) 
b.412051. Db i wy p,ce DU. pxpo=vXgpepH EXT eT =N XT 
HXeT=VXE (2) 
F.(1). (2). Db tgp ceDU.px,o=vx,p.v(pPrma).o. 
(HE. n)-mxom=VXF-EneDU.E<p.nce (3) 
F.(8). Transp .*300°17 . > + . Prop 
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#30225. F:p,€e D‘U.D. (qa, 8). aeOU.R<E.p=(ax,f)+,8 
Dem. 

b. ¥117-62 . #120428. D+: Hp. >. p <(p +61) XaF (1) 
F. (1). #30023. :Hp.d.E! min (U)@ {aeOUs p< (a +51) xy é} . 
[*120°414°416] Dd. (qa). aeOU.p<(atl) x, FE. peaxyé&. 
[4117-31.«120°452] D. (qa, 8).4,Be CU. p<(ate1) x F.p=(axLtB- 
[*113°671] D.(qa, B)-4, Be CU.p<(ax bt &.p=(ax E+. 
[¥120-442.4#117°561. Transp] 

Dd. (qa, B).aeCU. BE. p=(ax, &)+,8:9+. Prop 


#30226. +: Hp #30224. 3. (p, o) Prm w,v) 
Dem. 

F. #30225 .D 
b:Hp.3. (qa, By, 8)» p= (aXep) te B-v=(¥ Xoo) te5-B<p.d<e (1) 
F. #11343 .5 
Frp=(aX,p) to Bov=(y Xoo) tod B<p-EMo.pxX,c=vXyp-r- 

(0 Xo p Xoo) +0 (B Xoo) = (Y Xo Pp XoF) +0 (8 Xop)- P< pb<a. (2) 
[#117-31.*120°452.%113°671] 

DAaXy pXgT<(Y tol) XoP Xo T+ V¥XoPXoT (Atel) xXpp Xeo~ 


[*126°51] Diacytl.y<atl. 

[#120°429°442.#117-25] D.a=y¥ (8) 
F.(2).(3).#120°41.5:Hp(2).9.8x,c=8x.p.B<p.d<ce. 

[Hp] D.6=0.8=0 (4) 
F.(3).(4). DF: Hp(2).3.p=ax,p.v=ax,o (5) 


F.(1). (5). #80224. D4. Prop 
#30227. |:u,v,p,0,& ne NC ind—t0.px,o =v xXgpepXgn=V X,F.D. 


ExX,c = Xp 
Dem, ° 
b.4l1327. Db: Hp.d.& x py xo = a XgpXoo 
[Hp] = 1 XgV Xo Po 
[*126-41} D.&x,c¢=X,p: D+. Prop 


#30228. |: Hp #30224. 8 ne NC ind -¢0.nx,.7=vx,&.D. 
(p, 0) Prm (E,)  [#302'26°27 . #30017] 
#30229. |: Hp *30228.€Prmy.3.E=p.n=o 
Dem. 
F.«302'28-1.5 
Fi. Hp.D:(qa).F=ax,p.9=ax,o:F=ax,p.9=ax,o-M t= 1; 
[#14122] D:€=1x,p.7=1x,0:. 3+. Prop 
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#3023. F:y,v,&,neNCind —0.ux,9=X,£.2. 


(ap, a) -(p, 7) Prm (u,v). (p, 7) Prm (£, n) 
Dem. 


+. *302°23:24.3 
ts. Hp.3:(qp,c): 9 Prmo.p,ce NC ind-t'0.~x,o=vXx,p: 

a, Be DU. px, 8 =v XoasIug.t Sp. PBSa: 
[*302'26-28] 3: (qp,c).(p, 7) Prm (y, v). (p, 7) Prm (F, 7) :. DF. Prop 


#30231. (9,0) Prm (u,v). Prmv.d.p=p.v=o 
Dem. 
F .302°1 . (4802°02-08) . 3 
Fi.Hp. 3: (qr). p=pXxot V=OXoTi =p XeT-V=HTXoTs I+ T= 1? 
[*14°122] D.~=px l.v=ox,1:.3F. Prop 
#30232. F:&Prmn.ywPrmyv.Ex,yv=nxpped E= piney 
Dem. 
+ .*3023'31.5 
F:Hp.3.(qp,c).pPrmc.&=p.p=p.g=a.v=oa:)b. Prop 


#30233. b:. u,v, &, ne NC ind—w0.3: 
Xen = XoE.= + (ap, o)+(p, 0) Prm (pw, v) «(p, ¢) Prm (£9) 
Dem. 


F. Id. (48020203). DF: (p, «) Prm (y, v). (p,o) Prm (£,9). >. 
(qt. r'). 7,7 e DU. w= p XoT PHO XyTeE=P Xo +7 =O XoTs 
[¥113-27] D3. (qr, 7’) Xo = Pp XO XT Xo T =U XE (1) 
F.(1).#3023.D. Prop : 
#30234. b:.y,0,&9eNCind.~(=r=0).~(F=97=0).9: 
HXo7=V XE. = + (Gp, o)+(p, 0) Prm (u,v). (p, 7) Prem (6, 0) 
Dem. 
F.*113-602. 3+: Hp.p=0.040.3.£=0.9740 (1) 
F. «113602621. > 
bip=O0.yt0.€=0.9 40.3. p= O0xXgu Val Xv E=0X—7-9=1 Xo7> 
[*302°14] >. (0,1) Prm (4, v) . (0, 1) Prm (&, 9) (2) 
F.(1).(2). DF: Hp.~=0.v+0.3. 
(ap, 2). (p, o) Prm (u,v) .(p,¢) Prm (& 7) (3) 
Similarly  +:Hp.v=0.440.3. 
(ap. 0) «(p,0) Prt (u,») «(p,0) Prim (En) (4) 
F. (3). (4). #30233. +. Prop 
#30235. F:.u,veNCind.~(#=v=0).pPrme.3: 
BXeo =v Xop+=+(p,o)Prm(y,v) [*802'34-1431] 


R& WwW. In 


258 QUANTITY [PaRT VI 


#30236. F:y,ve NCind.~(u=v=0).=.(qp, o)-(p,o) Prm (uy, v) 

Dem. 
F.*302:14. D4 :.(p, c) Prm (py, v). 9: 

poeNCind.~(p=o=0):(qr).teNCind—t0.p=px,t. v=o XeT? 
[*120°5.#113°602] Dip, ve NCind. ~(u =v =0) (1) 
F. (1). #30222. 54. Prop 
#80237. + :(p,o) Prm (py, v).=. 

pw veNCind.~(u=0.v=0).pPrmc.px,o=vX,p [*30235:36] 


*302°38. f:(p, 0) Prm (u,v). (&, 7) Prm (u,v). D.p=F.c=9 

Dem. 
F.«30237.DF:Hp.>.pPrmo.£Prmy.pxpo =v Xo pepe XoV Hu xg&. 

~(u= 0.0) (1) 

F. (1), #30214. #113602. 3+: Hp.w=0.9.p=0.F=0.c=1.9=1 (2) 
F. (1). #80214. 4113-602. DF: Hp.v=0.9.p=1.&=1.0=0.7=0 (3) 
F.#30227.DF:Hp.w+0.vt0.3.px,g=aXx€. 
[(1) . *#3802°32] D.p=F.c=7 (4) 
F.(2).(3).(4). D+. Prop 
#30239. /:(p,o)Prm(y,»)- I. Sp.v Bae 

Dem. 
F.*302'23:36.D:.4,veD°U. 9: 

(qe, ¢) 2 (p, o) Prm (py, ») 2 & ne DOU. pxgn =v X,6.95,-EDp-n eo? 
[#11327] D:(qp,o)-(p, 0) Prm (yw, v)-pBp.ve0: 


[*302'38] D:(p, 0) Prm(p,v).D. pe p.v Be (1) 
b . #3023714. 5h: 4=0.(p,c) Prm (u,v). d.¥$+0.p=0.c=1 (2) 
Similarly kiv=0.(p,o)Prm (u,v). D.+0.pH=l.c=0 (3) 


F.(2).(3).3  Fs.(p,0)Prm(y,v)tu=O0.v.v=O0:D.pSp.ve0 (4) 
F (1). (4). #302°36 . #380017. 5+. Prop 
#3024. Fip,veNCind.~(w=y=0).3.E! hef(p,v) 

Dem. 
b.*802'22. DF: Hp 2. (qe, o, t)«(p, o) Prm, (, v) (1) 
F . #302'38 . (#302°02°03) . > 
F:(p,o) Prm, (u,v). (E7) Prmg (u,v) D-pHE.c=n. p=pXeT- w=EX Ts 
[*126-41] D.T=0 (2) 
F. (1). (2). (#30204). DF. Prop 
#30241, Fip,veNCind.~(u=v=0).9.E! lem (yz, v) 

[Proof as in *302°4] 
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#80242. Fs y,veNC ind.~(~=y=0).9. hef (py, v) x, lem (w, ») = x,y 
Dem. 
bk. %802'4°41 . (#3020405). :Hp. >. 
(Hp, o,7)-mM=pXoT+v=oX_T-~ hef (u,v) =7. lem (u,v) =p x,o X47. 
[#113:27.%116:34] 3. (Gp, ¢,7) «Xv =p Xoo XgT- 
hef (yz, v) x, lem (u,v) = pX,o X,7?t DE. Prop 
#802°43. | :(p,o) Prm(p,;v). 3. p x, hef (yu, v) = pw» o X, hef (pw, v) =v 
[%302°4 . (%302:02°04)] 
#30244. | :(p,o) Prm (u,v). 3. p x,y = lem (u,v) =o xgu 
[302-41 . (#302-02-05)] 
«80245. :(p,c)Prm(y,v)-& ae NC ind. ~(F=7=0).4x,n=vx, FD. 
lem (£, ») = p x,f=0Xo0 


F. #30237. 3+: Hp.d.(p, 0) Prm(£, 7) (1) 
F. (1). #30244. 5+. Prop 


Dem. 


#803. RATIOS. 


Summary of *303. 

In this number, we give the definition and elementary properties of the 
ratio 4/v. Most of the important applications of ratios are to numerical or 
identical relations, i.e. to relations which may, in a certain sense, be called 
vectors. Neglecting identical relations for the moment, let us consider 
numerical relations, and to fix our ideas, let us take distances on a line. 
A distance ona line is a one-one relation whose converse domain (and its 
domain too) is the whole line. If we call two such distances & and S, we 
may say that they have the ratio p/v if, starting from some point a, 
v repetitions of R take us to the same point y as we reach by yu repetitions 
of 8, te. if cR’y.aSy. Thus R and S will have the ratio p/y if qi Ry A S* 
In order, however, to insure that y/v = p/a if (p, «) Prm (y, v), it is necessary, 
in general, to substitute q!R7ASe for q!R’ AS (In the above case 
of distances on a line, the two are equivalent.) Thus we shall say that R has 
the ratio j/» to 8 if (qp, o) «(p, 7) Prm (u,v) «qt Ro AS, 

If we apply the above definition to identical relations, we find that, 
if REI.SEI, KR has the ratio w/v to 8 provided q! RAS, ie. provided 
@iC'RaC*S. This application is required for dealing with zero quantities 
and zero ratios. 


Thus we are led to the following definition of ratios : 


430301. y/» = RS (4p, 0) -(p, 0) Prm (u,v) GQ ReA S} Df 

This definition, as it stands, requires justification in two respects: (1) we 
commonly think of ratios as applying to magnitudes other than relations, 
(2) we should not commonly include as examples of ratio certain cases included 
in the above definition. These two points must now be considered. 


(1) In applying our theory to (say) the ratio of two masses, we note that 
the idea of quantity (say, of mass) in any usage depends upon a comparison 
of different quantities. The “vector quantity” R, which relates a quantity m, 
with a quantity m,, is the relation arising from the existence of some definite 
physical process of addition by which a body of mas: m, will be transformed 
into another body of mass m,. Thus o such steps, symbolized by R, 
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represents the addition of the mass.o(m,~—m,). Similarly if § is the relation 
between M, and’ M, which arises from the process of addition turning a body 
of mass ¥, into another body of mass M,, then S? symbolizes the addition of 
the mass p(M,—M,). Now q! Re AS? means that there are a pair of masses 
m and m’, such that mR7m' and mm’. In other words, if we take a body A 
of mass m and transform it so as to turn it into another of mass m + ¢(m,—m,), 
we obtain a body of the same mass m’ as if we proceeded to transform A into 
a body of mass m+p(M,—M,). Hence o(m,—m)=p(M,—M,); that is 
(m,—m,)/(M,- M,)=p/e. But in our symbolism the addition of m,—m, is 
represented by the vector quantity R, and that of M,—M, by the vector 
quantity 8; so in our symbolism & has to S the ratio of p to a. 


Thus to say that an entity possesses yz units of quantity means that, taking 
U to represent the unit vector quantity, U# relates the zero of quantity— 
whatever that may mean in reference to that kind of quantity—with the 
quantity possessed by that entity. 


It can be claimed for this method of symbolizing the ideas of qnantity 
(@) that it is always a possible method of procedure whatever view be taken 
of it as a representation of first principles, and (8) that it directly represents 
the principle “No quantity of any kind without a comparison of different 
quantities of that kind.” 


Furthermore analogously to our treatment of cardinal and ordinal numbers, 
we can define any definite quantity of some kind, say any definite quantity of 
mass, as being merely the class of all “bodies of equal mass” with some given 
body. The zero mass will be the class of all bodies of zero mass; and if there 
are no bodies with the properties that a body of zero mass should have, this 
class reduces to A in the appropriate type. 


Thus the application of our symbolism to concrete cases demands the 
existence of a determinate test of “equality of quantity” of different entities, 
and a determinate process of “addition of quantity.” The formal properties 
which the process of addition must possess are discussed in the numbers 
Concerned with vector tamilies. 


(2) Having now shown that cases apparently excluded by our definition 
of ratio can be included, we have to show that no harm is done by our inclusion 
of cases which would naturally be excluded. In order that ratio may agree 
with our expectations it is necessary that the two relations R and S, whose 
ratio we are considering, should have the same converse domain. Otherwise 
we get such cases as the following: Let P, Q be two series, and suppose* 
BP = BQ, 5p=6g, L1p=9e, 18p = 259, but that P and Q have no other 
terms in common. Then we shall have, if R=P,.S=Q,, 

(BSP) R'5p. (BYP) S*5p, 


* For notation, cf. «121. 
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whence it follows that R has to § the ratio 5/4, ie we have R(5/4)S. But 
we shall also have R(8/10)S and R(24/12)8, ie R(4/5)S and R(2/1)8. 
Thus our definition does not make different ratios incompatible, In practical 
applications, however, when R and S are confined to one vector-family, 
different ratios do become incompatible, as will be proved at the beginning 
of Section C. And so long as we are not concerned with the applications 
which constitute measurement, the important thing about our definition of 
ratio is that it should yield the usual arithmetical properties, in particular the 
fundamental property 


ply = pla. 2. pX,o=v Xap, 
which is proved, with our definition, in *803'39. Thus any further restriction 
in the definition would constitute an unnecessary complication. 


In virtue of our definition of y/», n/v= A if » and vare not both inductive 
cardinals, or if w= v= 0 (#8031114). We have (*303°13) F . w/v = Cnv‘(v/y), 
ae. the converse of a ratio is its reciprocal. If »=0, and R(y/v)S, R must 
have a part in common with identity (which we may express by saying that 
R is a zero vector), and S may be any numerical or identical relation whose 
field has a member which has the relation R to itself (*303'15). Thus if », o 
are inductive cardinals other than 0, 0/y=0/e, The common value of ratios 
whose numerator is 0 is the zero ratio, which we call 0, (where “q” is intended 
to suggest “quantity”). The definition of 0, is 


*303:02. 0, = 80/“NC induct Df 

In like manner, if 4 and p are inductive cardinals other than 0, we have 
2/0 =p/0. The common value of such ratios we call 0 4, putting 
*803-03. 0 ,+8/0“NCinduct Df 


The properties of ratios require various existence-theorems, and in estab- 
lishing existence-theorems without assuming the axiom of infinity, the question 
of types requires considerable care. We have 


¥803'211. F:(p, c) Prm (u,v). D. w/v = plo 

so that the existence of y/v does not depend upon y and », but upon p 
and o, where p/o is p/v in its lowest terms. We may, therefore, in consider- 
ing existence-theorems, confine ourselves, in the first instance, to prime 
ratios. 

To prove the existence of (p/o)f tR, when p Prm a, we take two relations 
FR and S§ hoth contained in identity. These have the ratio p/o provided their 
fields have a member in common and E! Rv. E! S*. By *30116, this requires 
p,oceC(UL &R). Thus we have 
¥*303-25. F:.pPrme.D: 

W(p/o)PUR.=.p,ceC(UL MR). =. p(R),o(R)e OU 
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But this-existence-theorem, which is obtained by supposing R and S 
contained in identity, is not much use in practice: what we require is the 
existence of a.ratio between numerical relations. For this purpose, assuming 
pa and c +0, let X be a class of such a type that Net” >p+,1. (Such 
a class can always be found in some type, by *300°18.) Then we have 
pre A‘U, and we can construct a series Q such that CQ is of the same type 
as ) and Ne‘C‘Q =p+,1. (This is proved in #262211.) We can then choose 
out of Qa series P having the same beginning and end, and consisting of 
o+,1 terms. We then have 


(B‘Q) (Q,)° (BQ) . (B°Q)(P,)" (BQ). 


Hence P, and Q, have the ratio p/o. A similar argument applies if «> p 
and p+. Thus we arrive at the proposition : 


#803322. Fp Prmo.p,,or1e DSUn ASU. 9. 4! (p/o) f (Rel num a ty) 


Le. if p is prime to o and neither is 0, and p+,1, ¢+,1 both exist in the 
type of A, then there are numerical relations having the ratio p/o and having 
their fields of the same type as 2. 


The case when either p or a is 0 requires separate treatment. If R has 
to S the ratio 0/o, R must be partly contained in identity (*303°15); hence 
we have to find a hypothesis for q!(0/c)f Rel num, since 4! (0/o)[ Rel num 
is impossible. Since 0/o = 0/1, we only require the existence of 2 in the 
appropriate type, te. we have 


#80363. F:q!2,.3.q!0,f (Rel num a tA) 

Tt will be remembered that q!2, is demonstrable except in the lowest 
type. 

In the above propositions, » and y and p and o have been typically in- 


definite. Ratios of typically definite inductive cardinals are dealt with by 
means of *802°15, which gives at once 


#80327. F:pu,veNCind. pa, ve CU. D. w/v = palvr 

Ie. a ratio may, without changing its value, have its numerator and 
denominator specified as belonging to any type in which both exist, This 
enables us to take p and o as typically definite cardinals in *303'322, thus 
obtaining the proposition 
#303°332. Fz. p Prmo. 3:4! (p/o)t (Rel num aty“p)-= +p, ce DUA CU 

The above existence-theorems are useful in proving 

af/B =y/8.=.ax,8=8 Xo¥. 

We proceed as follows: We first show (#30334) that, if p,o are inductive 


cardinals other than 0, and p+,1, ¢ +,1 exist in the type of A, we can find 
numerical relations R and 9 such that q! Re aS, but p>o. Dw Gl Rr 
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This is done by taking two series P and Q having the same beginning 
and end, and having C‘Peo+,1.C‘Qep+,1. Then if R=P, and S=Q, 
we have 
(B‘P) Re (BP). (BP) 8° (BSP) ig > oD. RI =A, 

whence the result. From this proposition it follows immediately that if 
pPrmo.£Prmq.7 >a, and if pr,¢,eD‘Un AU, we can find an R and 
an S such that R(p/c)S.~({R(E/n) 8}. A similar argument applies if »<o 
or E>por€<p. Hence we find, by transposition, 


#803°'341, Fz pyx,o,¢ DSUn AU. p Prm o£ Prmn. (p/o) Dte'A = (E/9) Peg’ A. Ds 
p=E.c=7 
From this point on, the argument offers no difficulty. For if we have 
a/8 = 9/8 -(p, 2) Prm (a, 8). (E, 9) Prin (vy, 8), 
we have, by #303°341-211, p=&.c=7. Hence, by *302'32, we have 
ax,5=8x,y. What is approximately the converse, i.e, 


«303-23. biy,v,&7¢eNCind. 
~(p=v=0).v(E=q=0).p xen eux. Dd. ply =Eln 
follows at once from *303:211 and *302°3. Hence, after dealing with 
special cases, we find 
#30338. f:.a,8,7,5¢NC ind: 
4, PeTU.v. gn, KeTUin(a=P=0).0(y=s=0):9: 
(a/8)p bah = (y/5)P to'A = ax, d= XoY 

It will be observed that a/@ is typically indefinite, like Ne‘€. But in 
order to insure that a/8 =y/8 however the type may be determined, it is only 
necessary to insure that this equation holds in a type in which (@/8)f Rel num 
exists. When we write simply “«/8-= y/8,” we shall mean that this equation 
holds however the type may be determined; in other words, that it holds in 
a type in which (a/8)[ Rel num exists. (There always is such a type, if 
a, 8e NC ind — 40, in virtue of *303'322 and *300:18.) Thus we have 
*803°391. F:.4,8¢NCind.a, B,.¢CSU.~(@=8=0).3: 

(4/8) toofd = (9/8) 0 toofA := +a/B=y/S.=.4a xXeS = BX 
and, in virtue of *303°38, we have 
#30329, | :.0,8,y,8¢ NC ind. ~(a=8=0).~(y=86=0).)3: 
a[B=y/S.=.4x,8=B x7 

This proposition is, of course, essential to the justification of our definition 
of ratios. 

The remaining propositions of *303 consist (1) of applications of the 
theory of ratio to powers of a given numerical relation, (2) of properties 
of 0; and 0, (3) of a few properties of the class of ratios. This last set 
of propositions depends upon two new definitions, which must be briefly 
explained. 
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We have already explained that y/v is typically indefinite. Thus if we call 
n/v & “ratio,” ratios are, like “NC ind,” not strictly a class, because every 
class must be confined within some one type. Nevertheless it is convenient, 
just as in the case of NC ind, to treat ratios as if they formed a class; and, 
with similar precautions, we can avoid the errors into which we might be led 
by treating them as a proper class. We therefore put 


#80304. Rat =X ((qu,v).p,veNCind.v+0.X=p/r] Df 


(The condition y+ is only introduced because it is usually convenient 
to exclude o,.) It will be observed that y/v is still typically indefinite if 
and v are typically definite. This results from *303:27. But we often want 
typically definite ratios. We want these defined in types in which there are 
numerical relations having the ratios in question. Hence we put 


#30305. Rat def= 2 (qu, v).u,veDUnd'U. X =(u/)E tap} Df 


Here “def” stands for “definite,” and p, v are typically definite inductive 
cardinals. The desired properties of “Ratdef” result from #303322. It 
should be observed that, besides consisting of typically definite ratios, 
“Rat def” differs from “Rat” by the exclusion of 0,. This is merely for 
reasons of convenience. 


The properties of “ Rat” and “ Rat def” follow immediately from previous 
propositions, We have 


#803°721. F: X e Rat —¢°0,.3. (qu). XP tafe Rat def 
*303-73. +: XeRatdef.>.q! Xf Relnum 
By #803'322; and by *303'391, 
*303-76. +:.X,YeRat. XD tu'pe Rat def. 3: XP tifp= VD in'fp.=-X=V 
If the axiom of infinity holds, every member of “Rat” except 0, becomes 
a member of “ Rat def” as soon as it is made typically definite. Hence 
#30378. +: Infinax.>. Rat def= Rat —1‘0, 


The uses of “ Rat” and “ Rat def” differ just as the uses of “NCind” and 
“NC induct” differ. The distinction is only important so long as the axiom 
of infinity is not assumed. 


#30301. u/v = RS {(qp,o).(p,¢) Prm (u,v)! Re AS} DE 
In the above definition, p, o, u, v are typically ambiguous, but p, a must 
(by *301:16) exist in the type of ¢{R, while », v need not do so; 4, v cannot 
however, be null in ald types, by *300°17. 
#30302. 0,=s0/“NCinduct Df 
#30303. 20 ,=5/0NCinduct Df 
18 
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#30804. Rat=2 {(qu,v). py, ve NCind.v+0.X =p/>} bf 

#30305. Rat def=X {(qu,v).p.veD'UadU. X=(u)t tun} Df 

48031. f+ R(y/v)S.=.(ap,0)-(p,0) Prm(u,v)- 4! R7 AS? [(*303-01)] 

#30311. bi~(y,veNCind).D.p/v=A [303-1 . #30236] 

#30313. | w/v = Cav“(v/p) [4803'1 . #30211] 

#30314, +.0/0=A [308-1 . *302°36] 

4303-15. +: R(O/v)S.=.veNCind—v0.q! RAIL OS. 
=.veNCind—10.q!0'Sn2(2Rz) 


+. #3021438 . #3031. > 

b:R(O/v)S.s.veNCind—-tO.q!i RAS. 

(#301 -2] =.veNCind—e0.q!1 RAIS OS: 3+. Prop 
#803151. b:. R,SeRelnumid.3:R(0/r)8.s. 


ve NC ind—10. Re RMI. Se Rel numid.g@iC’Ra CS 
[4803-15 . *300°324°3] 


#30316. f:R(y/0)S.s-peNCind—10. qt SAlPOR. 


=.peNCind—tO.q!C'Ra@(aSa)  [#303°15-13} 
#303161. | :. R,SeRelnumid.3:R(u/0)S.=. 


pe NCind —10. Re Relnumid. SeRIMI. qi CRa Cs 
[*303°151:13] 


#80317. bs. u,v eNCind— 0. R, Se Rel oumid. R(g/v)S. 9: 


R,SeRiVZ.v.&, Se Relnum 
Dem, 


F .*303'1 . #113602. 
bi: Hp.3:. R, Se Rel num id: (qp,c).p,¢ ¢ NC ind —10.qt Rea Ses. 
[#300°33.%301-3] 
2:. Se Rel num id:. Re RT: (qp).pe NCind —-cO. qt RAGe:v: 
Re Rel num :(qp,o). p,oe NC ind— 10. ! R7AGs. 
[*300°3] 3:. Se Rel numid:. Re RMI. q17A8,,.v.ReRelnum. gq! JAS,,: 
{*300°3'33] 3 :. #, Se RIT .v.#, Se Rel num:: D+. Prop 
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480818. Fr.p,veD UR. RB, SeRII.D: 


Raf) 8.5. RO) S.=.R(p/0)8.=.q 1 CRa veg 
[¥303-1-151-16 . #8013] 


4303-181. Fy! (u/v). =. (ap, o)- (p, 7) Prm (p, v) 

Dem. 
£43081. 36:5! (u/v). 2. (ap, 0). (p,o) Prm (p, v) ( 
F. #301:3.#300'325°17 . DF :(p, 0) Prm (u,v)... (q2).(@}2)(u/v)(@} 2) (2) 
+.(1).(2).+. Prop 

In the above proposition, if »/v is typically indefinite, so that “st p/y” 
only asserts existence in a sufficiently high type, p, o may also be typically 
indefinite. But if y/y is to be taken in a definite type, p and o must be taken 


in the corresponding type, and must not be null in that type. This is proved 
later. 


#803182. + :.0/0 =p/v.=i~(u,ve NCind).v.p=v=0 
Here the equation 0/0 = u/v is assumed to hold in a sufficiently high type. 
Dem. 
b.#803:14.36:.0/0=y/v.Dip/v=A: 
[#303-181.%302°36] 3: ~(p,ve NC ind—10).v.p=v=0 (1) 
b. (1). #303:11:14.9+. Prop 


#30819. 1: R(u/v)8.=.R(u/v)S [43031 . #12126] 


#3032. +3. (p,¢)Prm (u,v). 3: R(p/v) 8S. =. G1 Re A Se 
Dem. 


+. 43031. Dt: Hp.qi ReAS.Dd.R(u/v)8 (1) 
+. 4302.38 . #303:1.: Hp. R(u/v) 8.2. q 1B AS (2) 
£.(1).(2).9F. Prop 

#30321. F:.oPrmo.3:R(p/o)S.=.q1 Re AS? [*30231 . ¥303-1] 

4#303-211. Fs (p,0) Prm (p, v7). 9. p/y=p/o [*303-2°21] 

#803-22. b:pPrmo.p,veNCind.w(w=v=0). px, c=v%X,p+ 2+ p/v=p/o 
[#302-37 .*303:211] 


#303-23. bi p,v,&, ne NCind.w (p=y=0).0(E=9=0)-eX,9 =v Xa be De 
plv= Ely [#3023 . *803-211] 
4303-24. bip,veNCind.~(w=v=0).>.(qp,0)-p Prmo. p/v= p/o 
[#303-211 . #380222] 


The following propositions give typically definite existence-theorems for 
ratios. 
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303-25. F:.pPrmo.D:q'(p/o) bt R.=.p, ceC( USER). =. p(B), o(R)eCU 

Ie. if pPrm, there are relations of the same type as R and having the 
ratio p/o when, and only when, the number of relations of the same type as 2 
is at least as great as p and at least as great as o. 


Dem. 
F.430821. 3b: Hp. 2:4 (plo) eR. >. (qS, 7). E19. EL 7.8, Tet‘R. 
[*301°16] D.poeCULOR (1) 
F#301163.3b:.Hp.3: 
poeCUL PR. retiOR.D.(e@lapa(alaraale (2) 
F.(2).#303-21 > 
bi Hp.DipceCUL MR. vet (COR. D.(a] x)(p/o) (| x) (3) 


F.(1).(3).¥#6818.25. Prop 


#308:251. Fi pve CULO R.~(u=v=0).3.q! (u/o) PR 
Dem. 
+. *302'36:39.3+:Hp.3.(qp,c)-(p,0) Prm (u,v). pe p.v peo 
(¥#117°32] 3. (Gp, ¢)+(p,c) Prm (wv). po OUT OR. 
[¥803°211-25] 2.0! (u/y) 0 oR: Db. Prop 
303-252. F:p,veNCindn GUL HOR. ~(w=v=0). 3. qi (a/v) P eR 
Dem. 
b. #645155. Db: p= Nea.aetOR. cet CR.I.La%aepntR (1) 
F. (1). #30014. 3b:Hp.d. pre CU OR (2) 
+. (2). 303-251. . Prop 
In the above proof, », » are assumed to be typically indefinite. If they 
are typically definite, sm‘‘z and sm‘y must be substituted for ~ and y on the 
right-hand side of (1) and (2). The hypothesis “u,v ¢e NC ind n CUT CR” 
is a convenient abbreviation for 
“pveNCind.pantOR, yatCRe CULT HOR.” 
By «65°13, 
pot Re CULMCR. =. pCeCR. peCUl OCR. =. pe CULO CR. 
But “weC'UT C'R” requires that » should be typically definite, whereas 
“weNCind” requires that » should be typically indefinite. Hence the 
hypothesis of *303'252 is only defensible as an abbreviation, meaning 


“p,veNCind, and if p, » are given the suitable typical definition, they 
become members of OCUT o¢C*R.” 


#303°253. Fi p,veNCind n CULL PA.~(u=v=0). Dd. ql (w/v) 0 tor 
[*303:252] 


4303-254. bi y,veNCind. pa,me CU .~ (p= v=0).d.q 1 (w/v) f too! 
[*303-253 . (#65:01)] 
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#803-26. F:,,veNCind. «(w= v=0).3. (qd). (w/v) E toh 
[4303-254 . *30017] 

#30327. Fip,veNCind.pra,meCU.d.pm/v=pa/v, [#802-15. *303-1] 

#8033. 0 Fip Prma. i! Pe%er. >. Pe (p/o) Pe 


Dem. 
F. #80116 .#1421.5+:Hp.d.px ce UneR g) 
F. (1). #8015. 3+: Hp.p$0.040.3. (Pe)? = Pexce = (Poy, 
[#80321] >. P(p/o) Pe (2) 
b.#3012. Dk: Hp.p=0.9.Pe=IPCP= Pree TlIP CP (8) 
b.#30214.3+:Hp.p=0.3.c=1. 
[4301-2] 2.P7=P (4) 
F.(3). (4). 3+: Hp.p=0.3.q1(PryeA(Pry. 
[{#303-21] D>. Pe(p/o) Pe (5) 
Similarly t:Hp.o=0.3.P?(p/o) P” (6) 


F.(2).(5).(6). DF. Prop 
#80331. t:pPrmo.p+0.c+0-(ox,c)ntreM'U.9. 


(aP). Pe Rel num a ta‘. P? (p/o) Pe 
Dem. 


F. #30046 . 4301-4. :Hp.>.(qP). Pe Rel num. (BYP) Pex<#(BEP) (1) 
+. (1). *303:3.34. Prop 
#303'311. b:ps,o,e TSU —t0.p Bo. Dd. (GP, Q)-Pe(p +l). Qe(ote les 
P,Qetyr.QCP.BP=BQ. BP=BO 
Dem. 
b.#26221.Db: Hp. de ql (pte len tod (1) 
b.#117:22.3+:Hp.Pe(p + 1),.9-(qa).aCOP.acot 1 (2) 
b .%261°26 . ¥205°732 .3 
ts;Hp.Pe(p+.1),.aCCP.aeot+ 1. 
B= (a—t'minp‘a — imaxp‘a) v BSP BP, D.Bect 1. 
[#250°141.#202'55] >. PEBe(o+.), (3) 
F. (1). (2). (3) #20555. DF. Prop 
#30332. b:pPrmco.peo.o+t0.pyeAU.d. 
A! (e/o)[ (Rel num a fA) A RS(R,, GS.) 
Dem. 
F .*303-'311.3+:Hp.2.(qP,Q).Pe(ptel)p-Qelo tel)» P, Qe tod+ 
QGP. BP=BQ.BP=BQ (1) 
300-4445 . #801°4. 3 
t:Hp. Pe(p +_1)..S=P,.3. Se Rel num . (BYP) S (BP) (2) 
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Similarly 

trHp.Qe(ot, 1)» R=Q,.>. Re Rel num. (BQ) Re (BQ) (3) 
f.(1). (2). (8). #261'35-212..9 

t:Hp.>.(qR,8). B,8eRel numa tyr. F,, €S,,- TLR AS? (4) 


+. (4). *303-21.54. Prop 
¥3803°321. bsp Prmo.p+0.0+0. ~r,or,€ 150.3. 4 Up/o)f (Rel numaty‘d) 


[#3033213] 

#303°322. bp Prmo.pr,o,e DOU n AU. 3.1 (o/c) (Rel num a ty‘d) 
[303-321] 

#303'323, Fs, ve NCind—10.3. (qr). 7! (u/v)E (Rel num a ho") 
[*303'322] 

4#303°324. Fs p,veNCind. pa,mneDiU.~(uPrmy).d. 


at (u/v)P (Rel num a fy‘) 
Dem. 


+. #30222.3+:Hp.d. 
(qp.0,7)-p Prm a. p+ 0. oF 0.7 $0.7 HLe pap XoTVHTXeTs TE pas Al vas 
[4303-221] 
D.(qp,c).pPrm co. p+0.¢40.plv=plo-Qi(ptola- T'(otela- 

[#803321] >. !(u/v)[ Reloum: D+. Prop 

In order to the existence of (y/v)[ Relnum in any given type, it is 
by no means necessary to have y,veD‘U in the corresponding type. If 
pPrmo.p,oeD‘Un AU, (p x,7)/(o x,7) will exist, however great + may 
be, because (p x, 7)/(o X,T) = p/o. 
#80333. Ft (y/v)P (Rel num nig’A). =. 


(qp,0)+(p, 0) Prm (u,v). pr,ore DU n GSU 
Dem. 


 . *#803:322-211.5 
F (po) Prm (u,v). pa, ore DSUn UU. 3. Gt (e/v)f (Rel num nt‘r) (1) 
b.*303°18115:16-211.3 
Fs. '(w/v)P (Rel num a t°A). 9: (qe,o).(p,¢) Prm (pv). p+0.c+40. 
S1(p/o)f (Rel num a ty‘d) : 
(*303'21] 3: (qp,c).(p,o) Prm (p, v).p+0.0+40: 
(qR, 8S). R,SeRelnumniydr.q! Re A Ss 
[301-41] > : (ap, c)+(p, 0) Prm (2, »).p+0.0+0. . 
Al(ptolntiArA.qi(ot elynisr (2) 

F.(1).(2).D. Prop 

4803-331. Fs. Prmo. 3:9! (p/o)[ (Rel num a ty'A). = «pa, ore DSU n OU 

[*303°33 . *302°31] 
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#303'332. F:. p Prmo . 3: ! (p/c)[ (Rel num a ty‘p)-=-p,ce DUN aU 
[*303:331] 
In this proposition, p, o are typically definite cardinals, whereas in 
#303°331 they are typically indefinite. 


#303°34. bip,ceNCind.pr,oxeD'Un TU .n >o.d. 
(a8, 8). R, Se Rel num a fh. Re AS [yt BA St} 
Note that ~ {i !.R7A S} does not imply E! 2 or ELS 
Dem. 
F.4303°311.3t:Hp.>.(qP,Q, RB, S)-Pe(p tel)r-Qe(o+t,1)p- 
P,Qete'd. BP = BQ. BP=BQ.R=P,.8=Q, (1) 
As in *303'32 Dem, 
F. (1). Dk: Hp.>.(qP,Q B, 8). Pe(ptol)-«Qe(o tel) S=P,.R=Q,. 


R, Se Rel num. (B‘P) (Re A$) (BP), 
[41 21°48.%202°181.4301°4.%300°44] 


2. (qk, 8). RB, Se Rel num tg'A.q! R7 ASP. ~ (Gq! RR): Db. Prop 
#303341. +: p.,0,eD‘Und‘U.pPrmc. EPrm7.(p/o)f toA=(E/n)b tor. D.. 


p=k.o=y 
Dem. 


b.4308:'3421 .Dbip..o,eDUndU.pPrmo.tPrmy.n>o.2. 
(ofa) [ too + (E/n) E too (1) 
(2) 


F. (1). Transp. #3021.3+:Hp.d.n<o 
F. (2). «30313 « Dt:Hp.d.&<p (3) 
+. (2). (3). #11732. DE:Hp.d.&, one CU (4) 
F . #303322. Dt: Hp.d.q!(E/m)f Rel num. 

[*308-11-15-16] D.£40.0+0 (5) 
F. (2). (4). (5). Db: Hp.d.&,meDUadU. 

[@.@. £292] Di.c<n.p<t (6) 


F.(2).(8).(8).D. Prop 

430835. bs 1,eC‘U.EPrm 7. (0/1) tah = (E/n)t fot E=0.9=1 
Dem. 

F.430014.3+:Hp.>.(qa,y).aty- ayer. 


[*303-15] D.(qa,y).cty. (el a(O/l)(aly)-al ae) yeta(dr. 
[Hp] D.(qay).cFy.(e)a)(Eny(@Ly)- 

[*303'16-17.Transp] >.£&=0. Q) 
[*302°14] D.n=1 (2) 


F.(1).(2).3-. Prop 
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#30336. F:.p,,c,6¢1U.v.&,meAUip Prmo.&Prmy:)D: 

(p/e)E tootd = (E/n)P toofd « = 
Dem. 

£. 30014. *302:14.3 

Fr pa,creT'U.pPrmo.~(p,,o,e DU). Di p=0.c=1.v.p=l.o 

[4303'35:18] 3: & Prm 7. (p/o)f teo'A =(E/n)f toA. I. pH=E.c=n (1) 

b. (1). #303'341. 2+. Prop 

#30337. b:.4,8eNCindnd(US #A).~(a=8=0).v. 

y, 8eNCindad( Ut BA). ~(y=8=0): 3: 

(2/B)E too'h=(y/8) Prod +I. 4X, 5= 8 Xo 


Hl 
° 


Dem. 
b.#302°36. *303-211.Db:a,8eNCind.a,@,«U'U.n(a=B=0).9. 
(qe, ¢).(p,0) Prm (a, 8).p/o=a/8 (1) 
F. (1). #303°254181.5+: Hp(1). (a/B)E tA = (7/8) E toofr + > « 
(én) - (E0) Prm (7,8) (2) 
b. (1). (2). #30221-22. #303-211.3 
+: Hp(2).>.(qp,o, &,n)-(p, 0) Prm (a, 8). (& 7) Prm (9, 8). p, eA'U. 
plo =a B= y/d= Elm. 
[303-36] 3 .(qp, c).(p, o) Prm (a, 8). (p, 7) Prm (7,8). 
[#80234] D.ax,8=8 xy (3) 
Similarly 
bey, de NCind oy, d:¢ AU. (y= 8 = 0). (a/B)P toofr = (9/8) f to'A » De 
ax.5=Bx.y (4) 
F.(8).(4). D+. Prop 
#303°371. |: 4, 8,y,5¢NCind.a, Br, ya, de CCU. ~ (a Prm 8. y Prm 6). 
ce pots € i 
[Proof as in *303'37] tee SE ela Dee eee an 
#303°38. £:.a,8,q,5eNCind: a, Ar.eAU.vegn de AU: 
~(a=B8=0).~(y=8=0):9: 
(a/B)E too = (y/8)f tiofA «= 6 AXGS=AXyy [#3033723] 
*303'381. | :.a,8,y,5e NC ind «a, Ba, ya, r€ OCU. ~(aPrm 8. Prm 8). 3: 
(a/Q)b tar = (y/S)b tyh-=aXe8=B Xe [*303-371-23] 
#30339. | :.¢,8,4,5¢NC ind.« (a= 8=0).~(y=8=0).3: 
a/B=y7/S.=.4x,8=P x,y [#30328 . 300 18] 
#303391. F:.a,8eNCind. a, B,ed'U.v(a=B=0).9: 
(a/B)E tot = (y/8)E toot «= O/B = _/d.= .0x,8=8 xo 
[*303°38-254-11-14] 
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Thus when a/B is used as a typically indefinite symbol, we obtain the 
same results as if we supposed it defined as of a type t ‘A, where a+,1 and 
B+,1 both exist in the type of A, we. Ne%A>a. Net“ra> 8B. 

#303392. t 1.4, 8eU‘'U.~(a=8=0).3:(a/8)f tufa=(9/8)[ tua. =. 
a/@=/8.=-4x,5=AxXyy [#303'391-27] 

This proposition differs from #303'391 by the fact that a, 8 have become 
typically definite. It will be observed that even when a and 8 are typically 
definite, a/8, like ax,@, remains typically indefinite. 

«3034. F:.p Prmo. Re Reluum.3: R,(p/o) Re =e QI Ry xe 
[*303°3°21 . *301°4] 
#30341. bizp,veNCind.~(u=0.v=0).9:. 
ReRelnum. &=lem (py, v). I: By (w/v) Ry. =. Re 


Dem. 
F . #303'2 .%300°44.5 
F:.Hp.»+0.v+0. Re Rel num.(p,o) Prm, (u,v). 3: 
Ry (w/v) By = 6 TY Byxce O Bixee 
[#802°37] =H! Bux (@9) 


fF. (1). #30244. 5: Hp(1).£=lem (u,v). 3: By (w/v) B.S. Re (2) 

F.(2). 4302-22. 3 

br Hp. ~t0.v+0. Re Relnum.&=lem (p,v).3: Ry w/v) R,.=- Gt Ry (3) 

F.#302°44.5 

Fs. Hp.y=0. Re Relnum. &=lem(p,v).:&=0: 

[#30315] D: Ry (u/v) Ry 

Similarly 

bi. Hp.v=0. Re Relnum. & = lem (p,v). 9: Ry (u/v) B,- 

F. (3). (4). (5). DF. Prop 

#80342. + :. Hp #30341. £=lem (y,v). 3: Un (u/v) U,. = tom (uv) e OU 
[*303-41 . 430026] 

#30343, fs. Infinax. D:y,veNCind.~(u=v=0).3,,-U, (w/v) UL 
[*303°42 . *300°14)] 

#80344. + :. Hp #80342. PeSer.3: Py (u/v)P,. =. at Pe 
[#303°41 . #30044] 

#30345, F: PeQinfin.p,veNCind.~(u=0.v=0).3+ Pyu(p/y) P, 
[300-44 . 303-44] 


#30346. | :.(p,0) Prm (u,v). ne NC ind. Re Rel num.9: 
Ry (u/v) By = EXoo= 9 Xop +H! Rexee 


ip! Re (4) 


ul 


“alk: 6) 


Dem. 
F.*303'211.> 
bi. Hp. 3: Re(y/v) BR, =- Re (p/o) BR, + 
[*303°21] =. GY Raxco A Raxco 
[*300°55] =.ExX,c0=2X.p-H! Rexcet» +. Prop 


RB. & W. TIL 
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4303-461. Fs. 4,0, Ene NC ind. ~ (w=v=0).~ (€=7=0).Re Rel num.): 
Ry (u/v) BSE Xov= 9 Xop- HT! Rieme.n 


Dem. 
k #30245 .2 
+: Hp.(p,o) Prm (én)... x, ¢ = lem (§, 9) (i) 
+. *302'35.2 
bt: Hp.(p,c) Prm (p,»).Ex,c=9X,p+-(p,0)Prm(E,). (2) 
[#302°34] D.EX.v=n Xp (3) 


F . #302°35°37 . 3 
+: Hp.(p,¢) Prm (y,v). Expv=9 Xu. D-EX.o=7 Xop (4) 
F.(1). (2). (8) - (4). #803-42. 3+. Prop 
#30347, Fs. Hp *303-461.A se Pot‘R.3: Ry (p/v) B.S EX = Xo 
[*303°461] 
#803471. +3. 4,0,& ne NC ind. +(w=v=0).~(E=9=0). Pe OD infin. dD: 
P;(ujv) Pye = E Xev = Xah 
[*803°47 . *300°44] 
#803-48. bs. y,0,& ne NCind.w(~=7=0).~(F=9=0).9: 
U; (plv) USE Xv =a Xp lem (E, 9) e OU 
[#303-461 . #300°26] 
#80349, F::Infinax.3:.4,,&,neNCind.~(w=v=0).3: 


UT; (ulv) Uy += + EXov=9 Xo 
Dem. 
+. #80315. 3h:.u,»,&7¢NCind.p=0.v+0.3: 
U; (w/v) U,.=. Ue RVI. Ue Rel num id. 


[#1 20°42] =,.&=0. 
[#113602] =.EX v= Xo (1) 
Similarly 


ks. yyy, &,neNCind.pt0.v=0.3: Up (w/v) U,.5-ExX,v=n Xp = (2) 
F. (1) (2). #30348. DF. Prop 


#3035. Fip,ceNCind—c'0.q!(pt+.ch-2: 
(AP, Q) +P e(p toVr+ Qe (oto l)r+P, Qe taths 
BP = BQ. BP = BQ. COP aAVQ=UBP UB 
Dem. 


b .#110°202 . ¥120°417 .3 
f:Hp.>.(qa,8).0,8et'r.aept+,1.B8er—l.anB=A (1) 
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F.*2622.D 
Fk: Hp.a pet “A.aept+,1.Bec—,l.anB=A.o4+2.3. 

(GP, 8). P,SeQatyrn.CP=a.0S=B.anB=a, 
[¥251-181-141] >. (qP,S,Q). PS, Qe Dn tg'r.CP=a.08=f8. 

Q=B PH SH BP.CPaCQ=UBPvuBQ (2) 
b.*2622.3+:Hp.a,BetA.aeptl.B=tUa.area.o=2.9. 

(GP, Q)-P,Qetyd.Pe2.CP=a.Q=(BP) lap BP (3) 

F.(1).(2).(8). Dt. Prop 


#30351. F:.pPrmc.p+0.c+0.q!(p tet)! 


(qf, 8): R, Se Rel numa ty. BR (p/c)S1 En tp/o. De ,6~ R(E/n)S 
Dem. 


b .#800°44°45 . #301:4..D 
t:Hp.Pe(ptol)-Qe(o+sl)--S=P,. R=Q. 

BP = BQ. BP = BQ. OP nOQ =U BP utBP. 2! Re AS (1) 
b.*301-41.3+:Hp(1)..(€=p.y=0).3.R1ASIH=A (2) 
b. (1). (2). #30821. 
be Hp(1).3:R(p/o)S:& Pray. ~(E=p.9=0).Dg,0~ R(Eln) 8: 
[4303-36] D3: R(p/c)S:&Prmy.¥/y plo. Dg,-~ R (En) S: 
[#302°22.%303°211] 

D:R(p/o) $2 ne CU. (E==0). Ent plo» Ie.+~ RE ln) 8: 
[303182]: R (pio) St &/n+p/o.Ig,-~ R(E/n)S (3) 
F. (3). 300-44. #3085... Prop 
#80352. Fi. p,veNCind—e0.q! (ut ors: 

(GR, S): RB, Setyh. R(u/v) 82 bly + ply De, ~ REM) S 


Dem. 
F #30324. *3802'39. 3 
bt: Hp.3.(qp,c).p Promo. piv=p/o.p$0.c40.q!ptor (1) 
F. (1). #30351. 34. Prop 


#8036. brveNCind-10..0/y=0, [¥303'15] 
#80861, b:yeNCind—10.3.»/0=0 4 [30316] 
#30362, +.0,=Cnv'o = RS(qI RATS OS) [*30366113-15] 


#803621. + .0, > Rel num id = Cuv(Rel num id 4 4) 
=RS(REI.SeRelnumid. gq! C'Ra CS) [#30366113-151] 
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430363. b: 12... q 10, f (Rel num a fy'n) 

Dem. 

b.4*803'156.Db:a+y.3.10,(@)y): D+. Prop 

#803631. b:g 12.3. q'(Rel numa te‘) | 4 [#3036362] 
308-65. Fil 2,.D.0gf to At of toh 

Dem. 

+. #30362. biety.d. 10 (a Ly).~ {Lo g(e@] yi Db. Prop 
#80866. 2G 12.-3: (u/r)P to'A=0,.=-~=0.ve NC ind ~ 10 

Dem. 
b.*303°6 . Dk it y=0.veNCind —t0.9.p/y=0, (1) 
F. *803°615. > 
bspfv=0..D.p/v=:RS(ReRIMI.SeRelnumid.giC'RaS) (2) 
F.3003.3F:Hp.2.(qa,y)-aty-a] ye Rel numa itor. 


[*10°24] >.q!(Rel num id — RID) ntyr (3) 
b.(2)-(8) #3081117. D 

Fi: Hp. 3s. (u/v) E tofA = 0,2 Di ,ve NC ind: y=0.v.v=0 (4) 
F.(2)«(8). #30316. 

br. Hp.D:(u/v)f te =0,-D.~(ut0.7=0) (5) 


F.(4).(5). Db: Hp. D:(u/v)f tg'h=0,-3-4=0.veNCind—10 (6) 
b.(1).(6). DE. Prop 


#30367. bs. 12..35 (u/v) [ totA= 0 g-=.7=0. ue NC ind-1°0 


[%303-66°62] 

4803-7. +: XeRat.=.(qu,v).p,veNCind.v+0.X=p/v 
[(#303°04)] 

«803-71 +: XeRatdef.=.(qu,v)-pveDUn MU. X =(u/v)f taép 
[(#303-05)] 


#30372. :XeRat.d.(qu).qi XP tutu [303-26] 


#303721, b: Xe Rat —00,.D.(qu)- XE tatu Rat def 
[800-18 . *303°7-71] 


#80873. +:XeRatdef.d.qiX[Relnum [¥303-322-324] 


*303-731. F:.p Prmo.3:(p/s)f tufpe Rat def.=. p,aeDSUn dU 
[#303-71 . *#302'39] 


SECTION A] RATIOS 277 

#80374. Fs. pPrmo.X=(p/o) [ inp. 3: q UX [ Rel num.=.p,ceD'Un aU 
[303-332] 

«30375, t:XeRat.qi XE (tyfunRelnum).>. Xf t‘we Rat def 
[3039-74-71] 

#80376, +:.X,VeRat. Xf ty{pe Ratdef. >: XP tufp=V4‘tp.=-X=¥ 
[*303'391] 

#303-'77. +:.Infinax.3:y4,ve NC ind — 0.3. /v Rat def 
[*30014 . «303-71] 

#80378. |: Infinax.>. Ratdef=Rat— 00, [«303°7-77] 


The above two propositions assume that y/v in the first, and “Rat” in 
the second, have been made typically definite, but ‘they hold however the 
type may be defined. 


*304. THE SERIES OF RATIOS. 


Summary of *304. 

In this number we consider the relation of greater and less among ratios, 
and the series generated by this relation. We need two different notations, 
one for greater and less between typically indefinite ratios, the other for 
greater and less between ratios of the same type. The former is more 
useful where we are dealing merely with inequalities between specified ratios, 
but the latter is necessary when we wish to consider the series of ratios in 
order of magnitude, since a series must be composed of terms which are all 
of the same type. We put 


#30401. X<,Y.=.(qy,v,p,0).,v,p,0eNCind.c+0.~x,0 << xp. 
X=plv.VY=p/o Df 
This definition is so framed as to include 0, but exclude #4. For the 
relation “less than” among rationals of given type (excluding 0,), we use 
the letter H, to suggest 7 (defined in #273), because, if the axiom of infinity 
holds, the series of rationals of a given type isan. The definition is 


#30402. H=XP(X, Ye Ratdef.X<,¥} Df 


When we wish to include 0, in the series, we use the notation H’; thus 


#30403, H’=2£P(X,YeRatdefuro,.X¥<,¥} Df 


(It will be observed that here 10, acquires typical definiteness through 
the fact that it must be of the same type as “Ratdef” in order to make 
“Rat def v 60,” significant.) 


If the axiom of infinity does not hold, H and H' will be finite series: 
if v+,1 is the greatest integer in a given type (v > 1), the first term of H 
is 1/y and the last is v/1 (#804281). In a higher type, we shall get a larger 
series for H, but at no stage shall we get an infinite series. [f, on the other 
hand, the axiom of infinity does hold, H is a compact series (*3043) without 
beginning or end (*30431) and having N terms in its field (%30432), 
te. H is an n (*30433). In this case, C\H = D‘H = Rat — 10, (30434), 
i.e, any rational other than 0,, as soon as it is made typically definite, belongs 
to C‘H. 
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Under all circumstances, H is a series (*30423), and H exists in the 
type fo if 3 exists in the type tA (#30427), In the same case, 
C‘H = Rat def (*80428), Similar propositions hold for H’. 


C‘H’ consists of typically definite ratios, and if X is any ratio, there are 
types in which X belongs to C‘H’ (*80452). If the axiom of infinity holds, 
every ratio is a member of C‘H ‘n every type (*304°49). 


430401, X<,V.=.(qu,v,p,0)-4,y,p,c7eNCind.c+0.px,o<yxyp. 
X=plv.Y=plo Df 
#80402, H= P(X, VeRatdef. X <, Y} Df 
#30403. AH’ = XP(X,VeRatdefur0,.X <,¥} Df 
#8041. F:X <, Y.=.(qu,vp,c)- my p,ceNCind.pxocuxgp. 
K=plv.Y=plo [(*30401)] 
#80411, bi ply <rp/o.=.o/p<yu/p [#3041] 


480412. 1: <,¥.s.¥<,X [#304°11 . #303'13] 
#30413, +: X<,Y.D.X,VeRat. Y+40, 
Dem. 


Fee1L7 5. Dhipxpao<yxep.D-vxXep+0. 
[#113602] D.v+0.p+0 (a) 
F.(1).*8041 .*303-'7. 3+. Prop 

#80414. +: XHY.=.X,YeRatdef.X <,¥ [(*304-02)] 

#30415. +: XHY.=.(qy,v,p,0)-p,,p,0eDUadU. 


X= (ulv) 0 tafe. P= (pfo) 0 tufw-wXer << Xap 
[*804-14°1 . #303-71] 


#304161. : XHY.=.(qM,N, yu). M<,N.ME ta'y, NE tu'ne Rat def. 
K=Mbiue. Y=NE tay [#80415] 


#304152. bs. Prmy. p Prmo. D: ((u/v) f tau} A {(o/o) [ tn“p} = 
ply <p plo wv, p,reDUndU [*304151 . #303731] 


#30416. F:(u/v) H (po). 2-(o/p) H (vj) [30415] 


4304161, §: XHY.=. YHX [480412151] 
*3042, F.HGJ 
Dem. 
+. *803:37 ..3 
hip pceDUndU. (e/v) C tafe = (p/o) T tnfpee Dee Xgr=V Xop> 
[#30415] D.~ {(u/v) H(p/o)} (1) 


F.(1). Transp. 3+. Prop 
#304201. b. + (X <,X) [Proof as in *3042] 
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#30421, +. H trans 
Dem. 
b.x80415.D+:XHY.VHZ.5. 
(Am ¥, p, 2, En). my, p.o,€&neDUn TU .pxga <u Xeps 
pXon<ax,&. X=(u/v)[ talus Y=(p/o)f tn’e - Z=(Eln)Civtw (1) 
b.#117°571 . «12051. 
bry po, F geDUn TU .pxpo Sv xXgpspXoyaXo&e rs 
XT Xo KV Xep Xe MLV Xe TF Xo ks 
[12651] Dow Xen <P XE (2) 
F.(1).(2).3¢. Prop 
#804211. §:X<,V.¥ <,Z.3.X <,Z [Proof as in *30421) 
#30422. +. H econnex 
Dem. 
fb .4126°33. 3b: 4,0, p,0eDOUn dU .3: 
XT LUX oP Vip XgeTHV Xo PeVe pPXoF PV Xep qd) 
b.(1).*30415. 34. Prop 
#804221. b:.X, YeRat.0:X <,Y¥.v.X=V.v.¥<,X [Proof as in #30422] 
#80423. +.HeSer [%8042:21:22] 
#30424. bip,ve DOU n UU. v41.3.(u/v) A {u/(v—, 1} 
Dem. 
F. #120°414415-416.3:Hp.d.v—,leDUn aU (1) 
b. (1). #30415.3 4+. Prop 
804-241. Fs we DIU. pt,le QU. 2. (u/1) A (eu +,1)/1} 
Dem. 
b. #80014. Dt: Hp.3.y,16aU (1) 
b. 80014. 4120-124.3+:Hp.d.44+,1eD°U (2) 
b.(1).(2). #80415. 34. Prop 
#30425. bipjveDOUn GU .~(n4,1 = BU.v=1).3 .p/veD'H.v/pe OA 
[#304'24241°16] 
#304251. Fivt+,1=BU .D.p/lre DE 


Dem. 
bk. «300714. 


F:Hp.poeDOUndU.3.pep.l<o. 
[4117-571] D.px, laure (1) 
F. (1). #30415... Prop 
«804.26. bi. Prmy.d:y/veD'H.= .v/fue AH. 
=epveDUndU.n(y4,1= BU .v=1) 
[#802°39 . #304'25°251:15-16] 
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#804261. |. DT = ¥ ((qu,v).pveD Un GU .n(u4.1=BU.y=1), 
X=(u/v)b toy} (#80425-251-15) 
#804262, +. OH = ¥ (qu, v).pveD Un dU. ns (pt l= BU .y=1). 


X=(v/p)btn'p}  [*804261-16] 
#80427. b:iqiH.s.q!3 


Dem. 

k.*30014.5 
FeGl3.dip=l.v=2.9.p,veDUndU.n(u+,.1=BU.y=1). 
[#30425] 3.q'f (1) 
bk. *304-261.5 


bel. Di(quyitpveDUndU:p4,16¢0U.viv+1: 
[#80014] Di (qu)- ol. gqlut.2-v.(qv)-v>1.qive gl: 
[#11732] D:qt3 (2) 
F.(1).(2). 34. Prop 


#80428. big !3.0.CH=R ((qur). pve DSU nU.X =(u/v)E tay} 


= Rat def 
Dem. 


2830014. 3h: Hp. 3ip4,1=BU.2.p>1 () 
F.(1).DF:Hp.d.0(quv).ptpl=BU.v=l.vt12BU.p=1 (2) 
F . (2). #304'261-262 .#303°71 . D+ . Prop 

4804281. b:.g 13.3: pjo= BH =. p=l.yt+,1=BU =. 1/u- BH 

[4804-28-261-262] 


#304282. b. 0. se CH [3804-27-28 . %303°66] 


#30429. b:(u/v) 1 (p/o). ptepytocedU.>. 
(nv) H (ute piv +oo)} » (4 te p)(v +o o)} H (e/a) 


Dem. 
b.x8041,3+:Hp.d.px,o<vxp- 
[¥126°5] Dp Xo(¥ tee) LY X,(u +e) - 
(u +0 p) Xoo <(YV te 7) Xop = (1) 
F. (1). «8041.34. Prop 
#3043, +: Infinax.>.H Sern comp [¥304:29°23] 


#30431, fr Infinax.>.sE!B‘H.~E! BA [*30428] . #30014] 


#30432. + :Infinax.>.C'He®, 
Dem. 
F. #80415 . #303°211 . *302:22 . > 
F.NSCHS Ne‘¥ (ap, ¢).pPrma.p,ceD'Un dU . X = p/o} 
[803-36] <Not if (qp, 0). pPrme.p,oe DUnGU.M=plo} 
[¥83161] <Nc‘O'U x, NCU qd) 
19 
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F. (1). #12852. 30021. 3h: Hp.d.NeCHER, 2) 
F . #30428. > 
b:Hp.>.Ne CHS Ne'X (qv). ve DOU n GU. X = v/l} 
[%303°36] => Ne(D'U a A'‘U) 
[%300°21] 2 (3) 
F.(2).(8).#117:23. 34. Prop 
#80433. F:Infinax.>.Hen [*304°3°31°32 . #2731] 
#30434. +: Infinax.>.C‘H = D‘H = Rat —c'0. [308-78 . #30428] 
«3044. +: XA’Y.=.X, VeRatdefuc0,.X<,Y. 
=.(qu,r,p,0)- pr, p,ceAU .v+0.c+0.pxX,0<yxop- 
X= (u/v)E tafe. Y=(p/o)f tafe [308-71 . (#304-08)] 
#304401. b:. Infinax.3:X<,Y.=.XH’Y [#304r4. *303°78] 


*80441 F. DH’ = ¥ ((qu,r).p,veC'U.vt0.~(u41=BU.v=1). 
4A, X=(u/r)E tu“p} 

[Proof as in *304°261] 

#80442, +. OH’=¥ (yy, v). uve UU. pt 0.040. X =(u/vyt ta’p} 

#30443, big! H’.s.qt2 [430442] 

#30444. Fiq!2.9.CH’= & {(qu,v). pve dU .v +0. X =(n/v)E tufu} 
[4304°41-42] 

#30445, big !2.>.B°H’=0, — [*30441-42. ¥308°6] 

430446. big 13.D.H’=0,¢ H [¥304-45-427-1] 

430447, F:Infinax.>.H’eiin [43044633] 


*30448. +. H’eSer 
Dem. 
48044. Db: g!2.nqg!3.3.H’=0, | (1/1) (1) 
F. (1). #804-43-46:23 . > +. Prop 


#30449, /: Infinax.>.C*H’ =D‘H’ = Rat [#3043446] 
48046. +: XeCH.D.q! Xf Rel num [%303°78 . *804°14)] 
#80451, +: XeC'H’.D>.q! Xf Rel num 


Dem. 
F . *303°63 . *30443.9b:Hp. 3.9 10,f Rel num qd) 
bk. (1). *308-73 . *3044. 34+. Prop 
#80452. +: XeRat.D.(qu)- XP tipe OH’ [304°44 . #300°18] 


#30453. +: Xe Rat —10,.3. (qu). XP tape CH [430428 . 300-18] 


#305. MULTIPLICATION OF SIMPLE RATIOS. 


Summary of #305. 


The ratios hitherto considered are called “simple” ratios in opposition 
to “ generalized” ratios (introduced in #307), which include negative ratios, 
We deal with multiplication and addition first for simple ratios, and then 
for generalized ratios. In this number we are only concerned with the 
multiplication of simple catios. 


In defining multiplication of ratios, we naturally frame our definition so 
as to secure that the product of y/v and p/o shall be (4 x,p)/(v x,o). This 
is effected by the following definition (where “s” stands for “simple ”): 


#30501. Xx, ¥=RS8[(qu.v,p,0)-p,v,p,c¢eNCind.v+0.040. 


X=ply. Y=plo.R((wxep)vxoo)} 8] De 
which gives us 


4306-142. ts u,peNCind.v+0.040.3.y/v xsp/o = (Ht Xop)/(¥ Xoo) 
and 
#305144. by! (u/y X¢p/o).D. w/v X2p/o = (js Xo p)/(v Xoo) 


The reason for the hypotheses in these propositions is that, if » is a 
cardinal which is not inductive, while p=0 and », o are inductive and 
not 0, p/v=A and ply x,p/o=A, but (ux, p)/(v X,0) = 0y- 


For the applications of the multiplication of ratios, it is essential that we 
should have, if R, S, T belong to a suitable vector family, 


R (yl) S. S(plo) 7.2. B(ulv Xe p/o) 7, 


eg. we want two-thirds of five-sevenths of T to be (2/3 x,5/7) of T. It will 
be shown in Section C that our definition satisfies this requirement. 


We prove in this number 
#3053. +:X,YeRat.=.X x, Ye Rat 
#00522, b:.Xx,F=0,.=:X, Pe Rat: X =0,.v.Y=0, 
i.e. a product only vanishes when one of its factors vanishes , 
*305°301. +: X, Ye Rat —10,.=.X x, Ve Rat — 10, 
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#30525. br y,r,p,c0eDUn dU... (uly xsp/o)f tofpe CH 


Thus a product of two ratios which both exist in a given type exists in 
the next type, 1.2 


#30526, +: X,VeRat. Xb atu, FL Afwe Rat def.d.(Xx, PE teu CH 


‘The formal jaws offer no difficulty. We prove the commutative law 
(#30511) and the associative law (#30541); we prove that X x,1/1=X 


(#305°51) and that Xx,X=1/1 (#30552), Division resulta from 
#30561. b:. A ¢Rat—10,. A’eRat.3:4x,X=A'.=.X=A’ x,A 
and the axiom of Archimedes is given by 


«3057, +: X,YeRat—00,.3.(qa).aeNCind. Y<,(a/1 x,X) 


#30501. Xx, P= RS[(qu,v,p,0)-u,v,p,0eNCind.v+0.040. 
X=plv. V=plo.R ((uxop)i@ x.e)} 8] DE 


#8051. +: R(X x, Y)S.=. (qu,v,p,0)- u,v, p,oeNCind.»v$0.0+40. 
X= plv. Y=plo-Bi(uxep)l(v Xeo)] 8 [(305-01)] 


430511. +. Xx, Y= ¥x,X [#3051] 
480812, 2 X,Y wet, ut! og. Cav'(X x, V)=X x_F [4305-1 . #30313] 


#80513, b:py,v,p,0¢NCind—t0. p/y =p’). p/o=p'lo’. 2. 
(H Xo pi Xe 0) =(H Xep'(v' Xoo") 


Dem. 

b. #30839. Dh: Hp. Dd. wxXou =v Xap’ «p Xo =p Xoo 

[*120°51} D6 pW Xep Xeu' Xoo =f! XgP' Xev Xqas 

[#303-39] D. (uw Xo p)|(v Xoo) = (14 Xo p’)/(v’ Xgo")t DF. Prop 


#305131. +: v,p,0¢NCind -10.0/y=y'/v'.p/o=p'fa’.d. 


(0 xo p)/(v Xo) =(H Xop')(v’ X_ a") 
Dem. 


+. #30366. Dh: Hp.d.y’=0.v eNCind—10 (1) 
F.(1).*308'6. DF: Hp. 3. (0 x, p)/(v x9) = 0g = (1 XoP')/(v’ Xg0") 1 IF. Prop 
#805182. bs y,v,p,o¢NCind .v+0.0+0.p/y=p'fr’ -pla=p'[o’.>. 


(Xe p)i(v Xo F) = (Mm Xqp'){(v" Xoo’) 
[4805-18°181] 
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#30514. b:u+0.p+0.v40.0+40.9.p/v Xe plo = (MW Xe p)/{(v X.0) 
Dem. 
b.#305°1132 .> 
Fi:Hp.3:. R(u/yx,p/o)d.=2 
(au, v'p',o’) wv’, p', oe NCind. p/y =p]. p[o=p'/o’.v +0. o+0: 


Riu xepyvxee)}S (1) 
+. #303°181 . *30236. ¥120°512.> 


Fk: Hp. RB {(u xep)/(v x. 0)} Se. ys, v,p,0 ¢ NCind (2) 
F.(1).(2). 34. Prop 

The condition 4 +0. p+0 is required in the above proposition because if, 
eg. 4=0.peNCinfin, we shall have (if v,2¢NCind— 0) p/y=0,. p/a=A, 
whence p/v x, p/o =A, but (u xq p)/(v X,¢)=0,. If we assume yu, p e NC ind, 
it is not necessary to assume z+0.p+0. This is stated in *805'142. 


4305141. bi.y=O.v.0=0:D.u/y x,plo=A 
Dem. 
b. «8036711. 3b:v=0.m',v eNCind.p/y=p fy. d.1'=0 qd) 
F.(1).*305'1. DF. Prop 
#305142. Fi: u,peNCind.v+0.0+0.3.p/v x, pla =(u Xo p)/(v Xa) 
[Proof as in *305°14] 
4805143. bs! (u/v x. p/o). >. p,¥,p,0¢ NCind.»+0.0+0 
Dem. 
b.88051. 3b: yl (u/y x, plo). D- (qe, v’) we NC ind. $0-p/ysp'/r’. 


[*303-182-67] ‘D.p,veNCind.v+0 (1) 
Similarly biqit(u/vx,p/o).3.p,ceNCind.c+0 (2) 
+.(1).(2). DF. Prop 


#305144. Gl (u/y x, p/o) «Dd. w/v Xs p/o = (pt Xq p)(v Xo) [*305°143'142] 
#30515. b:.~(u,0,p,c0eNCind).v.v=0.v.¢=0:9.p/v x pla=A 
[*305°143 . Transp] 
#80516. Fs. 4,»,p,0¢NCind:.=0.v.p=0:v+0.0+0:9. 
ply x,p/o=0, [#805142 . #3036] 
¥30517. +.Xx,0,=A [#305141 .*303°67] 
#3052, FigiXx,P.3.X, Ye Rat 
Dem. 
+. %305:1.5 


b:Hp.>.(qu»,p,9)-4,¥,p,c¢NCind.v+0.0¢40.X =p/v. V=p/c- 
[¥303-7] >. X, YeRat: Db. Prop 
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430521. 1: Xx, YeRat—10,.9.X, Yekat—10, 


Dem. 
+ .«303°'72.4805°2.5+:Hp.>.X, Ye Rat (1) 
+.*305°16. Transp. +: Hp.d.X+0,.¥ +0, (2) 
F.(1). (2). D+. Prop 


#80522. b:.X x, ¥=0,.2:X, YeRat: X =0,.v. Y=0, 
Dem. 
F . #805°1-2°142 . #303'66 . > 
bi.X x, ¥=0,.=:(qy,",p,0)-X =p/v. Y=p/o.pu,v,p,c¢NCind. 
we Xep=0.vx,o+0: 


[*303°66] =:(Gu,»,p,0):X =p/v.V=p/o.p,v,p,oeNCind. 
yt0.c+0 i p/y=07.V.p/o=09: 
[*303-7] =:X,YeRat:X=0,.v.Y¥=0,:9+.Prop — 


#305222. b: Xx, ¥eRat.>.X,YeRat [4305-21-22] 


The following propositions are lemmas designed to show that if X, Y are 
ratios which exist in a given type, X x, Y exists in the next type. 


#30523. t:weNCind.>.(2xo4)+t,1< 2! [¥117-652. #120-429] 
#305281, +. (y+, 1)=p?+o(2 Xo) tel [#11634 . 113-43:66] 


4805-232. Fi weNC ind. >. pic Qeter 

Dem. 
F . 116311321. Db. 0? < Qt QQ) 
F. *805°231. Dh: Hp ep? < Wt Dut, LP Wt 4, (2 xX.u)+,1 (2) 
b. (2). #80523. DE: peNC ind. wc Yt. Dd. (wt, LP Wt 4, Der, 
[41 13:66.4116°52] D. (wt, 1) < tet (3) 
F.(1). (3). Induct. D+. Prop 


#30524. bip,v,pcr6eDUnduU.d. 
(wu Xo p) 9 ty, (vp xX,o) atweD UAAU 


Dem. 
b.a11672. Dk: Hp.d. (Mtn tye OU. 
[#305°232] D.piatwe TU (1) 
F.#11635. DF: Hp.d.piatweDU (2) 
Similarly F:Hp.d.ratiy, pint, otntweD Un dU (3) 


F .117°571.5 


Fs. Hp. Dip xe pQereVepXgp Spry XgTF QV VV Xero? (4) 
F.(1).(2).(8)-(4). DF. Prop 
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#30525. bip,vp,ce DSU n dU... (uly xsp/o)[ tio’ CCH 
Dem. 
F.#80514.5+:Hp. >. p/y x, p/o = (u x, p)/(v X_ 0) Q) 
Fo (1). #30428 . #805°24.3 5 . Prop 


#30526. +:X,YeRat. XP tu, YP ti‘we Ratdef..(X x, Y)E tafwe OH 
[#805°25 . #30428] 


#80627, +: X, Ye Rat—10,.9. (qu) (XX V)E tafue CH 
[#805°26 . *#303°721] 

#805:28. + :X,YeRat.. (qu). (X x, VP teofueC'H’ [3805-27-22] 

#3053. +:X,YeRat.=.X x, Ye Rat 


b . #805142 .*803-'7.3:X, Ye Rat.>.X x, Ye Rat (3) 
F. (1). #805222. +. Prop 

#305301. : X, Ye Rat—10,.=.X x, Ye Rat— 10, 
[%805°142 . *303-7 .*305°21] 

#30531. bi (qu). XP iatu, VD twee CH. =. (qr). (Xx, VY) Dive CH 
[%305-301 . *304'53] 

#80632. F:(qu).X Dawe Vp ttwe CH’. =. (qv). (X x. Y)E in've CCH’ 
[#805°3 . #304°52] 

«3064, Fid,v,ceNCind.~+0.p+0.74+0.9. 

(A]p xa0/p) Xa(o/7)=(A XQ XoF)/(u X gp Xq7)=A/e X,(v/p X_o/T) [305-142] 

#30541, +.(X x, V)x,2=X x.(Vx,Z) [305-42] 

4805-5. Fr pt0.D.(A/u) xp(1/1)=A/e [8051414215] 

#30551. +:XeRat.>.Xx,(1/1)=X  — [305-5] 


#30552, +: XeRat—10,.2.Xx,X=1/1 
Dem. 
b. #30514. *3803-13.3 
F:Hp.>.(qu,v).p,ve NCind — 00. X x, X =(u x, v)/(v Xo) + 
[*803:23]>.X x,X =1/l: D+. Prop 


*806°6. of: de Rat—10,.XeRat.9:4x%,X=A'.=.X=A'x,A 
Dem. 
b .804°1-4 . *305'32'222. D3 
bt: Hp. 3. (qu, vp, 0, &9)+u,»,¢ NC ind —1'0., &,7 ¢ NC ind. 
A=plv.X=plo.A’=Ely (D) 


288 QUANTITY [PART VI 


F.#805°142. 5b. 4,»,0¢NCind—0.p,£,q¢NCind.>: 
Bl» Xs plo = Ely «5 « (u Xo p)i(v Xgo) = E/ne 
[*303'38] + Xo P XpoW=VXq TX Ew 
[*803'38] » pla =(v Xo E(u Xen) 
[4#805°142.4303°13] = Eln x, Cnv(u/v) (2) 
F.(1).(2). DF. Prop 


mo 


#30661. t:..4¢Rat—10,.A’eRat.3:4x,X=4'.2.X=A'x, A 
[#805°6-222'32] 


#8057. |:X, Ye Rat—e0,.5.(qa).aeNCind. ¥ <,(a/l x, X) 
Dem. 
b.aL 17571. %120°511 . *117:62.5 
bip,y,p,coeNCind—0.&>p.). 
ld Xe P XeEXqo >V XP 
[x8041] >. (p/a) <,(u xo XoE)/v- 
[*305-14] D. (pa) <, {uly Xs (p xo )/1} (1) 
b (1). #8041. #1205. D+. Prop 


«80671. +:.Z¢Rat—10,.3:X <, ¥.e.Xx%, ZK, Vx, Z 
Dem. 
b.*805142.3+:Hp.X¥<,¥.3. 
(He, », po, 8,9) 4, p,0,& ne NCind.v+0.c¢4+0.€4+0.040. 
X=plv.V=plo.Z=Eln-pxeo<v xp. 
X x, Z=(p Xo E)i(v Xo)» ¥ x, Z=(p Xo £)(o X—m) + 


[#804'1.#126°51]3.Xx,7<,¥ x,Z (1) 
F.d). DF: Hp.xXx,2<,¥x%,7.3.X x%,2x%,2<,VxX%,Zx, 2. 
[#805:51°52] D.X<,V (2) 


F.(1).(2). D+. Prop 


#306. ADDITION OF SIMPLE RATIOS. 


Summary of *806. 

The addition of simple ratios is treated in a way analogous to that in 
which their multiplication is treated, We wish to secure that the sum of 
a/v and p/v shall be (A+,)/v, and that the sum of y/y and p/o shall be 
{(4 Xoo) +.(v Xop)}/(» x,c). This is secured by the definition 


#80601. X4, ¥=RS[(qu,v,p)-u,»,peNCind.v+0. 


X=plv.V=p/v.R {(ut,p)/rv} 8) Df 
whence we obtain 
«30613. biv+0.D.p/y+sp/v= (+e p)/v 
480614. brvt0.¢+0.3.p/v ts p/o = |(u Xoo) to(¥ Xe p)}/(¥ XqF) 

Our definition is so framed that 0 7+,0,:=A. This is on the whole 
convenient, though we could, of course, frame our definition so as to have 
Wty Og=E Dy, 

In applications, if R, S, 7 are members of a suitable vector-family, we 
want to have 

R(yjv) T.8(p[o) T.d.(B|S)(u/v +sp/0) 7, 
eg. if a vector R is 2/3 of T, and a vector § is 5/7 of 7, we want the vector 
which consists of first travelling a distance R and then travelling a distance 
S to be (2/8 +,5/7) of T. We shall show in Section C that our definition of 
addition fulfils this requirement. 

As in the case of products, the sum of two ratios is a ratio (#306'22), and 
the sum of two ratios which exist in a given type exists in the next type 
(4306-64). A ratio is unchanged by the addition of 0, (#306:24), and a sum 
of two ratios is only 0, if both the summands are 0, (*306'2). No difficulty 
is offered by the formal laws: we prove the commutative law (*306'11), the 
associative law (#306'31), and the distributive law (#306°41). 

An important proposition is 
#30652. 1:.X <<, Y.=:X eRat:(qZ).Ze Rat —109-X4+,2= 7 

When the axiom of infinity is assumed, this proposition becomes 


XH'Y .2:XeOH':(qZ).2eCH.X +,2=Y. 
R. & W, In, 
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We prove also the proposition upon which subtraction depends, namely 
#80654. F:.X,Ye Rat. 9:X+,¥=X+,2.=.¥=Z 


#30601. X+,¥=RS[(qu,», p).u,x.peNCind.»+0. 
X=plv.Y=p/v. R{(u+_p)/»} 8] DE 
#3061. -:R(X+,Y)S8.=.(qurp)-u,rpeNCind.v+0. 
X=plv.Y=plv. R (utep)/v}S [(*806-01)] 
#80611. +. X¥4,Y=YV4,X [#BOG6'1 . #110°51] 
#80612. F:q!(X+,Y).5.X, Ye Rat [8061 . *303-7] 
#806121. Fi ply =p]. p/v=p']r'. D.(utep)/v=(M top )/v 
Dem. 
+. #303°39.3: Hp. yu», p,m», p’e NC ind.» +0.»'+0.9. 
WX = B' XgVapXeu' =p’ Xv. 
[#11843] 2. (u-typ) Xoo =(u' top’) Xe 
[#30339] 3. (ute p)/y= (ui top’)/¥" (1) 
F.4303°181 . *302:36.5 
F:Hp.w(uupeirp eNCind).3.(u+epv=A.(u tee) =A (2) 
+ .(1). (2). #303'67 . DF. Prop 
#30613. b:v+0.3.p/otep/v=(utep)/¥ 
Dem. 

F.*3061.5F:Hp.3.(ut.p)/v GC u/v ts p/v (1) 

b.*306121.3 

Ftulo= pv’. plomp'jo' X (utp ¥.2-X (utepo P (2) 

b. (2). #38061. Db ply tsp/yG(utep)/v (3) 

F.(1).(8). +. Prop 


#30614. Fivt0.04+0.3.u/vtep/o = {(u Xoo) +) (v Xo p)}/(v Xe) 
Dem. 


b.#303°39.D 
t:Hp.y,v,p,oeNCind. >. p/y=(u x,a)/(v xXgo) plo =(¥ xo p)/(v Xqa)- 
[*306-13] D. ply tsp/o ={(w Xoo) te(v Xop)t/(v Xe a) qd) 


F. #30612. #80311. 
bin(uu,p,oeNCind). >. ply tip/a=A. [(uxer)te(vxap)i/(yXer)=A (2) 
b. (1). (2). DF. Prop 


#306141. tiv =O.v.c=0:D.pivtep/o=A  [¥80612. Transp. #303-7] 
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#80615. F:y/v+,p/o=0,.=.n=p=0.r,0¢NCind—00 
Dem. 


+. #30614. *803°66. DF: ~=p=0.»,c¢NC ind— (0.D.p/vt+sp/o=0, (1) 


+ .#80612. Dh sp/vt,p/o=0,.D+u,v,p,¢¢NC ind (2) 
b.#806141. Dhsu/yt p/o=0,.2.¥+0.0+0 (3) 
F. (8). #30614. 3b: Hp(8).3. {(4 Xoo) te(v Xe p)}/(v Xo) = 09+ 
[*303°66] D.(u Xoo) to(v Xep)=Vivx,o+0. 
[e1.10-62.%) 13-602] 2. p=p=0.140.040 (4) 


F.(1).(2).(4). +. Prop 


#80616. 1.X4,¥= RS [(qu,v,0,0).4,r,p,0¢NCind.v40.040. 
Xm ply. Ymplo. Rilaxce tarp oe] 8) 
[*306-14-12] 
«80617. F:=0.»,p,c¢eNCind.»+0.c40. 3. ply ts pio =p/o 
Dem. 
+.#303°6.Dt:Hp.d.p/v=0/o. 
[*806°13] D.ulvtsp/o=(0+,p)/o: D+. Prop 
#8062, $:X4+,¥=0,.2.X=0,.F=0, [*3061512] 
#806-22. +:X+4,¥eRat.=.X, Ye Rat 
Dem. 
F. «806-16. *803-7.Dh:X4, Fe Rat. =. 
(Gu, ¥,p,0)-u,¥,p,0eNCind. X =p/y. Y=p/o.vx,c+0. 
[*113-602]= .(qu.v,p,0)-.r,p,aeNCind. X=y/v. Y=p/o.v+0.0+0. 
[*803°7] »X, Ye Rat: D+. Prop 
#30623 :X +4, Ye Rat—10,.2-X, Ye Rat. ~(X = Y=0,) 
[306-22 . *303°7 . *306°2] 


*306-24. +:XeRat.d.X¥+,0,=X [#3061711] 


#30625. +:X+,VeRat.=.q!(X +, ¥).=-X, Ye Rat 
[#306°12'22 . #303°26 . #30614] 
Here X +, ¥ must be taken in a sufficiently high type, otherwise X+,¥ 
may be null when X, Ye Rat. 


#8063. b/w teu/p)tra/7 =A/u +e(v/p +40/7) 
Dem. 
b.4806-14. Db: 240.p4+0.7+0.D.(A/u tev/p) te/7 
= [QO ep) to (m Xe ¥)}/(H Xap) te ofr 
[*306-14] = ((A xp Xo 7) to (Ht Xe¥ XeT) te (Mo Xo p Xe Ti /(u Xe P Xo 7) 
[1 13-43] =[\r Xe(p X_7)} te (u Xe ((v XeT) te(p xo MN Vie Xo (p Xo7)} 
[*30614] = Aye tell XeT) +e (@ Xo F)H/(p Xe T) 
[*806+14] = A/u +, (v/o +.0/7) (1) 
1. (1). #30612. 3+. Prop 


il 


7 
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#30631. +.(X¥+,Y)+,2=X +.(¥+,Z) 
Dem. 
b.#8063. DkiX=A/u.¥=v/p.Z=a/7.d. 
(X4.Y)+,.7=X4+,(¥+,2Z) dQ) 
b. 480625. Db (GA, wy, p, 0,7)» X =A/w. Vev/p.Z=a/7.d. 
(X+,Y)4+,7=A.X4,(V + Z)=A (2) 
F.(1). (2). 3+. Prop 


«3064. 0b .X/m x5 (p/p teu /7) = (Alm Xeu/p) +2 (A/ pe Xp/7) 

Der 
b. #80614. 3b:A,4,0,p,0,7¢ NC ind. w+0.v+0.0+0.3. 

Alu Xa(v/p +,a/7) =Alp Xs {v X97) +e(p Xe 2)}/(p XqT) 

[4305-14] =[ xq (v X_7) +00 Xe oD} (4 Xe Xe 7) 
[4803-23] = [A x_ pM Xo [(¥ XoT) te (P Xe O)} V(X 0 Xo Xo T) 
[¥*113°43] = {a Xo pf Xe Xo 7) +e(r Xo fh Xo P Xe o)|/(e Xe P Xo fh Xe 7) 
[4306714] = (0 x, v)/( Xo p) +e (A Xoo) /(He XQ 7) 


[305-14] =(fu Xe 9/p) 44 (Mu Xs 0/7) a) 
F .805-2 . #30622. sy LA/ xs (v/ptea/T).D-r/p, v/p,o/re Rat. 
[*303°7] >.Hp(1) (2) 


f. #30612 . #305'143 . > 
bap l{(/p xev/p) +. (A/ pe X,a/7)} «2. r/p,v/p, 0/7 € Rat. 


[*303°7] >. Hp(1) (3) 
F.(2).(8).> 
bin Hp (1). 3. A/m xs (u/p tea/t) =A = (A) Xeu/p) +2 (A/p Xs 4/7) (4) 


F.(1).(4). +. Prop 
“30641. |.X x,(¥+,Z)=(X x, V)+e(X x,Z) [306-425 . #805-2) 
#30661 +. X4,(v/1 x, X)=(v +, 1)/1 xX 


Dem. 
b.#80612.9b 2.71 {X +,(v/1 x, X)}.3:X,v/1 x, X e Rat: 
[*305°3.4303°7] 3: ve NC ind: (4p, ¢)- p,ce NCind.o+0.X =p/o Q) 
b.«3052.3bs.q! (y+, L/1x,X}.I:(v+,1)/1,X e Rat: 
[*303°7.4126°31] Dz ve NC ind :(qp,o).p,ceNCind.c#0.X=p/o (2) 
b.4805°142.3 sy, p,c¢eNCind.o 0.9. v/1 x, p/a=(v x, p)/os 
(#30613] 3. p/o +2 (v/1 xs p/o) = [p +. (v Xp) /o 
[#113°671] =.{(vte 1) x, plo 
[305-14] =(v+,1)/1 xsp/o (3) 
Fs (1). (2).(3). Dk» Prop 
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480652. +:.X<,Y. 
Dem, 
F . #80613 . #11934. 
Fry, v,p,.ceNCind.y$0.040.X=p/v. V= plo. uxso<yxgp. 
£=(0 xe p) “ole Xe) « Z=El(v Xg0) +X +4 Z=(v X- pv Xoo) 


1X Rat :(qZ).Ze Rat -10,.X+,2=Y 


[*803°23] =plo 

(Hp] =¥Y @) 
b. (1) #804113. > 

biX <,V¥.9:X e Rat: (qZ). Ze Rat—e0,.X+,Z2=Y (2) 
F.*30614.5 


“bip,v.p,oeNCind.»t0.p+0.¢40.X =p/v.Z=o/c. Y=X4+,Z.). 
Y= {(u Xo) +.(v Xe priv Xoo) = [[(u Xoo) +e (v Xo p)} Xqh] > p Xo(v Xoo) 
[#8041] 9.X<, ¥ (3) 
F.(8).#3041.5b:XeRat.Ze Rat—0,.X+,7=V.3.X<,Y (4) 
F.(2).(4). D4. Prop 

The above proposition requires that X and Y should be taken in a 
sufficiently high type, namely at least in a type in which, if X=p/v and 
Y=p/o, where »Prmv and pPrma, (v x,p)+,1 and (4 x,o)+,1 are not 
null, Otherwise there may be no Z such that X+,Z2= Y. 

#30653. bs. u,veNCind.v+0.c4+0.9+0.9: 
pv +2 plo = ply te Ens = plo = Ela 


Dem. 

b.*80612.3+ Hp. uly te plo = ply +4 8/n.~(p,0¢NUind). >. 
plvtrEn=A.plo=A. 09) 

[*306:25] D.~ {u/v, E/ne Rat} . 

[Hp.*303-7] D.~(& neNCind). 

[#803-11.(1)] D.E/n=plo (2) 

b.#806-25.D+: Hp. pv +. p/o=p/v t+, &/n-p,oeNCind.>. 
£,neNCind (3) 


(8) .*806-14 . #803°39 . > 
b: Hp (3)... {(u Xoo) +e (» Xo p)} XoXo = [(4 Xo) tev Xo E)} Xe¥ Xe T+ 
[*113-43] 

Do (Xoo XoV %eN) $e (P* Xo P Xo) = (Mt Xe TF Xo Xo) te (¥? Xo & Xoo) + 
[w126-4] 2.0? x, (p Xe) = 0? Xo(b X00)- 


[¥803'39] >. p/o = E/n (4) 
b.(2).(4). Db Hp. Ds p/v tep/o= ply teb/n- 2+ plo = Eln (5) 
4806-1. Dh: plo =E/n-D~ ply te po =p]v +0 E/n (6) 


+. (5). (6). +. Prop 
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#80654. +:.X,YeRat.3:X4+,Y=X4,7.2.VY=Z 
Dem. 
b.#806-25.5:.Hp.d:X+, Ye Rat: 
[#306-25] 9:X+,Y=X4,7.3.Z¢ Rat () 
F.(1).*806°53 . #8087. F . Prop 


#30655. b: ¥<,X.d.~(qZ).X4,7=¥ 


Dem. 
b .#117-291 438041. 3b: Hp. 3.0 (X <,Y). 
[4806-52] D.~(qZ).ZeRat-0,.X+,22¥ (1) 
b.480624.%3041. Db:Hp.d..(X +,0)= Y) (2) 
b. #380625. Dt: Hp.X4,7=Y.3.Ze Rat (3) 


F.(1).(2).(3). DF. Prop 
The following propositions are concerned with the existence of X +, Y in 
definite types. It will be shown that if X, Y exist in a given type, X+,Y 
exists in the next type, we. if Xb t,%~ and YE t:“u exist, then (X +, Y)P too'e 
exists, where X, Y are rationals. 
#8066. Fip,peD'Und'U.3. (ut ep) niweDUndU 
Dem. 
+ 430523. Db: Hp. pcp. dept p< wed Q) 
Similarly Fr Hp. p<p.diptap< wrt (2) 
F.(1).(2).#11672. 34. Prop 
430661. bry, r,peD'Und'U.>.(u/v +ep/v) 9 te'ne Rat def 
Dem. 
#306136. Db: Hp.d.u/v+sp/v=(etop)/ye(utop)at vate DUACU. 
[30371] D. (w/v +. p/v) 9 toe ¢ Rat def: +. Prop 
#80662, bs u,r,peDOUn OU. >. (uly te p/p) 9 to(we Rat def 
Dem. 
+. #30339. 3+: Hp. >. p/vtep/p= ply ter/v (1) 
F. (1). *306°61.5+. Prop 


#306621. Fk: ce NCind.3.0°?-,¢+,1 <2" 


Dem. 
b.#116301311. Dt.0°-,04+,1< 2 (1) 
+ .¥116°321331. DF. l+1<2 (2) 
bx L755.#1265.3b. 27-2 4,128 (3) 
#805231. +:Hp.c>1.0°7-,¢+,.1<2".5. 


(o+.1) ~e(o tol) +, 1 274, (2 Xgo)- 
[#11 7°652.4116°52] D(a +, 1)? -o(o tel) te1 << Qet1 (4) 
F.(1). (2). (8). (4). Induct. 3 + . Prop 
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#306622. b: we NC ind - 10.3. (u— 1 =p? -, (2 xX,u) +, 1 
Dem. 


b.68052814=22 Db Hp. d.(p—g1) te(2Xe(u—e Dh tol=mw (1) 
#11348 4120-416. DF: Hp. 93. {2 x.(u—_ LD} +.2 = 2 x, we (2) 
F.(1).(2). Dh: Hp.d.(a—g1) 45 (2 Xen) =H to] (3) 
+. (3).#119'32.4. Prop 


#306623. b: u,v, p eNCind.v <p. pKp.D. (pw xo pM) + (v Xo p) << Wtet 
Dem. 
+ #120429. Db: Hp. D.(u X_M) tov Xo p) <p ty (ug 1)? 
[4120°429.4306'622] Dd. (4 xp) +o Xop) <(2Xop1") g (2 Xp Ht) +92 
[*306-621.#126-51] < 21: Db. Prop 
#306624. iu,r,p,ceNCind. vp. py.cSp.d. 
(wu Xoo) to(v Xp) < 2H! [*306'623] 
#30663. bi y,r,p,c¢D'Un UU 23. (uly +2 p/o)btw'u ¢ Rat def 
Dem. 
F.*30662.3 +: Hp.v=p.d.(u/vt,p/o) [ to'ue Rat def (1) 
b . #806°624 . «30524. *303°'71 . 3 
br Hp.v<pspSpecSmnr.(ue/vtep/o) [ too’ ¢ Rat def (2) 


Similarly 
b:Hp.vecpepep.cSp.r. (uly ts p/o) [ to'we Rat def (3) 
F.(2).(3).9 

F:Hp-v<cp-o<sp.d. (uly tsp/o) f to'u Rat def (4) 
Similarly 

F:Hp.p>vicSp.D.(u/vtep/e) [ to'we Rat def (5) 
b.(1).(4). (5). DE: Hp.c<p.d. (w/v tsp/e) [ toofwe Rat def (6) 
Similarly brHp.pmo.d. (u/ytsp/o) [tote Ratdef (7) 


F.(6)-(7). D+. Prop 
The following propositions are immediate consequences of #306'63. 
#30664. Fs (u/v) E ti‘p, (p/o) 0 tatwe Rat def. >. (u/v +e p/o) [ ta‘we Rat def 
#80665. +: X,YeRatdef.3.(X +, Y)b toofO“O'X Rat def 
#30666. 1: X,%eCH.d.(X4+,V)E ta'COOX e OH 
#80667. FX, YeCtH’.3.(X +. VYE tS COON « CH’ 


#307. GENERALIZED RATIOS. 


Summary of *307. 

In this number we introduce negative ratios. If X is a ratio, what would 
ordinarily be called — X is X|Cnv, This may be seen as follows. Suppose we 
have RXS. We then have R(X|Cnv)S. Now if & and S are vectors which 
carry us in the same direction, R and S are vectors which carry us in 
opposite directions, i.e. their ratio is negative. Hence calling the class of 
negative ratios “Rat,,” we may put 
#30701. Rat,=|Cnv“Rat Df 

The sum of “Rat” and “Rat,” we will call “Rat,,” where “g” stands 
for “ generalized.” Thus we put 
#307011. Rat,=Ratv Rat, Df 

If plv<,pio, we have {(/v)|Cnv}(|Cnv} <,) {(p/o)|Cnv}. Hence 
we put 
480702. <,=|Cavi<, Df 
#307021. >,=Cnv'<, Df 

If X and Y are generalized ratios, we consider X Jess than Y if either 
X, Y are both positive and X¥ <,Y, or X, ¥ are both negative and X >, Y, 
or X is negative and } is positive or zero, Hence we put 
#30703. <,=(>,)¥(<,) u(Rata—t0,) f Rat Df 

On the analogy of <,, and <,, we put 
#30704. H,=|Caovi Df 
#30705. H,-H,tH’ Df 

We prove in this number that if X is a ratio, X|Cnv=Cnv|X, and 
Cnv‘(X | Cnv) = X | Cnv (*307°21:22). We prove also 
#30725. +. C’HnC'H,=A 

We prove that 0, and o, are their own negatives, but are not the nega- 
tives of anything else (*3807'26-27°31). We prove Nr‘ H, = Nr‘H («807-41) 
and Infin ax. >. Hye (*307-46). None of the propositions of this number 
offer any difficulty. 
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#30701. Rat, =|Cnv“Rat pf 
#307011. Rat, = Rat v Rat, Df 
#30702. <,=|Cnvi<, Df 
#307021. >, = Cav'<, Df 
#30703. <,=(>n) 0 (<,) 0 (Rat, — 0.) f Rat Df 
4307031. >, =Cnv‘<, Df 
480704. H,=|CaviT Df 
#30705. H,=H, tH’ Df 
43071. +: R(X|Cnv)S.=.RXS [¥7L-7] 
0711. +: R(\CoviX)S.2.RXS [*307-1] 
430712, +.X)Cnv|Cnv=X [¥307-1] 


#80713. +:X|Cnv=Y|Cov.=.X=Y [307-12] 
#80714. b: Y=X|Cnv.=.X=Y|Cnv_ [*30712] 


#80715, big! X Pe. s.q te (X|Cnv)p (Cave) [4307-1] 
#80716, bie =Cov“e. D:q!Xbe.=.ql(X|Cnv) Pe [430715] 
#8072. +. (u/v)| Cnv = Cav | (u/v) [x307°1 . ¥303-19] 


#80721. +: XeRatuifo,.>.X|Cnov=Cnv|X [*307-2 . *803-7°67] 
430722, :X eRatuifo,.d.Cnv(X|Cav)=X|Cnv [4307-21] 
#80723. +. CnvC'H, =C'H,, [#80428 . 303-18 . #807:22) 
#30724. b:y,r,pcoeAU.pPrmv.pPrmc.p2o.ct0.9. 

a! (e/o)+(u/»)| Cov 


Dem, 
+. #30332. Db: Hp.3:(qgP, Q).P, Qe Rel num . Py, € Qy.- P (e/a) Q: 
[#303-21] D:(GP,Q). P,QeRel num. Py € Quo HE P2A Qe 
[#3003] 3:(qP,Q).P,QeRelnum it! Prag. PAge=A: 
[*303-21] 3: (GP,Q).P (plo) Qe {P (w/v) Q) D+ - Prop 
#80725. +. O'Hn O' Hy =A 

Dem. 
F .#307-24 . 4303-13 . > 
brp,v,p,oeC'U.pPrm vy. pPrmo.D. p/v +(p/o)} Cav () 


+ #30222 . #303211 . #804-27:28.9+:X,YeCH.D. 
(qi proy-py.poeGU.pPrmy.p Promo. X =p/v- Y=p{o (2) 
b.(1).(2). Db: X, VeO'H. 3. X+4¥|[Cav: D+. Prop 
20 
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#30726. |. 0,|Cnv=0,= Cav 0, 


Dem. 
F.«3072. D+. 0,}Cnv =Cnv] 0, qi) 
b. #303615. #30771. Dts B (0, | Cav) S.5.qIRAIP OS. 
[*33-22] =.qtRalpos. 
[*303'15] =.R0,8 (2) 
b.(1).(2). 5+. Prop 
#30727. +.0,|/Cnv=0,=Cnv|o, [#30726 . *303'62] 


#3073. of: XeCH.D.q1(X|Cnv)[ Relnum [#3045 . 80716. #800°4] 


#80731. +: Xe Rat—10,.3.X|Cnv40,.X|Cnv4 0, 
[#8073 . #304°53 . ¥303'62] 


43074. +: XH,Y.=.(X|Cnv)H(¥|Cnv) [4150-41 . (#307-04)] 
430741. | Ne H, Ne [#307-13 . (307-04)] 
480742, bs Infinax. .Nrf'H,=Nr'Ha=7  [*307-4] . #30438] 
430743, +: XeOH,.D.q!XERelnum — [#3073] 


«30744. + .09,0,~e OCH, [*807°31] 
#80745. +. Nr‘H, = Nv A+idNeH [#307°25°41 . (#307°05)] 
#30746. +: lnfinax.3.H,e7 [#307°45 . #30433] 


This proposition requires 7 +1 +1 =, which is easily proved. 


#308. ADDITION OF GFNERALIZED RATIOS, 


Summary of #308. 


In this number we have to extend addition so as to include negative 
ratios as addenda, and for this purpose we have to define subtraction of 
simple ratios. This is defined as follows: 

#320801. X~,Y¥=R8((qZ):X,¥,ZeRat:Z+,¥=X.RZS.v. 


v 


Z+,X=Y.RZS} Df 

That is tosay, if Y¥<,X,X —, Y isthe ratio which must be added to YF to 
give X, while if X <, Y,X—,Y is the negative of the ratio which must be 
added to X to give Y. Thus we have 
#30813. +: <,X.v. VeRat. ¥=X:9.X-,VY=(Z) (2+, ¥=%) 
#30814 1:.X<,V.v.X e Rat. Y=X:9.X—,¥=((0Z)(Z+,X = Y)} | Cav 

We have, of course, X —,0,=X (#*808'22), 0.—,X =X} Cuv (*308°23), 
and X—,X=0, (*80812). Existence-theorems for X—,Y are closely 
analogous to those for X +, ¥ and Xx, ¥. Also we have 
#8082. +:X,VeRat.=.X—-, Ve Rat, 

We define the sui of two generalized ratios by means of the sums and 
differences of simple ratios, as follows : 
#80802. X+,¥=(X+,Y)u(X-,Y|Cnv)u 

(Y-,X|Cnv)w(X!Cnv+, ¥|Cav)!Onv Df 

Of the four relations which occur in the above definition, all but one 
tust be null if neither X nor Y is 0,. hus if X and Y are positive, 
X-,¥|Cnv, ¥-,X|Cnv, and X|Cnv+, ¥|Cnv are null; if X is positive 
and Y negative, X+,¥, P-,X|Cnv, and X|Cnv+, ¥|Cnv are null; if Xx 
and Y are both negative, X +, ¥, X —, ¥|Cnv, and Y—,X | Cnv are null. 

If X is 0, and FY is positive, 

X+,Y=Y-,X|Cov. X-, ¥|Cnv=(X|Cov4, ¥|Cnv)|Cnv =A. 
If both X and FY are Og, all four relations are Op. 
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Hence we find 


#*308'32. 


b:X,YeRat.>.X¥+,¥+ X+,Y 


*308-321. +: Xe Rat. YeRat,.d.X+,¥=X-, Y|Cov 
#308:322,. |: Ye Rat. Xe Rat,.3.X+, ¥=Y—,X|Cnv 
«308323. +: X, Ve Rat,.>.X +, Y=(X|Cnv+, Y|Cnv)!Cnv 


The existence-theorems for X+,Y are closely analogous to those for 
X +,Y, and the formal laws offer no difficulty. We have 


*308'52. 
*308'54. 
*308'56. 
*308°72. 


#30801. 


#30802. 


*308:1. 
Dem. 


*308-11. 
Dem. 


«308-12. 
*308'13. 


Dem. 


Fk 
b 
- 


#30814. 


*308°15. 
30816. 


Dem. 


b:..X, VeRat,.9:X¥+,VY=X+,2.=.V=Z 
t:X,VeRaty.>.(qZ)-ZeRaty.X+,Z=¥ 
bi X <<, Y.=:X € Raty:(qZ).Z¢ Rat—10,.X+,2=V 
br(X4,2)<g(X +,2').=-XeRaty.7<, 2’ 


X-,¥=R8 (qZ):X,Y,Ze Rat: 24, V=X.RZS.v. 


Z4,X=Y.RZ8\ Df 
X4,V=(X4,Y)0(X-,¥|Cavye 
(Y-,X|Cnv) o(X|Cnv +, ¥|Cnv)|Cnv Df 


t:V<,X.3.X-,¥=RS ((qZ). Ze Rat. 2+, Y=X. RLS] 
+. «30655 .Dt:Hp.d.~(qZ).Z4,X=¥ q) 
F. (1). (*3808°01).3. Prop 

b:X<,¥.d.X—,¥=RS ((qZ).ZeRat. 24+, X= V.RZS) 
+ .430655.Dt:Hp.d.<(qZ).24,V=X Q) 
F. (1). (#308-01). D+. Prop 

t:XeRat.X=¥.D.X—,V=0, [%30654:24] 

bi Ye,X.v. FeRat. Y=X:9.X—,¥=(0Z)\(24,¥ =X) 


. 48065224. Db: Hp.d.(qZ).Z+,¥ =X. he Rat qd) 
#30654. Dt: Hp.Z4,¥=X.2'4,¥=X-2.2=2 2) 
- (1). (2) . #808112... Prop 


bs.X<,Viv.X e Rat.X= V:3.X —-, Y= {(0Z)(Z+,X = Y)}| Cnv 
[Proof as in *308°13] 


biw(X,VeRat).d.X-,¥=A_ [(x308-01)] 
t:X,¥eRat. ¥+,Z=X.9.X-,¥=Z 


b. #30655. #304221. h:. Hp.d:¥<,X.v. VeRat. Y=X (1) 
Fb. (1). #80813. . Prop : 
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#80817. |: X,YeRat.X+,2+Y.5.X¥-,Y¥=Z|Cav [*306-55 .*308-14] 


#30818. +: Y<,X.5.X—, Ve Rat— 10, 
Dem. 
+. #30652. 3+:Hp.3.(qZ).ZeRat—00,.V¥+,2=X (1) 
E. (1). #30813. 34+. Prop 
#30819. :X<, Y.3.X-, Ve Rat, —10, 
Dem. 
+. #30652.3b:Hp.>.(qZ).ZeRat—10,.X4+,7= VY (1) 
F.(1). #80814. 3. Prop 


#3082. t:X,VYeRat.s.X-,VeRat, [30812181915] 


480821, +: X—,¥%=(Y-,X)|Cnv=Cnv|(¥—,X) 
Dem. 

F.#30815-:14.5 

bi X <,V.v. Xe Rat—10,.X¥=V¥:3.X—, Y=(Y-,X)|Cav (1) 

F ..#808°13°14 . #80712 .3 

bi Pc, X.v. YeRat—10,.¥=X:>.X-,¥=(¥—X)\Cuv (2) 

b.(1). (2). #304221. D:¥,YeRat.2.X-,¥=(¥-,X)|Cav (3) 


[4807°21 4308-2] =Onv\(¥-,X) (4) 
+.(3). (4) «#80815... Prop 
#30822, +:XeRat.d.¥-,0,=X [#80624 . #808'13] 


#30823. t:XeRat.>.0,-,X=X(Cnv [4308-21-22] 
HB0B24. fF  (v/p) <, (A/j2) «D+ d/u—av/p = {(% Xep) oH Xe )| (4 Xe) 


b.88041. 3h: Hp. D.rXx,p > uw xXqv (eo) 
+. 303-23 . #80613 (1). 
bi Hp... {(a xo p)—(u Xe »)i(H Xop) tev/p = 

[{ op) — (H Xa)} +o (Ho Xor)]/(H Xo p) 
[#308°23,4119°34] = A/u (2) 
b. (1). (2). #80816. D+. Prop 


¥808-241. |: (A/w) <p(v/p)-D-A/w a v/p =[{(e Xav) 0 (A Xo pu Xep)]| Cav 
[4308-24-21] 


*308-25. +22, p, vpeDOUn dU .v/p str A/p-D «Afw—av/p) [ trop € CH 
Dem. 
+. #305-24.3 
bi: Hp.d. f(x, p)—o(H xyr)} mtu, (ux, p)ntweDUndU (1) 
F . (1). 808-24 . #30428. DF. Prop 
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*808-251. br A,p,r,pe DSU AU Alp <_v/p.D-(A/w—er/p) | tatwe CoAn 
[%305-24 . #308°241] 


4308-252. b:A,p,2, pe DUA MU... (A/p—,»/p) [ tuofee C'H, 
[*808:25°251°12] 


4308-26, b:X,VeRat. XD tate PD tue CH .D.(X—_ VY) E tote CH, 
[#308-252 . *80428] 


«808-261. 2X, YeCH .3.(X -, YY E te COCCTN e C'H, [#30826] 


*3083. big !(X -,¥|Cnv).3.Xe Rat. Ye Rat, 
[#30815 . 4807-12] 


4808-301. F:q!(X|Cov 4, ¥|Cnv).3.X, FeRat, [4306-12 . *307-23:12] 
480831. ig 1(X 4, ¥).3.X,YeRat, [#30612 . 308°3°301 . (4308-02)] 
430832. +:X,FeRat..¥+,¥=X+¥ 


Dem, 
.#308'3'301 . #307-25 . (4308-02) . D 
2X, YeRat-10,.9.X¥ 4, Y=X+,¥ qd) 
. 306'24 . #308'22°3°301 . D> 
:Xe«Rat—10,.¥=0,.9.X% +,¥=X=X+,Y (2) 


«#30624 . #8083301. Db: X=0,.¥=0,.9.X+,¥=0,=NX4,Y (3) 
(2).(3).3 

:.XeRat.Y=0,.v. VeRat.X=0,:3.X+,V=X4,V (4) 
-(1). (4)... Prop 

*308°321, +: X eRat. Ye Rat,.9.X+, ¥=X-, V|Cnv 

[¥306°12 . #308°3'301 . #307°25 . (*3898-02)] 


*308'322, +: YeRat. YeRat,.3.X+,¥=Y¥-,X|Cnv 
[#30612 . 3083-301 . 307-25 . (4308-02)] 
*308°323. +: X, Ye Rat,.D.X +, Y=(X | Cnv +, Y|Cnv)| Cuv 
[&306°12 . *808°3°301 . #307°25 . (*308°02)] 
#30833, F:X +, YeRat,.=.X, Ye Rat, 
[#306°22 . #308-2°32°31 | 
*3084. FLX +,¥=¥4,X [*806-11 . (*308-02)] 
«80841. +. X +, Y=(X|Cov4, ¥!Cnv)|Cnv 
Dem. 
b . #30712 . #3426 . (4808-02). > 
F.(X,Cnv +, Yj} Cnv)) Cnv =(X | Cav +, Y/ Cav) Cnv wu (X | Cav -, ¥)} Cav 
u(¥|Cuv—, X);Cnvu (X¥ 4, Y) 
[*308°21 ] =(X|Cnvu ¥Y|Cnv)| Cov u(¥ -, X | Cav) 
w(X-, ¥|\Cav)w(X 4, VY) 
[(#308-02)] =X+,¥.3b. Prop 


qe ay SRS Se a eo 
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4808-411. + .(X 4, ¥)|Cuv=X|Cov+,¥|Cnv (#308-41 . #80712] 


#308412. |: X|Cnv +, Y|Cnv=Z|Cnv.=.X¥+,¥=Z 
[#308411 . *307°13] 


#30842, +:X,YeRat.3.(X-—,¥)+,%=X 


Dem. 

+. #308'12°32 . 4306-24. 3+:Hp.X=V.3.(X¥—,VY)4+,¥=X e5) 
fF. #3081832. Dt: Hp. ¥<,X.3.(X-,¥)+,¥=(X-,Y)+,V 
[#30813] =X (2) 
F. *308:19°322.+:Hp.X <,¥.9.(X-, ¥) +, ¥=¥—.(X-, VY) Cav 
[*308°21] =Y-,(Y-,X) (3) 
b. 30813. Dt: Hp(3).d.X4+,(¥ —X)=Y. 

[#3081618] >.X=Y-,(¥-,X) (4) 
b.(8).(4). Dt: Hp. X¥ <, ¥.3.(X-, ¥)+,¥=X (5) 


be (1). (2). (5).#304221 DF. Prop 


#30843. +:X,YeRat.d.(X4,¥)-,¥=X 
Dem. 
+. 430832.>+:Hp.>.X4,Y=X4¥. 
[x308'16.%30622]  3.(X+,¥)-,-¥=X:Dt. Prop 


#80844. +:.X,ZeRat.3:X-,Z=V-,2.=.X=V 


Dem. 
b. «808131415. 3+: X=V.9.X—Z2Z=Y-,2 Q) 
b .#308'2. Dt:Hp.X¥-,7=V-,Z.5. Ve Rat. 
[*308-42] 3.(¥-,2)+.2=7. 
[Hp] D.(X-7A+,7=Y. 
[308-42] D.xX=¥Y (2) 


F.(1). (2). DF. Prop 


#30845. +:.X,Z¢Rat.3:2-,X =Z-,Y.=.X=Y 
[308-4421 . #30713] 


4308-46. +: X,¥eRat. ¥40,.3.(X¥-,¥) <,)X 


Dem. 
b.*30819.3+:X <,V.D.(X—, ¥)e Rat, —10,.X « Rat. 
[(#807-03)] D(X Ya, X (1) 
f.430812.D+:Hp.X=Y.3.X-,V=0,. 
[304-46 .(%307-08)] D.(X-,¥%)<,X (2) 
b, 43081818. 3F:Hp.¥<,X.3.(X-,¥)+,¥=X.X—,Ve Rat—10,. 
[80652] D.(X-,¥)<,X. 
[(*807-03)] D.(X-,%)<X (3) 


F.(1). (2). (8). DF. Prop 
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«808-47. +: XeRat. ¥,ZeRat—10,.9.X-,V$+¢X4,7 
Dem. 
+. *306°52 . #30846. 3+: Hp.d.(X-,V) <,(X +,4)- 


[%304201] 9.X-,¥+X+,Z:I+. Prop 

#30851. +:. XeRat,.3:X+,VY=X.=.V=0, 

Dem. 
+. #80833. Dt: Hp.d:X+4,Y=X.5. Ve Rat, qd) 
+. #30832. Db: XeRat.¥=0,.9.X+,¥=X+,¥ 
[*306-24] =X (2) 
+. *808°322.3+:XeRat,.Y¥=0,.9.X+,Y=V—,X|Caov 
[#308:23.%307°12] =X (3) 
+ .(2).(3). DhiHp.d:V=0,.3.X+, VHX (4) 
b. 430882. Db: X,VeRat.X+,Y=X.5.X4+,V=X. 
[4306-2454] >. V=0, (5) 
+. #308°321.3+:XeRat. YeRatz.X+,Y=X.9.X-,¥|Cnv=X. 
[#*308:22-45} >. ¥|Cnv =0,. 
[*307°-2] 3. ¥=0, (6) 
+ .*308'322.D+:XeRat,. VeRat.X+,Y¥=X.9.Y-,X|Cnv=X 
[#308'23.%307-12] =0,-,X|Cnv. 
[*308-44] >.¥=0, (7) 


+ .*308°323 . #380714. 3 

+:X,YeRat,.X+,Y¥=X.5.X|Cnv+, ¥|Cuv=X|Cnv. 

[(5)-*307 26] >. Y=0, (8) 
b.(1). (5). (6). (7). (8). Db: Hp. 3: X4+,V=X.3.V=0, (9) 
t.(4).(9). +. Prop 


#30852. +:,X,YeRat,.9:X+,¥=X+,2.=.V=2Z 


Dem. 
+. #308°321-47. 3+: X, VeRat.¥+0,.X 4+, ¥=X+,72.9.Z~€ Rat, (1) 
F.480831. Db: XeRat,. ¥=0,.X+,¥=X+,Z.2.2=0, 2) 
F.(1). (2). #808°33. D+: X, Ve Rat. X+, ¥=X4,2.9.Ze Rat (3) 
b. (3). *308-32. DEX, VeRat.X+,V=X4,2.3.X+,V=X4,4. 
[¥306-54] Dd.V=Z (4) 


b. (4) -#308°323 . *80713. D4: X, Ye Rata. X+,¥=X4,7.9.¥=Z (5) 
+ .#808°321°32°47 «> 

t:XeRat. Ve Rat,. X+,V¥=X+4,Z2.3.Z~e Rat — eV, (6) 
f.(2) $5. Transp. > 


bt: XeRat. VeRat,—00,.X +, =X +,Z.3.Z40, (7) 
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+. (6). (7) .*308'33. > 


Fk: Xe Rat. Ve Rat, —-10,.X+, ¥=X+4,2.5.Z¢ Rat, (8) 
b.(8).*308-321.>h:Hp(8).3.X-, ¥/Cnv=X-,Zj Cav. 
[#308-45.%307'13] >.Y=Z (9) 
F. (9). #308421 . #80713. 2 

k:XeRat,-VYeRat.X+,V=A 4,4.9.V¥=Z (10) 
+ .(4).(5).(9)-(10). Db: Hp. X4,¥=X4,2.9.¥=2 (11) 


+. (11). (#30802). DF. Prop 
480853, 1: X,¥eRat,.>.X+,(¥+,X|Onv)=Y 


Dem. 
F. #308321 «#30712. Dh: X, YeRat.>.X+4,(¥ 4X (Cov) =X4,(¥-,X) 
[*308-4'42] =F i, 
Fk ..#308°32 . > 
Fk: XeRat,. Ye Rat. >.X +,(¥+,X | Cnv) =X +,(V +, X| Cnv) 
[308-4321 2306-22) =(¥4,X| Cav), X|Cnv 
[#308'43'32] =v (2) 
F .#808°323 . #30712 . > 
F:XeRat. Ve Rat,.d.X +,(V+, X | Cnv) =X +,(¥ | Cnv +, X)|Cnv 
[#308°321.#306-22] =X-,(Y|Cav+,X) 
[*308°17.%307-12] ay (3) 
F.(L). Db 2X, Ve Ratz. >.X|Cav+,(Y|Cnv +, Xj Cnv| Cnv)= Y| Cov. 
[*308-411] >. XjCnv +, (¥+,X|Cnv)|Cav = ¥| Cav. 
[*308'412] >.X4,(¥+,X|Cnv)=V¥ (4) 


F .(1).(2).(3).(4). DF. Prop 
#30864. +: X,YeRat,.3.(qZ).ZeRat,.X+,Z2=Y [*308'53°33] 
#30855. +:.X,Y,ZeRat,.3:X+,2=Y.=.X=V 4,2) Conv 
Dem. 
+ .*808'53°52'4.D+:Hp.X+,7=V.9.¥+,2|Cav=X (1) 
+.4808534. Dt: Hp.¥4,Z|CnveX.3.X4,2=¥ (2) 
F.(1). (2). D4. Prop 
¥308'56. 1:2. X <, Y.=:Xe Rat,:(qZ).Ze Rat—v0,.X4+,2=VY 
Dem. 
F . *306'52 . #30832. > 


bine <,¥.=:XeRat:(qZ).Z¢Rat—10,.X+,Z2=Y: (1) 

[43065225] D: Ve Rat:(qZ).ZeRat—10,.X+,Z=Y (2) 
Y|Cnv, X | Cnv 

f(g) Fin reer 5 

biX >, ¥.3:XeRat,:(qZ).Ze Rat—0,. ¥|Cnv+,2=X | Cov: 

[4308-55-12] >: X eRat,:(qZ)-ZeRat—0,.X+,Z=¥ 1) 


R&W UL, 
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F .#308'32°53 . *806-23.3+:Xe¢Rat,.YeRat.>. 
¥+,X{CnveRat—10,.-X+,(¥+,XjCnv)y=¥ (4) 

F.(1)«(2)s (3) (4). (#807-03). > 

bi X <y ¥.3: Xe Raty:(qZ). Ze Rat-10,.X4+,2= ¥ (5) 

F . #35°108 . (4307-03). k: X eRat,—0,. YeRat..X¥ <,¥ (8) 

+. *308°55°412..> 

F:X, Ve Rat,.Ze¢Rat-10,.X +,Z=Y.3.X|Cov= ¥iCnv4,Z. 

[x306'52] 2.X>,¥ (7) 

F.(6).(7). DF. X Rata: (qZ). Ze Rat—-10,.X +,Z=V:3.X <,Y (8) 

F.(1).(8). Dt. X eRaty :(qZ). Ze Rat —10,. X +,2=¥:9.X <, ¥ (9) 

F.(5).(9). DE. Prop 

#308561. b:.X <, Y.=: Ye Rat,:(qZ).ZeRat—10,.X4,Z=Y 

[¥308'56:33] 
#30857, 1:X <<, ¥.=.X eRat,. ¥+,X | Cnve Rat —eO,. 


=.YeRat,. ¥+,X|CuveRat— 10, 
Dem. 


+. «80855564. 
bs. X <yV.=: X ¢ Raty: (qZ).Ze Rat ~u0,.2= ¥ +, X.| Cov (1) 
b. *3808'55°5614.5 
bi. X <,¥.5: Ye Rat,:(qZ).Ze Rat—'0,.2= Y+,X|Cov (2) 
F.(1).(2). 4. Prop 
«3086. +: X,Y,ZeRat.3.(X 4, Y)+,2=X +,(VY+,2) 
[*308°32 . *306:22'31] 
#308601. +; X, ¥,ZeRat,.>.(X +, ¥)+,2=X +,(¥ 4,2) 
Dem. 
F .*308°323 . «307-12 
F:Hp.>.(X +) ¥)+,Z=(X|Cnv +, ¥| Cav); Cnv +, (Z| Cnv)| Cnv 


[#308411] = ((X | Cav +, Y| Cnv) +, Z| Cnv} | Cnv 
[*#308°6.*306-22] = {X | Cov+,(V¥}Cnv +, Z| Cnv)} | Cav 
[*308:411} =X +,(¥| Cnv +, Z| Cnv)} Cav 
[*308'323] =X +,(¥+)Z): Db. Prop 


*308°602. FA, u,v, p,0,re NCind.p,p,rret0.d. 


(A/t tev/p) ~eo/t = (A) —.o/t) tyu/p 
Dem. 


F.*808°24. 3D: Hp.c/7 <,A/u. dD. 
(A/u +ev/p) -5¢/7 = {QA Xe p Xe7) +o(u XeY XeT) co (Xe P XeF)}/(w Xe P X—7)+ 
(A/p —2o/7) +e0/p = (A Xo Pp Xe 7) —e (Mt Xe P Xe F) +e (MX oY Xo7)]/(w Xe p XeT) (1) 
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F. #308°241.Dh: Hp.A/wtev/p <pao/T.D.(Ajp tev/p)—.0/7 
=[{(«@ Xe P Xe a)—(% Xe P XeT)— (fw Xo¥ Xq Tye XeP X_T)|| Cav 5 

(Ale —2a/t) +g ¥/p =[[(H Xo) —2( Xe 7)}/( Xe 7)] | Cav +yu/p 
[4808'32221] 

is Ue Xo Pp Xe 7) —(A Xo p XT) —(M Xe ¥ Xe Tym Xe P Xo 3) | | Cnv (2) 
b. «30824241. 5b: Hp.A/p <,o/t.a/t <<, A/u teu/p.r- 
(ale +a) se S10 Rep mor) Ge) <a mop RBI MEN 
Olu —va/r) +gulp=L[ (44 Xe0) “aA Xe DIM Xe 2] Cov +p 9/0 
[308 32°21] = [(0 xo p Xe) +e 4 Xo Xe7) ol Xep Xe oDI/Cu XepXer) (3) 
F .*308°16:12 .> 
:Hp.A/a=o/r. 9. (Alu tsv/p) 20/7 =v/p=(A/u —, a/7) +, v/p (4) 
- *808°12:53:17.) 
tHp.A/utevip=a/t-D.(A/utsv/p)—so/t=0g=(A/u—eo/t)+yr/p (5) 
«(1)- (2). (8). (4). (5). DF. Prop 
«30861. +: X,Y,Z¢Rat.3.(X +, V)-,-7=(X —,2)4+,¥ 

[*808°602°32] 
«30862. +: X,VeRat.ZeRat,.>.(X +, ¥)+,2=X% +,(V 4,2) 
Dem. 

F.*808'33'321.3+:Hp.>.(X +, ¥)+,Z4=(X +, Y)-, Z| Cav 


A FS Es RY 


[*308-4] =(Y+,X)—,2|Cnv 
[%308°61] =(Y-,2Z|Cnv)+,X 
[%308°4] =X +,(Y¥~-,Z)|Cnv) 
[4308'321] = X4,(¥+,Z):Db. Prop 


*308-621. +: X, Ve Rat,.ZeRat.3.(X +, V¥)4,2=X +,(¥ +,2) 

Dem. 
+. #80862. 
F:Hp.3.(X)|Cnv4, ¥| Cav) 4, Z| Cav = X|Cnv+,(¥ | Cav +, Z| Cav). 
{*308-411] >.(X +, ¥)| Cnv +, Z| Cav =X | Cnv +,(¥ +, Z)| Cav 
[*308-411] ={X +,(¥4+,2)}|Cnv. 
{*308-412]5.(X 4, ¥)+,4=X +,(¥+,2): D+. Prop 


#80863. + .(X +, ¥)4+,2=X4,(¥ +, 2) 
Dem. 
F . 308660162621. > 
2X, ¥,ZeRaty.>.(X +) ¥)+,Z=X 4, (¥ +, Z) (ql) 
+ *#308°31°33 .3 
:~ (X,Y, Ze Rat,).D.(X +, V)+,4=A.X4,(¥4,Z)=A (2) 
-(1).(2). 55. Prop 


op ae 
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«808-71. +: XeRat,.7<,7.9.(X +72) <(X +,2) 
Dem. 
F.*808°57.3t:Hp.d.2+,Z|Cnve Rat —10,. 
[*308-56] D.(X 4+, Z) <y ((X +, Z) +y(7 +,Z|Cnv)}. 
[*308°63'53] D.(X +) 2) <g(X +27): D+. Prop 


#30872, b:(X4+,Z)<y(X+,7).=.XeRaty.Z<,7 

Dem. 
F .#808°33.3:(X +, 2) <,(X +,2).3.X,Z, 7’ Rat, (1) 
F .*308'57 . > 
b:(X+4,2) <,(X +,Z7).3.{(X +, 2) +,(X +, Z)|Cnv} « Rat—10,. 
[*308°41 1°63'53] > .(Z +, Z| Cnv) e Rat — 10, (2) 
b.(1).(2).#80857. 3b :(X¥ 4,2) <,(X4+,27).3.7<,72 (3) 
F.(1).(3). #30871... Prop 


#3088, FX, VeRat,. XP tum, VP tse OH, .D.(X 4, Y)b teue CH, 
[#308-32-321-322-393 . 306-64 . ¥308-26] 


#30881, 1: X, VeO*H,.D.(X +, ¥)f te'O“C'X CH, [43088] 


309. MULTIPLICATION OF GENERALIZED RATIOS. 


Summary of «809. 


The subject of this number is simpler than that of *808, because it 
requires nothing analogous to the consideration of subtraction. The product 
of two generalized ratios is defined as follows: 


#30901. X x, Y=(X x, Y)w(X| Cov x, Y| Cnv) 
w(X x, ¥|Cnv)|Cav u(X|Cnv x, ¥)|Cnv Df 


As in *308, three of the four products concerned in this definition will 
be null in any given case (unless X=0, or Y=0,). Hence 


#30914. 1: X,YeRat.>.X x, V=Xx,¥ 

*309°141. F: Xe Rat. Ye Rat,.3.X x, Y=(X x, Y| Cnv)| Cav 
300142. |: VeRat. XeRat,.3.X x, ¥=(X| Cav x, ¥)|Cnv 
#809143, | : X,Y eRat,.3.X x, ¥Y=X|Cnv x, Y| Cav 


The propositions of this number are merely generalizations of those of 
*305. The proofs of the formal laws are straightforward, but the proof of the 
distributive law (*309°37) is long, because of the multiplicity of different 
cases. 


«809-01. Xx, Y=(X x, Y)w(X | Cov x, Y| Cov) 
w(X x, ¥|Cnv)|Cnve(X|Cnv x, ¥)|Cnv Df 
#3091. +. Xx, Y=(X x, Y)w(X | Cnv x, Y|Cnv) 
w(X x, ¥|Cnv)|Covw(X|Cnv x, Y)|Cnv  [(«809-01)} 


¥309°101. F: XeRat—0,.9.X|/Cnvx,P=A  [x805-2.*307-25] 
309102, |: X« Rat,—10,.9.Xx,Y=A [*305°2 . *807°25] 
*80911. b:q 1X x,V.3.4X, Ye Rat, [4%305°2 . #809°1] 
#80012. 1. Xx, V=¥x,X [x305°11 . 309-1] 
#809121. +. X x, Y=X|Cnv x, ¥|Cnv 


=(X x, Y|Cav)|Cnv=(X|Cnv x, ¥)|Cnv  [%309-1. #80712] 
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#309122. |. X x, Yj Cnv=X|Cnv x, Y=(X x, ¥)| Cov 

[%809°121 . #80712] 
«30913. /:X,¥eRat—10,.9.X x, Y=Xx,Y [309110112] 
#309131. F:.X=0,. Ye Rat —10,.v. ¥=0,.X ¢ Rat —e0,:D. 


Xx, Y=X x, ¥=0, 
Den. 


F.*309'101.5 
F:X=0,. Ye Rat—i0,.5.X x, Ya(X x, Y)w(X|Cov x, Y){Cnv. 
[*307-26.%305-22] 2.Xx,Y={X x, ¥=0, (a) 
F.(1).*309'12. 3: Y=0,.X eRat—10,.9.X x, Y=Xx,Y=0, (2) 
F.(1).(2). DF. Prop 
#309 133. F: X=0,. Y=0,.9.X x, VY=X x, Y=0, 

[#309°1 . *307°26 . #305°22] 
#80914. 1:X,YeRat.>.Xx,¥Y=Xx,Y [*30913131133] 


#309141. |: Xe Rat. YeRat,.3.X x, ¥=(X x, Y|Cav)|Cnv 
[*309'121-14] 


#809142. |: YeRat. Xe Rat,.>.X x, Y=(X|Cnv x, ¥)|Cnv 
[x309-141-12] 
*809'143. F: X,YeRat,.3.X x,¥=X|Cnvx,¥iCnv [*309'14121] 
#30915. 1: X, YeRat,.=.X x, Ye Rat, 
Dem. 
b . &305°3 . *809'14143.3 
F:.X, Ye Rat.v.X, Ye Rat,:3.X x, Ye Rat qd) 
F.#805°3 . *809'141-142 .3 
Fi. Xe Rat. Ye Ratz.v.X eRat,. Ye Rat: 3. X x, Ye Rat, (2) 
F.(1).(2). Dr: X,YeRat,.2.Xx,¥eRat, (3) 
F . 30872. (4307-01-011). Dh: Xx, VeRat,.d.qiXx,¥ (4) 
F. (4). 30911. DEX x, Ve Rat,.d.X, Ve Rat, (5) 
F.(8).(3). DF. Prop 
#30016. 1 .(X x, ¥)x,Z=X x,(¥x,Z) [*305-41.¥309-1] 
480917, 1: X,¥ vet0, vito... X x, ¥=Cnv(X x, Y) 
Dem. 
F.43091.34.X x, P= X x, P) w(X | Cav x, 7 | Cav) 
o(X Xe ¥|Cav)| Cav w (X | Cav Xs Y)|Cnv (1) 
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b.*80512.3F:Hp. D.X%x, Y=Cov(X x,Y) (2) 
+. 4807:22. Dh: X eRat.3.X|Cnv=Cav(X| Cav) (3) 
F.(8). DF: Ze Rat. ¥=Z|Cov.>.X|Cnv=(ZjCnv)| Cov 

[¥307'12] =Z 

[#80714] =Cnv‘(X|Cnv) (4) 
+ .(3).(4). Db: Xe Rat,. >. X|Cnv=Cnv(X | Cav) (5) 


F.(2).(5). 3: Hp. X, Ye Rat,. wae 
xi Cnv Xs y| Cnv =Cnv‘(X|Cnv x, Y|Cav). 
X Xs Y| Cav = Cnv(X x, Y|Cnv). 


X|Onv x, Y= Cav‘(X | Cuv x, ¥) (6) 
F.(1). (2). (6). #3091. +: Hp.X,YeRat,.>. Xx, Y= Cav'(X x,¥) (7) 
+ .*30818-7 . Dh: X, VeRat,—0,.=.X,VeRaty—10, (8) 
F.(8) «#309'11 «> 
bin(X, VeRat, vito ,).2.Xx,¥=A.Cov(X x, ¥)=A (9) 


F.(7).(9). DF. Prop 
#30921. 1:.X, YeRat,: X¥=0,.v.Y¥=0,:=.X x, Y=0, 
Dem. 

F .#809°14°14] . x805-22 . #80726. Db: Xe Rat,. Y=0,.9.X x, V=0, (1) 
F.*30915. DE: X x, ¥=0,.5.X, Ve Rat, (2) 
F . (2). #300°14-141'142°143 . *307:26 . > 
F:iX x, P=0,-3:X x, ¥=0,.v.X | Cnv x, Y| Cnv=0,. 

v.X x, ¥|Cnv=0,.v.X [Cav x, ¥=0,: 
[#305-22.%307'26] >: X=0,.v. Y¥=0, (3) 
F.(1).(2).(3). DF. Prop 
*809°22, +:X, Ve Rat,—10,.=.X Xy YeRat,—e0, [*309°21. Transp] 
*309-23. +: X «Rat, —10,.3.X x, ban 1/1 


Dem, 
F.#309°18 . Dh: XeRat—10,.3,.X x,X=Xx,X 
[¥805-52] =1/l (1) 
b 4809-121 .*30722.3+: VeRat—10,.X=Y|Cnv.d.X¥x,X= Vx, V 
[] =1/1 (2) 


+ .(1).(2). DF. Prop 
#80924. +:XeRat,.d.X x, 1/1=X 


Dem. 
F.480914. Db:XeRat.d.Xx,1/l=X x, 1/1 
[¥305°51] =x (Ql) 
F.(1).#809°142.3h: X eRat,.>.X x, 1/1 =(X | Cnv)| Cav 
[#307°12] =X (2) 


F.(1).(2). 4. Prop 
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#30925, 1:.X,AcRat,.440,.9:Xx,d4=4'.5.X=A'x, A 
Dem. 


b. 4309232416. Db:Hp.d.X=Xx,Ax,A (1) 
F.(1). Dr:Hp.Xx,A=A'.D.X=A'x,A (2) 
(1) 44 480915. DF: Hp.d.A’=A'x, A aa (3) 
F.(8). De:Hp.X¥=A'x,A..Xx,A=A4' (4) 


F.(2).(4). DF. Prop 


#309-251. Fs. X,A’eRat,. A¢0,.9:Xx,4=A’. 
[*809'25'15] 


X=A'x,A 


«309-26. +: X,YeRat,.X+0..9.(qZ).ZeRat,. X x, Z=V 
Dem. 
+.%30925.Dh:Hp.Z=¥x,X.3.2x,X=Y (1) 
F. (1). #3091512. 9+. Prop 


#80931 +:X,YeRat.ZeRat,.>.(X 4+, VY) x,Z=(X x, Z)+,(¥ x,Z) 
Dem. 
F.*808'32 . *809'14.5 
F:Hp.ZeRat.>.(X¥+,V)x,Z=(X+,.Y)x,Z. 
Xx,Z=Xx,2.Yx,2=Yx,Z. 


[*306°4.1] 2.(X 4+, Y) x, Z=(X x, Z) +,(¥ x, Z) Ql) 
F.*309'122.3 

kiHp. WeRat.Z= W|Cov.3.(X 4+, ¥)x,Z={(X +, Y) x, W} | Cav 
[a] =((X x, W)+,(¥ x, W)}|Cav 
[#808°411.%#309°122] =(X x,Z)+,(¥x,D) (2) 


F.(1).(2). DF. Prop 
«309311. +: X, Ye Rat,. Ze Rat,.d.(X +, VY) x, Z=(X x, Z)4,(Y x, 2) 
Dem. 
F . *308°41 . *309'122.3 
F:Hp.3.(X +, ¥)x,Z={(X |Cnv +, Y| Cnv) x, Z}| Cav 
[*309°31] = {(X | Cnv x, Z)+,(¥|Cnv x, Z)}| Cav 
[309-1 22.%308-41] =(X x, Z)+,(¥ x, Z): D+. Prop 


#30932, bs (v/p) <,(A/u).o/re Rat. >. 


(A/a v/p) Xg o/7 = {QA Xo p) 9 (H Xo¥)) Xo T}/(H Xap XoT) 
Dem. 


F.*808'24.5b: Hp. Dd. A/u —,v/p= (A xop)—o (uu Xer))/u Xep (1) 
+. (1). *309°14. *#305°142.3+. Prop 
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#30933. 1 :A/p,v/p,o/reRat.>. 


(0/4 —e»/p) Xo (o/7) = (A/H Xgo/7) —2(v/p x, 0/7) 
Dem. 


F.*80914. 5: Hp.d.A/u x,o/r=A/p x, o/7v/p Xya/7 =v/p X,a/7 . 
[4805-142] >. r/u x, 0/1 = (A x, 0)/(44 Xe) +¥lp Xpa/7=(v Xe o)/(p Xr) (A) 
b. (1). *808'24. > 
F: Hp.(v/p) <,(A/m)-D- (A/p X, 0/7) ~a (v/p Xy o/7) = 
{A Xoo) Xe (p XqT) eo (MH Xo 7) Xo (Y Xo F)]/(u Xe p Xa 7’) 
[*303'38] = [(A Xoo Xo p)— (M Xe¥ Xo 7) /(M Xe p XT) 
[¥809'32} = (Alp -av/p) X,o/7 (2) 
F.(2).Db : Hp. (A/n) <,(v/p). 9. 
(op Xqo/t)—s(Mlu xq 9/1) = (vip “eM u) Xy ol 
[#308'21 .#809'122]  D.(A/p x, o/7) ~5(v/p x, 0/7) =(A/p—av/p) x,/7 (8) 
F . #30812 . *809°21.5 
F:Hp.Afw=v/p.d.(A/u—ev/p) x, 0/7 = 0g 
(Alpe Xq ot) =e /p xy 0/7) =O, (4) 
F.(2).(8).(4). DF. Prop 


#80934. +: X,V,ZeRat.d.(X-,Y)x,Z=(X x, 2)-4(¥ x, 2) 
[*309-33] 


¥309°35. +: X,ZeRat. Ye Rat,.>.(X +, VY) x, Z=(X x, Z)+,(Y x, 4) 
Dem. 
}.*308'321.3+:Hp.>.X+,V¥=X-,Y|Cav. 
(X x, Z)+,(¥ x, Z)=(X x, Z)-,(¥|Cnvx,Z) (1) 
+. (1). #80934. >. Prop 


#30936, 1: X,ZeRat,. Ye Rat. >.(X +, Y) x, Z=(X x, Z)+,(¥ x, 2) 
Dem. 

.*8308-41 . #809121. 

F:Hp.>.X4, ¥=(X |Cnv+, ¥|Cnv)| Cov. X x, Z=X|Cnv x, Z/Cnv. 
Y x,4= Y|Cnv x,Z|Cnv. 

[*809-122] >. (X +, Y) x, Z=(X|Cnv +, V{Cnv) x, Z|Cnv. 

(X x, Z)+,(¥ x, Z)=(X | Cav x, Z| Cav) +,(¥|Cnv x, Z/Cnv) (1) 
F.(1).*809°35.3F. Prop 


*300°361, |: XeRat,. YeRat,.ZeRat.d. 
(X +, ¥) x, Z=(X x, Z) +, (¥ xp Z) [#809'311°36] 
2) 
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*309'362. F: X, Ze Rat,. Ye Ratz.3.(X +, Y) x, Z=(X x,Z) +,(Y x, Z) 
Dem. 

 , #809°122 . #808'41 . 5 

b.(X +, ¥) x, Z={((X 4, Y) x, 7! Cnv}| Cav. 


(X x, Z)+,(¥ x, Z) = (X x, Z| Cav) +,(¥ x, Z| Cov)} | Cav q) 
+. *809°361. 5 
F:Hp.ZeRat,.>.(X+, Y) x, Z| Cav 
=(X x, Z|Cnv)+,(¥ x, Z| Cnv) (2) 
F.(1).(2). DF: Hp. Ze Rat,.>.(X +, ¥) x, 2=(X x,Z)4+,(¥ x, 4) (8) 


F.(3). #309361... Prop 


*309'363. |: X, Y,ZeRaty. 3.(X +, VY) xgZ=(X x,Z) +,(Y XZ) 
Dem. 


+ *809°35'12 . «308-4. 3 

: Y,ZeRat.XeRat,.>.(X +, ¥) x, Z=(X xgZ) +4(V xgZ) ql) 
» *309°36 . > 

:YeRat.X,Ze Ratn.>.(X +, VY) xyZ=(X xgZ) +,(Y xZ) (2) 
+(1).(2).3 


:X Rat, . YeRat.ZeRat,.>.(X+,¥)x,Z=(X x, Z)t9(V x2) (8) 
« (3) #30931. > 

:XeRat,. Ye Rat. ZeRat,.D.(X+,¥)x,Z=(X x,Z)+,(¥x,Z) (4) 
« (4). #309'362. DF. Prop 


a Se oe re oe 


480087. + .(X +, ¥)x,Z=(X x,Z) +y(¥ xp Z) 
[309-363-1115 . #3083133] 


#30941, bs, A eRat—0,.3:(d xy X) <, Ves. X <,(¥ x, 4) 
Dem. 

+, #80856 .Dbi.(Ax,X)<,V-s 

A 8g H eRaty (02). Ze Rat 04 (A xpX)+,Z=¥ (1) 
b.(1).*300'15.Dk:: Hp.3:.(4 xX) <, ¥ 

X eRaty: (GZ). Ze Rat~0'0,.(A xpX)4yZ Ys 

[%309-25-37-29-24] >: X e Rat,:(qZ).Ze Rat —10,.X +, (ZxpA)=¥ xy At 
[*305-31.%309'13] D : X eRaty:(qZ'). Z’ Rat —0,X +, 2’=V x, A: 
[x308'56] 2:X <,(¥x,4) (2) 
Similarly k:. Hp.3:X <,(¥x,4).3.(Ax,X)<,¥ (3) 
F.(2).(3). DF. Prop 
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#30942. +i. A Rat, —~10)-3:(A xp X) <<, P. 5. (Vx, A) <yX 
Dem. 
F . #3074 .#809'122 . > 
bk:.Hp.d:(Ax,X)<,¥. 
[*809:41.*307-22] 
[#309121] 


i 


-(Y|Cnv) <,(A|Cnv x, X). 
«(¥|Cnv x, A|Cnv)<,X. 
(¥x,A)<, Xi. 5+. Prop 


itt 


MI 


#3095. FX, YeRaty. XE tufy, Vb tw Hy. 2. (X xg V)E tau e OH, 
[#309°14'141-142-143 . 305-26] 


430051. FX, Ve CH, D.(X xq FYE toO" OX OH, [*309°5] 


«310. THE SERIES OF REAL NUMBERS. 


Summary of *310. 


Real numbers, as opposed to ratios, are required primarily in order to 
obtain a Dedekindian series, so as to secure limits to sets of rationals having 
no rational limit. If rationals and irrationals are to form one series, it is 
necessary to give some definition of “rationals” other than “ratios,” since 
the series of ratios (assuming the axiom of infinity) is not Dedekindian, and 
is not part of any arithmetically definable Dedekindian series. But in virtue 
of the propositions of *212, the series of segments of the series of ratios, 
te. the series ¢‘H, is Dedekindian, and this series contains a series, namely 


ms 
HH, which is ordinally similar to H. Thus the properties which we desire 
real numbers to have will result if we identify them* with segments of H, 


are 
and give the name “rational real numbers” to segments of the form H‘X, 


ae. to segments which have ratios as limits. Thus Hex is the rational real 
number corresponding to the ratio X, and a real number in general is of the 
form HX, where d is a class of ratios. H**A will be irrational when 2» has 
no limit or maximum in H, 


Since real numbers involve classes of ratios, the ratios concerned must be 
of some one type, and cannot be typically indefinite. Thus, as might be 
expected, hardly any of the properties of real numbers can be proved without 
assuming the axiom of infinity. In the present number, however, we shall 
be mainly concerned with just those few simple properties which are inde- 
pendent of the axiom of infinity. 


The series ¢‘H, by which real numbers are to be defined, has both a 
beginning and an end, namely A and D‘H (which=C‘H if the axiom of 
infinity holds). D‘H will be infinity among real numbers. It is not con- 
venient to include it in the series of real numbers as defined, just as it was 
not convenient to include oo, in the series H.or H’. Again A is not 
naturally to be taken as the zero of real numbers, which should rather be 
taken as being 1‘0,. Thus we are led to the two following definitions, in 
which © is the series of positive real numbers other than zero and infinity, 


* On this definition of real numbers, ef. Principles of Mathematics, Chap. xxx111. 
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while ©’ is the series of zero and the positive real numbers other than 
infinity: 
#31001, @=(s‘H)[(-vA-—uD'H) Df 
#310011. 8 =10,4 © Df 

These notations are framed on the analogy of H and H’, the letter @ 
being chosen to suggest 6, the relation-number of the continuum. Although 
we do not have Nr‘®= 6, we have Nr‘s‘H=8@, and therefore (#310715) 
i1+Nr‘@+i=6, and Nr‘@’}+i=6 (assuming the axiom of infinity). Thus 
the relation-number of ® is simply that of a @ with the ends cut off. 

We put further, on the analogy of H,, H,, 
¥31002. ©, =(s‘H,)[(~e'A-«c'D‘H,) Df 
¥310-021. @', = 10, + ®, Df 
*310-03. @,= ©, $0’ Df 

Thus @, is the series of negative real numbers, @’, the series of zero and 
the negative real numbers, ®, the series of negative and positive real numbers 
including zero (infinity always excluded). The class of positive real numbers 
is C*®, of negative real numbers C®,, of all real numbers (excluding infinity) 
CO vu 0,4 C@,. If v is a positive real number, |Cnv“y is the corre- 
sponding negative real number (*310°16). The properties of @, @,, @, in 
respect of limits, continuity, etc. result from the properties of @ as proved in 
#275, and from the properties of series of segments as proved in *212, 


Instead of taking the series of segments as constituting the real numbers, 
it is possible to take the series of their relational sums, ve. $°@. This 
depends on the fact that 33@smor@ («310°33). The chief advantage of 
$5@ is that it is of the same type as the series of ratios. We shall show in 
*314 how to construct the arithmetic of real numbers defined as the relational 
sums of segments; until then, we shall regard real numbers as segments of 
the series of ratios. 


#81001. @=(s'H)[(-vA-—e'D‘H) Df 


4810011. @ = 10,4 @ Df 
#31002. ©,=(s‘H,)b(—UA—UD'H,) Df 
4310021. @', = 1'0, + ®, Df 
#31003. 0,- 6, +. De 


*3101. +. 6,0',@,, @',,Q,¢Ser [#30423 . #3074125 . 204-5 . #21231] 
¥31011. b:pOv.=.p,ye DH. — A -—UDSH opCv.pty. 

pve DA. glu. q!:DH—-y.qliv—p. 

pveD sSHads'H .uwCy.ptry 

[*212°23-132 .#211°61 . (#310-01)} 


til Wea 
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«310111. +: O,v.=.u,veD(H,)e— UA-t DH, Cv. ptr. 
=.p,veD(Ane alu. q!D'H,-—v.qly—p. 
«pve D's'H, a O's‘ H, we Cv. pty [(*310°02)] 


4310-112. Fs. wO,v. = pO,v Vv. nOr.v. 
pe Oy. vert'0,¥ CO.v. p= U0,.7eC%® [(*310-03)] 


4810113. b:. pO'v.S2p=10,.06CO.v. Or [(#310°011)] 
4810114. bs. pO'nv 21 p= 109. ve OBnV. WOny {(#310°021)] 


#81012. b. C@ =D's‘H a U's H = D'He— vA-UD'H. 
U@q= D's'Hy 0 O's! Hy =D Hp)e— A —UD'Hy [212182] 


4310121. +. C°@ C Clex‘D‘H . C°@, C Cl ex‘D‘H, [%310°12] 
#310122. F:q!3.5.9!0.5.910'.5.910,.5.910,,.5.q!0, 
[421214 . 16113 . #30427] 
4310123. Fg 13.3. CO’ = 110, ¥ CO . CO’, = 10, v CO, 
CO, = OO, ¥ UO,4 CO [310122 . *161-14] 
#310138. +.C@nC@, =A .sCOnsCO,=A 


Dem. 
Fea8101L 111. Obi pe CO. ve O@,.3.~.CDH .vC DA. qip.giv. 
[*307-25] Dp pve pav=Ardb. Prop 


#310131. +. 10, ~e COUC@, [*304282] 

«31014. + .@,smor® [21272 . *807°41] 

431015. +: Infinax.3.0' + CH, 0, -» CH, CH, + Op CHed 
[480433 . #310-14 . 275-21] 


4810-151. + : Infinax .3. 6’, 8’, eSer a compn semi Ded 
[a310°15 427551. #27118 . 21474) 


#81016. bi veC'@.=./Cnv“‘ve CO, [#31012 . («307-04)] 
#31017. + .| Cnv“| Cav“v =p [*307-12] 

#81018. Fi y=|Covv.=.v=|Cnv “pu [#31017] 

#81019. biw=v.=.|Cnov“p=|Cnv {*310°17] 

481031. bi pe COv0@,.3.q!1(su)[ Relnum [#8045 . *310121] 
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#81032. Fi. p,veCO,.3:8u=so.=.p=v 
Dem. 

F.*310°31 . *803°62.5 

bipeCOvu C@, .v=10,.3. 4! (su)f Relnum.~ 4 !(5%)f Rel num. 
2. spt sv qj) 

b.4310°12°31 .*807-25. Dkr weO@.veC@, .d. spt sy (2) 

F.x31011. 3b i. pOv. Di qlv—p: 

(#810°121] D:(qp,o): ploev: Ene pw. Dz, +E/nt pio 

[#80352] Di(qp,o,R,S)ip/rev. R(p/o)S:&/nep.De,+~ {R(Eln) 8}: 


[adhd] Di sys sy (3) 
b.(3). #8101. DF ry, ve CO. pty. d. Sut sy (4) 
Similarly bLipveC@O,. pty. d.sutsy (5) 
b.(4).(2).(4).). DE Hp. Diwdy. dst iy (6) 
F.(6). Transp. 2+. Prop 


#31033. +. 6}@smor® . sO, smor @,. $38, smor@, [*310°32] 


«311. ADDITION OF CONCORDANT REAL NUMBERS. 


Summary of *311. 


We define a set of real numbers as concordant when all are positive 
or zero, or all are negative or zero, 7.¢. when all belong to C‘@ or all belong 
to O*@’,. Given two concordant real numbers yw and v, we define the sum of 
p and vas the class of sums, in the sense of #308, of a member of » and a 
member of », 2.¢. a8 


W ((qM.N).Mep.Nev. W=M+,N}, 
1.¢. as su +y'‘v, in virtue of *40°7. It is easy to prove that, assuming the 
” 


axiom of infinity, the sum so defined has the properties we require of a sum. 
We denote the sum so defined by “~#+ v.” In order to insure that p+py 
shall be A unless p, »v are concordant real numbers, we put 


#81102. wtpv= & {concord (u,v) X esty to} bf 


Thus if «, v are concordant real numbers, ut, v= s‘p to'v (31111); if 


not, w+pv=A (3111). A definition of addition which applies to real 
numbers of opposite sign will be given in *312. 


The commutative and associative laws for +, (*311:12:121) follow at 
once from the corresponding laws for +,. Assuming the axiom of infinity, 
we prove without much difficulty that the sum of two positive real numbers 
is a positive real number (*311:27), and the sum of two negative real 
numbers is a negative real number (*311°42). In these proofs, when propo- 
sitions of previous numbers involving “Rat” are used, “ Rat” is replaced by 
CH’ and “Rat—t'0,” by C‘H. This is legitimate in virtue of *30449°34. 
In *311511 we prove (assuming the axiom of infinity) that if & is a positive 
real number, and Y is any positive ratio, however small, there are members 
X of & such that Y+,X is not a member of &, ie. given any positive real 
number, there are rationals differing from it by less than any assigned positive 
rational. This proposition is useful, and is used in proving that if &, are 
positive real numbers, each is less than £ +p) 7 (*311'52). The converse of this 
proposition, i.e. the proposition that, if w@», there is a positive real number 
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> such that v=p+,A, is proved in *311-621-64, after a considerable amount 
of work. Thus we have 
#81165. br: Infinax. 33. pOv. =i y,ve CO: (GA). AECO.v=p4yr 

We have, of course, a corresponding proposition for ®, (*311-66). From 
*311:65 we deduce without difficulty that if » is less than » (py, v being 


positive real numbers), then A+p is less than X +p» (A being a positive 
real number), ze. 


4311-73. |: Infinax.r(6C@.pOv. Dd. (A +p pn) O(A +p”) 
whence (with the corresponding proposition for @,) we deduce 
#311-75. +s. Infinax. concord (A, y).DtX+pperXtpv-Hep=vy 


which secures the uniqueness of subtraction. 


*811:01. concord (u,v,...).=1 pw, »,...€CO’.v. pv, ...e 060’, Df 
#81102. pt,v=2 {concord (u,v). Xe su +o) Df 
#3111. Fieconcord(y,v).>.u+pv=A  [(*311-02)] 
#31111. +: concord (p,v).>. 
btpv 8p 0 = W {(qM,N).Mep.Nev.W=M+4+,N} 
[(431102)] 
481112. be ptpy=vtpe [311-111 . «308°4] 
#811121. (+p) tpv=X+p (uw tpy)  [¥311-1-11. ¥308'63] 
#31113. | : concord (y, v) . =. concord (| Cnvp, | Cnv“v) 
[*310°16 . (x311-01)] 
¥*311-14. |: concord (p, | Cnv“v) . =.concord (|Cnv‘p,v) [*31113.*310°17] 
#81115. |: concord (u, | Cav“v). 3. ~ concord (p, v) [*810-13:16] 
w8112. fr Infinax. ECO. Xe OH. D.X +,H“ = HEX 4,6 HX 
Dem. 
F . 4308-72 . «30434401. Dh: Hp.d: eX +,“H"E.=. 
(a2, 2').Z' c&. ZeCH.Y=X4,4.(X4+,2)H(X4,2). 
[4876] =.(q%,¥').ZeOH.Y¥=X 4,2. ¥' eX 4%. VHY'. 
[¥80652] =. Ye H“X 4, XHY :. Db. Prop 
x81121. bilInfinax.£C OH. gt£.XeOH. >. Hy X CHAK 4,06 
Dem. 

F, #806°52 . #304401. 3+: Hp.>: Yef&.9.XA(X4,Y): 

[#40°51-61] DX eH@x 4,6 () 

F.(1) .*804:23.5. Prop 

B&W. U1 
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481122. FrInfinax.£CCH.q!f.XeCH.D. 


zy 
HX +E = HX v X 4+,¢H€ 
Dem. 


#30428, HEX 4b (HX tgltb on Hy X)u(HOX 4a HX) (1) 
b.(1).#311-2-21 94. Prop 
481123. F:Infinax.£eC'@. Xe CH .D.H*X 4,6 = Hy iX uv X 4, HME 
[#311:22 . ¥3810°12] 
#81124. +3. Infinax. FeCO. VeCH.D: 
(qZ).ZHY Ve +46: Vests HY 


Dem. 
F.430431.3F:Hp.>.(qW). Wee. WAY. 
[#80652] 2.(qZ, W). We&. ZHY.Y=Z4+,W:5t. Prop 
#311:25. F:Intn ax. &7eC@.D-ECE+ sn. nC Eten 
Dem. 
> 
b. #310°12. Dt: Hp. Ven. >. HV Cn. 
[x311-24] >. Ves€ +n (1) 
b.(1)-aB1D11. +: Hp.D.9 CE tpn (2) 
+. (2).481112. Db: Hp. Dd. ECE te (3) 
F.(2).(3). DF. Prop 
#81126. F:Infinax. &1¢C@.3.A“(E+pn)=E+pn 
Dem. 


§ 

b.4811-23.Dh:.Hp.d: ¥en. dD. H(Et, Y) = Hy Vv (H“£)4, 7: 
Led ” 

{311-11.%31012] D: HE +p 9) = Ayn v (Etna) 


[431 1-25.4310-12] =£4+p,71 Db. Prop 
«81127. + :Infinax. &7e¢C@. 3. E+, ne OO 
Dem. 
F.¥31125 431012. Db: Hp.d.qtetpn- 
[4#311-26.4310°12] Dd. Ftp ne COVUD'H ql) 
F .«810°12 .*211-'703..D 


b:Hp.>.(qM,N).M,NeD‘H. Mep Ie. NepH"y. 
[4308-32°72.4306-23] D.(qM,N).M+,NepH“(E+,7)aDH (2) 
F.(2).#200°5. Db: Hp. d.£4+,0+D‘H (3) 
F.(1).(3). DF. Prop 


The axiom of infinity is essential to the truth of the above proposition, for 
if it fails we have E! BSH, BSH we E4,7, while pe C'O.3. BH ep. 
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431131. .|Cnv (ut ,v) = (| Cnv'z) +p (|\Cav‘*v) 
Dem. 
F.«31113-1.5 
Fi concord (u,v). 2. | Cav“(u tp) = A. (| Cnv'n) +p (| Cav) =A (1) 
F.#31113-11.3 : concord (u,v). 3. | Cav (uty v) =| Cavite tov 
[¥308-411} = s(| Onvé“,2) +,6(| Cnr) (2) 
a” 
b.(1).(2). DE. Prop 
431132. F.| Cnv“(u+p{Cavr)=(|Cov“~)+,v [#31131 . ¥31017] 
#31133. F. wtp» =| Cav“ {(/ Cav“p) +) (| Cuvy)} [811-31 #310-18] 
4811-41. +: Infinax.p,veO'O,.3.pCptpy.vCutpy 
Dem. 
b #31125 . ¥310°16. DF : Hp. 3. | Cnv'“y C (| Cov pu) +, (| Cnvv). 


[¥811-33.4310-17] DipCptpr Q) 
Similarly b:Hp.d.rCutpy (2) 
F.(1).(2). 3+. Prop 
#31142. | :Infinax.p,veC@,.3.u+pve CO, 
Dem. 
b #31127 .*31016. Db: Hp. D.(| Cnvu) +p (| Cnv'v) e CO. 
[*311'33.%310°16] D.ptpve CO, : Dt. Prop 
¥31143. bi peC@,.d.u+pl0g=" 
Dem. 
F.x81L11. 2b: Hp. >. p+, 00,= W{(qM). Men. W=M +04} 
[*308°51] =p:Db. Prop 


¥31144, |: Infin ax. concord (u,v). D-p+tpyeC"@, [%31127-42'43] 
#81145. | :. Infin ax. concord (u,v): w= UO. ver = 60g: D.C tpy 
[¥811-25°41-431 
#31151. Fi Infinax.ge D‘H.-UA.YeOH. V+)ECED F= CH= DH 
Dem. 
+.43813.2h:Hp.XeF.D. VY+,X c&. 


[306-52] >. Veg (1) 
F. #30651. > 

biHp.veNCind. XeF. V+,(o/1 xX) e£.D.V ty (v tq l/1xeX}e£ (2) 
+ .(1).(2). Induct. DF: Hp.veNCind. XeE.D.¥+y,(v/ix,X)eE& (8) 
b.¥805°7 .*306'52.D 
biHp.Xef.ZeC'H.D.(qv).veNCind. ZH {Y +)(v/1 x, X)} (4) 
F.(3).(4). DF: Hp.ZeCH.3.Ze€: D+. Prop 
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4311511. +: Infinax.&eC@. VeC*H 3. (gq X). Xe. VtyX ve€ 
[#811°51 . Transp] 


#31152. +: Infinax. £76 C'@. 3. FO(E +p 7) 


Dem. 
b.xB1L511. Db: Hp.d:YeCH.3.(qX).Xe&.X4,¥rcE: 
{#31111} 3:(qX, Y).X+, Ve(Etpn)—-F: 


[#310-11.4311-27] 2 £O(E+pn)2. Dt. Prop 

#31158. +: Infinax. £,n ¢C"@,.3. FO, (E+) [«31152:33] 

#31156. bs. Tofinax, £eC'@,. 2: F=F+p9. 3.9 =00, [3111435253] 

431157, bit Infinax. D1. £=Etpq-StF=A.v. Fe 0G... = 10, 
[311-561] 

431158. b:Infinax. peO'@.D.p=H%p [43043. 427031] 


«8116. Infinax. p@v. X, Yev—w.XHY.Mep.>.M4+,(Y-—,X)ev 
Dem. 
F.#31011.3+:Hp.d.MHX. 


[*308'42°72] D>. {M+,(¥-, X)}| HY (4) 
b.(1).%31158.54. Prop 
#81161. |: Infinax .p@v. 
n= LA(qX¥,¥).X¥,¥ev-p.XHY.L=Y-,X}.>. 
Bin tah Cv = [*811°6} 


#81162. |: Infinax.p@v.Xev—p.d.(G VY). Vev—p.XHY 
Dem. 


F.*31158.3+:Hp.d. Xe H“y— Hw: dt. Prop 
¥311°621. | : Hpx31161.39.r46¢0@ 


Dem. 

b.«31162. DE: Hp.d.qlar (1) 
F.*30846. DJ: Hp.d.rxC Hy (2) 
b.¥81162. Dt:Hp.X,Vev—p.XHY.D.(qZ).Zev—y. YHZ. 
[*308-42°72] 2D. (qZ).Zev—p.(Y—,X) H (4-,X) (3) 
F.(8).4871.3+:Hp.d.xC Ha (4) 
b .*808'56'42°72 .D 

b:Hp.X, Yev—p.XHY.LH(Y—-,X).3.XA(X4,L).(X +,L) HY. 
[4310°11.#308-43] D>. Ler (5) 
b.(5).4371. DF:Hp.d.HOArxCr (6) 


F.(2).(2)-(4).(6). DE: Hp. d. re D'He~ A uD 
(*310°12] D.rAcC@: D+. Prop 
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*81163. +: Infinax.veC'@.Xev.NeCH.9.(qL).LHN.X+,Lev 
Dem. 


.431158.Dh:Hp.2.(qY). Yeo. XHY () 


«4808-42. b: Hp. Yer XHY.Z=Y-,X.ZHN.D.ZHN.X+,Zev (2) 
-#308'42-72.D 


:Hp.Yev.XHY.Z=Y-,X.NH,Z.LHN.3.LHN.X+,Lev (3) 
.(8) «#31158. 
:Hp.VYev.XHY.2=Y—-,X.NHyZ.5.(qL).LHN.X+,Lev (4) 
+ (1). (2). (4). DF. Prop 

#311631. | : Infinax.u@v.Nepn.D. 

(QM, X,¥).Mep.X,Yev—p.XHY.N=M+4,(Y-,X) 


ee Sr Se ees OE 


Dem. 
b.311°58 . *308-72.5 
b:Hp.Xev—-p.LHN.X+,Lev.Y=X+,L.M=N-,L.3. 

Mep.X, Yev-u.XHY.N=M4,(Y-,X) (1) 
b. (1). *311-63.3+. Prop 
#811°632. +: Infinax.uOv.Nev—p. >. 
(qM, W). Mey. M+,W,N+, Wev—p. (M+, W) H(N 4, W) 


+. 4306-52. %311-63:58.b:Hp.d.(qW).WeCH.N+,Wev-p (1) 


F.x311511.3h:Hp. WeCH.>.(qM). Meu. M+, Wreu (2) 
b.*81158. Dt: Hp.Mey.Nev—p.WeCH.>.MHN.WeCH. 
[*808°72] >.(M+,W)H(N +, W) (3) 
F.(3).4311-58.+:Hp(3). V4, Wev.d. M+, Wer (4) 
F.(2).(4).D 

b:Hp. WeOH. N+, Wev—p.>. (ql). Mep.Mt,Wev-p (5) 


b.(1).(3).(5). DF. Prop 
#311633. +: Infinax. wO@v.Nev.d. 
(qM,X,Y).Mep.X,Yev-p.XHY.N=M4,(¥—.X) 
Dem. 
>. *808°61-4-63 . > 
+t:Hp.MHN.X=M+,W.Y={N4,W.9.N=M+,(¥-—.X) (a) 
+, 4311-682 .*308-72.3+:Hp.V~ven.>.(qM, W,4,Y)- 
Mep.X=M4+,W.Y=Ni,W.XHY.MAN.X,Yev~p (2) 
b.(1).(2). DF: Hp. Nveu.D. 
(qM,X,Y).Mep.X,Vev-p.XHY .N=M+,(Y-.X) (8) 
F. (8). #311631. +. Prop 
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#31164. +: Hp #311°61.9.y=p+pr 


f.#311-633.3.C sfu te (1) 
F. (1). *«811-621'61.5+: Hp. DAC. vasptynr. 
[#311-11] D.veptyr2 Ib. Prop 
4811-65. fr: Infinax.3:.p@v.=1p,v COs (qr). NECA v=ptyr 
[¥811°52-64] 


#81166. F::Tnfinax.3:.~@,v. 2: pve CO, 2 (qr) Ne C@nr.v=ptyr 
Dem. 
b.#810-11-111. Db: p@,v.=. (| Cov“p) @ (| Cav“) Q) 
b.(1). «31165. Hp. ds 
pOnv =| Cav'*we 0°: (qa). 4€ CO. | Cavy =| Cav“p+pr: 
[#811-32.%31016°19] =: pe O*O,: (GA). NEC, .v=ptpAHIE. Prop 
#31173, +: Infinax.r€ 0°. wOv.D.(d +)2) O(d +p») 
Dem. 
b.*31165.9+:Hp.>.(qp)-peC'@.v=ptypp- 
[4311121] D.(qp)+peCO.rA+pv=(A +p ps) typ (1) 
F.#31127.3b:Hp.d.rA+pmrA+pH ECO (2) 
F. (1). (2).#311°65.3 4. Prop 


#311-731. |: Tnfinax. dr ¢ OO, . p@,v.D.(N+pH) On(A+pv) [#81173] 


#311-74. Fs Infinax:ApeC@.v.rA,peO@n:DintpperAtpy.5 =v 
Dem. 


F. «311-271. DEA peO@G At, p~=Atpv.I.veC@ (1) 
+ .4311-73. Transp. : Hp(1). 3D. ~(u®v).~(vOp) 2) 
F.(1).(2).#8101. DF: Hp(l).2.u=7 (3) 
Similarly Frid, weO@, Atpp=Adpys DI. pv (4) 
F.(3).(4). DF. Prop 


#31175, |:.Infinax. concord (A,p).D:X+ppHertpy- =e p=v 
[#311-74°43] 


*312. ALGEBRAIC ADDITION OF REAL NUMBERS. 


Summary of *312. 


In this number we extend the definition of addition so as to apply to real 
numbers of opposite sign. As in *308, this requires a previous definition of 
subtraction. We define subtraction as follows: If there is a A such that 
v+pX= pw, then p—pv is d; if there is a A such that w+pA=», then w—pr is 
| Cnv‘A, te. the negative of X; in any other case, ~—,py=A. The formal 
definition is: 


#81201. p—pv=F (qr), 4,0 C®@,: 
Vtypr= ps Xerd.ViptprA=v.Xe|Cnva} Df 
Hence assuming the axiom of infinity we have 
v(8uU®@,) uw. D.p—py=(M)(Vt+pX=H) (#312°18), 
H(QUO,)v.D.p—pv=(IA) (wtp! CuvA=v) (*312181), 
DeCO,.D.%—pR=U0, (#312191). 


The algebraic sum of w and »v is defined as w+pv if w and y are of the 
same sign, and as »—,|Cnv‘‘y if uw and pv are of opposite signs; ze. we put 


*31202. wtav=(e+pv)¥(u—p|Cuv'v) Df 


This definition is justified because either w+pv or w—pjCnv‘Y must 
always be A. Thus we have 


#31232. |: concord (u,v). 3. wtav=ptpy 
481233. ts concord (y,v)..etav =p —p| Cav 


The propositions proved are analogous to those of previous numbers, and 
.offer no difficulty. 


#81201 p—pv = ¥ (qa): 4 wv e C@,: 
Vtph=p.eKerNwVeptprA=v.Xe{Cnv“a} Df 


#31202, ptav=(utpy) Y¥ (up |Cnv“y) Df 
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48121. bs. Xep—pv.s:p,ve O'@,: (qr): re CB,: 
vt+pr=p.Xer.v.ptpr=v.Xe|Cnv'r [(*311-01)] 
#31211. bieconcord(y,v).3.~—py=A  [*311-1-27-4243] 
431212. +: Infinax.yOy.3d. 
P wapv = (qr) eC .y tph=p-X ed} =(0d) (vt) 2= mM) 
em. 
F.«811165. Dk: Hp.d.<(qr).ptprASv Q) 
bul). 43121. Dh: Hp.d.p—py=F ((qr).reO@.v+,r= pu. Xer} (2) 
F, (2).#811-74. 34+. Prop 
#31213. + :Infinax. uO@v.d. 
p~py= ¥ (qn). Xe CO. ptpr =v. X e| Cav} 
=|Cav“(™)(u+tp=v) [Proof as in *312°12] 
#81214. +:Infinax.r@,y.3. 
ppv = [(qr)- eC, -vtpr=p.X er] 
= (1A) (vp +p = w) [Proof as in #31212] 
«81215. |: Infin ax. p@,v.3. 
p—pv=X {(qr). Xe C@,. wt+ypr=v.X e| Cavr} 
=i Cnv“(2\)(u+p=v) [Proof as in #31212] 
4312-16, b: we O"O,.d. pp l!0y =p [312-1 .#821-43] 
#31217, bs we0B,.3.10,—pe=|Cavp [x31 21 , #31143] 
#81218. | :Infinax.v(@w B,)~.3.p—py=(1”A)(Vtp =p) [43121214] 
#812181. | : Infinax .~(Q u O,) v.93. u—py=| Cov'(ad) (utpr =v) 
= (Id) (w+p|Cavrx=v)  [%312-13-15] 
#31219. |: Infin ax. concord (d, 4). I. (A+p pp) —pA=H 
[312-18 . #311°65°66-43] 
#312191. |: Infinax.re0'@,.d.A4-pX= 10, [#3115253'43] 
#8122. F.| Cnv(z —, v) =| Cave —» | Cavs 
Dem. 
F. #3121 . *31016. > 
Fz. X | Cnv“w—p| Cav'v.=:p,ve CO, : 
(qr) Ne C1Q,: | Cuv'y tyr =| Cov. Xer.V- 
| Cov“u+tpr=|Cnv“y. X e{ Cnv“r: 
[#31132] = : pv e C°O,: (GA): Ne O'B,: 
V+p{Cnov“rA =p. X er.V.ptyp|CnvrA=v. X e| Cnvr: 
[#312°4.4310'16] = : X e| Cnv“(w—pv):. D+. Prop 
#312201. F . w—p| Cnv“y =| Cnv“(| Cav“ —pv)  [*312-2] 
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#31221. |.) Cnv“(y —, pw) =b—py 
Dem. 
F. #8121, Db X | Cnv(v —p pw). = 2. (GP) 2 pve CO,s. 
(GA) Ne Cyr pw+pr=v.Ver.X=V|Cnv.v. 
V+pr=pe Ye|Cnv‘7.X = Y|Cnv ! 
[310-16] Ss. pve CO, :. (GA) NECO,: wp t,r=v.Xel Cnvr.v. 
Vt+prA=p.NeXA 
[a8121] =:.Xep—pviz I+. Prop 
4812-211. bp (Cav =y—p|Cnvp [¥312-201-21] 


431222, br Infinax.v(@u@,) pe Ds p—pye CB 


Dem. 
b. #31165 . #31212. 3b: Hp. r@p.3.p—pve OO (ht) 
F . #31166. 431215. : Hp. pO,v.3.| Cav (up v) € CO, « 
[*310-16] D.p-pve CO (2) 


F.(1).(2). DE. Prop 


31223, +:Infinax.p(@Ou 8,) vi Dd.p—pveC@, [312-2122 . 31016] 
43123. bw tav=(ptpy) ¥(u—p| Cav*y) [(#812:02)] 

#81231. bi n~(p,ve OO). Dd. ptaveA {#312°3°11 . #3111] 
#31232. |: concord (p,v)-D.ptav=ptpy [4312-311 .*311-15] 
#31233. bs w concord (y,v)-D.ptav=e—p/Cov'y [x8123.«3111) 
#31234. |: Infinax. pve C°@,.3.+ave CO, 


[#312°32°33°22'23 . #311-44) 
eO12-41. be wtav=vtop 


Dem. 
+ .*312-32, «31112. D+: concord (BY) sD. wtev=Vtap qd) 
+. #312-33-21, Db zs concord (u,v)... peter =| Cnv(| Cuvv —, p) 
[*312-201] =p—,|Cnv“p 
[#31233] =V+ap (2) 


F.(1). (2). 4. Prop 

*312-42. + :Infinax. concord (A, pv). 2.(%+p#) —pAtp¥)=h—pY 
Dem. 
F.#311-27-42-43.3:. Hp. 2: concord (X +p mA +p¥ A, Mv)? 


[*311°75] Dirty p= p= (Atpp)tyy= ety: 
(¥311-12-121} =.(X+4pv)tpp=mtey (1) 
Similarly bi. Hp. Di wtppHr-=-(ptpy)tpp=tpY (2) 


F.(1). (2). #3121. . Prop 33 


330 QUANTITY [PaRT VI 


#31243, | : Infin ax. concord (A. 4,).v (OU Bn) wo. 


(A tpn) pv => tp (Hw —p») 
Dem. 


b.#81165°66. D+: Hp.d.(qp)-peC@,.p=v typ. 
[#312°12°13-19] D.. (qp) «pe C°By-(A+pp) pv =A ty p+ p—pvy=ptIF. Prop 


#31244. +: Infinax. concord (A, y,v).4(@Y @,)v.9. 


(A +p») —py=rA—p @ —p PM) 
Dem. 


F. «8116566. Dt: Hp.d.(qp).peC'O,.v=ptyp. 
[*312'42-19] D. (gp). 0 ¢ C°@,. (Nt+pH) —pv=A—pp» p=v—pm i Ib. Prop 


#31248. +: Infinax . concord (A, p)» 3. (A +p H) pH =A tp (Hp mM) 
Dem. 

F. #31219 .*31143.3b:Hp.d.py—pp= tOy- 

[*311-43] 2 N+p(—-pH=A 

[*312°19] =(Atpp)—pwi de. Prop 


4312-451. +: Infin ax . concord (A, u,v). 2. 
(A +p 2) —p¥ = (A +e Mm) +a| Cav v=A+a(u +e | Cav“) 


Dem. 
F. #31243. b: Hp.y(@@,) uD. (A+p 4) py =A +p (tp ») 
{#312-33] =Aty (wu +a | Cnv'v) 
[*312°32-12-14] =)+a(u ta! Cuvv) (1) 
F.*31244.3b:Hp. p(w @,)y.d. (A+) 4) py = A—p(v—pus) 
[#81221] =2—>,| Cnv(p—p v) 
[#31233-12-14] =Ata(u—p?) 
[*312:33] =Ata(u +a] Cnvy) (2) 
F.81245. Db: Hp. p=v.d.(A+pp)—py=A+p(e—pr) 
[#812'33:39] =d-+ta (us +4| Cav) (3) 


+. (1). (2). (8). #812'32.#311:43. 34. Prop 


#31246. +: Infinax. concord (A, 4).2.(A+aP) tav =A +a (ue taV) 
Dem. 

F . #312°32 . *311°65°66:43 . DF: Hp . concord (A, #,v). 9» 

Q+ap) tav=AtpH)tpy-Ata(Htar=A+p(utpy) (1) 
» #312451. 
: Hp . concord (A, z, | Cnv“v). 3. (A +a) ta¥ = 2 +a (um tar) (2) 
-#31231. Db rye C@,.3. (tan) tay =AsAta(Utav=A (3) 
» (1). (2).(3) #311121. > F. Prop 


ae ars aR ee 
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#312461. | : Infin ax . concord (u,v). >. (A +aM) tov = +a (ue tar) 
Dem. 
b. #31246. Db: Hp.d. (v tan) ta =v ta (uta) (1) 
F. (1). 4312-41. . Prop 
#31247, |: Infin ax . concord (A,v).3.(A ta H) tav = +a (Ha) 
Dem. 
+ .#812461.2h: Hp. Dd. (uted) tev=pta(A tar)» 


[*312°41] D.(X+e 4) tov =p ta (d +0) 

[4312-41] =(X+ar) tape 

[#312°46] = +a(¥ tae) 

[*312°41] = +a(u tar): Db. Prop 
481248. |: Infinax.>.(A+ap) tay =A +a (mM ta) 

Dem. 

+ .#31231.3 
Frew fr, uveO'@}.D.(A+ap) tay AsA+ta(Utavy=A qd) 
F.x31012 Dk:.A, u,v e O'@,. 5: concord (A, ~). Vv. concord (A, ») # 
[*312°46-47] D:A+eM) tex = AX+a (uM +e) (2) 


b. (1). (2). DF. Prop 
MB31251. Fr OB). D.A+_U0.=r [431232 . #31143] 
#81252. fz Infinax.r¢("@,. 3. +4 | Cavr= 10, 


Dem. 
b.431233.3b: dp.d.24,|Cav“A=A—yd 
[*312°191] =t'0,: J+. Prop 
#31253. +: Infinax.d,~,ye0@,.Ith+,p=v.=. =v ta| Cave 
[4312485152] 


*31254. +: Infinax.r,p¢C'@,.3.(qo).ceC@O,.rX44a7 =p 
Dem. 
Fb . *312-48°5152.5b:Hp.d.r+4,(/ Cnv“A +a pu) =H (1) 
F . #31234. Dt: Hp.d.|CnvA+q pe 8, (2) 
F.(1). (2). 34. Prop 
#81255. +: Infinax.A,p,ve CO,.DiX tap =A tase MP 
Dem. 
b.#8124153.3b:.Hp.D:dX+an=Atav- 
[#312-41-48] 
[#2195152] 


»w=A4_¥) +a} Cnvr. 
+ B=V ta(A +a| Cav Ar)» 
-p=vi Db. Prop 


Wool 
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#31256. [:. Infin ax. concord (A, 4)-3:ABw.=.(qo).c7eCO.r+ao =p 
Dem. 

F. #311°65 . *312°32.5 

Fr. Hp.r%weC@.D:°\O gw. =. (qe). ceO@.n+,o=p (1) 

+. #311°66 . *310°16.3 

Fi. Hp.d, we CB, 3: Agu =. (qe). ce CO. pty|Cav“o=r. 

{#312'53°32] =.(qe).ceC@O.rvAt+,o=p (2) 

b.«31251. Dh: Hp.r=10,.3:r’@,n. =.(qo).ceCO.rAt,c=p (3) 

F. #8125351. 3b: Hp. p=10,.3:r%O,y.8.(qo).ceCOr+ao =p (4) 

F.(1).(2).(3).(4). DF. Prop 


til 


#31257. | :. Infinax.d, we C*@,.~ concord (A, m).I: 
AOyw.=- (Ge). cTeCO.rX+ae=p 


Dem. 
F.#312485152. Dh:rAC€CO,. weOO.D.ps=rA4,(j/CnvA+apn) (1) 
b ,#31232, 4311-27. Db: Hp(1).3.(/Cav"r +, ) eC (2) 
b.(1). (2). DEsrACO@O,.weCO.I.(qa).ceCOrAtac=pu (3) 
F .#312'32 . *311-27 . #31013.) 
FireC®. peC@,.I.~(qo).ceCOwrter=u (4) 
+ .(8).(4).> 
F 


3. Hp. 3:6 0'@,. we CO. =. (qa). ceCO.rAt,o=p:. Db. Prop 
#31258. +: Infinax.?, ~e0'®,.9: 
Asp =-(qo)-geC@.rX+,0=m [#312°56°57] 


#313. MULTIPLICATION OF REAL NUMBERS, 


Summary of *313. 

Multiplication of real numbers is simpler than addition, because it is not 
aecessary to distinguish between factors of the same sign and factors of 
opposite signs. Thus we put 


#81301. pxav=X {pve C@,.X ese x,v} Df 
+ 


Thus if y, » are real numbers, their product is the class of products (in 
the sense of *809) of members of » and members of v; otherwise their product 
is A. ‘Lhe propositions of this number are analogous to those of previous 
numbers, and the proofs are as a rule analogous to those of #311, except in 
the case of the distributive law (#313°55). 


481301. wxav=F {pve C@,. X esty xv} Df 


Proofs in this number are mostly analogous to those for addition, and are 
therefore often omitted. 


#BIRLL Fr (u,veC'®,).D.pxXgv=A 
4813-12. 
4813-21. 
4313-22, 


kipveO@,.d.pXxXqv=sp Xv 

bsp, veC@ vilO,.3.pxX,7= 8 ue xy 

Fip,ve CO, 60... Xa v= 8] Onv"p) xa'*() Cnv‘‘v) 
#313-23. Fi we C@, ve OO. D. 4 Xqv=/ Cnv''s(| Cav “u) xy 
813-24. bi peC@O.ve CC,.3.px,v=|Cnv' su x)" Cav‘'y 
¥313-25. b.wxqv=|Cnv (| Cnv pe Xqv) =| Onv'p Xa] Cav y 
*313-26. + 
¥31331. + 
#31332. + 
#31333, | 
#31334. + 


+ Xq [Cov y =| Cave xgv = | Cov" (py x_r) 
iInfinax.€eCO.X «UH. D.X xEC HEX xg 
rInfinax.€eC'@.XeCH.D. X xF= AX x F 
rInfinax. £eC'@. Xe CH.D.X x, Ee CO 

: Infinax. Fe C°O,. X C1 H,.D.X x, Fe OO 
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#313-35. |: Infinax. Fe CO. X eC'H,.9.X x, {Fe CO, 
#313351. +: Infinax.&e C'O,.X eC'H.D.X xf e CO, 
#81336. +: Fe C@,.3.0, x,E= 10, 

#81337. +: X¢CH,.3.X x,'t0, =1'0, 

#31338. +: Infinax.&e C@,. XeC'H,.3.X x, ‘Fe CO, 
313-41. +: Infin ax. concord (pv). p+ lO, .v + L0,.3. pe Xav eC 
#81342. |: Infinax.~ concord (u,v). pw, ve O'8,.D. wp Xave CO, 
313-43, bi. w=l0,.V.v =O, pve CO: Dd. wXxgv=10, 
4313-44. |: Infinax. p,veC"O,.3.ux,ve CO, 

#31345. b.wxqgv=y Xap 

#31346. |: Infinax.3.(A Xap) Xav=Xalpe Xa) 


The following propositions are concerned with the proof of the distributive 
law. 


4#313-51. +: Infinax . concord (4, u,v). 3. (v Xa) ta(v Xa w) = 
M((qX,¥,2,2').X er. Yeu. ZZ ev. M=(Z xX) +9(Z' X Y)) 
[4313-12 . #31232. 4811-11 . #313-41] 
313-511, b:Infin ax .r,pe0®.Z,Z' cu. ZHZ’ .X cd. 2.2% yh! x,X er 
Dem. 
+. #3041401 #30514. : Hp.d.(Zx,X) H(Z'x,X). 
[309-41] D.(2x,Z' x, X) HX. 
[431158] D.2x,2'x,X ed: Db. Prop 
#31352. +: Infin ax. concord (A, 4,7). 3. (v Xa) ta (v Xa) =v Xa (AtaH) 
Dem. 
F.431351511.3+:Hp.>. 

(v xg) ta (Xan) = SM [(qX,¥,Z).X er. Veu.Zev.M=(Zx,X)+(Zx¥)] 
[*309°37} = MU(qX,Y,2).X ed. Yeu. Zev.M=2Zx,(X +, ¥)] 
[#B13:12.4312°32.4311-11] mv xa (A tae) 2D. Prop 
*31353. | : Infin ax . concord (A, ~).~ concord (A, v). ve C18,. D. 

(v xq) ta (¥ Xa) =P Xa (Ate M) 


Dem. 
b, #31325. 2b. A+a pm) Xgv =| Cav {(X +4 2) xa | Covy} dq) 
b, 431352. 3b: Ap.d.(A+au) Xai Cav“y=(A xq | Cav“v) +a(¢ Xa} Cnvv) 
[4313-26.431131] = Cnv (A xa 2) +a(Xav)} (2) 


F.(1).(2). D+. Prop 
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*313°64 + : Infiu ax . concord (A, v). ~ concord (A, 4). 12 0°@,. 9. 


v Xa (A +a H) = (v Xa A) +a(¥ Xa 2) 
Dem. 


b #3123334. 2b :. Hp. +4 ¢=p-ID:concord (A, p).v. concord (4, p) (1) 
b.*31352. D+:Hp (1). concord (A,p).9. 

(p Xa¥) +a (| Cav p xq v) = (p +a | Cav pn) Xa» 
[*312°53] =AXave 
[#312°58.4313°26] D. p Xqv =(A Xa) +a (# Xe) (2) 
Similarly +: Hp (1). concord (pz, p). 3. p Xa v =(A Xa) +a (Me Xa) (3) 
F.(1).(2). (3). DF. Prop 


*813°65. |: Infinax.3.(p» xd) +a(v Xo ft) =v Xa (A +a fH) 
[#813°'52°'53°5411 . *312°31] 


#314. REAL NUMBERS AS RELATIONS. 


Summary of #314. 


In this number we take up the definition of real numbers suggested in 
*310, namely 3C‘@, instead of C@,, The series of real numbers is now 
§3@, instead of @,. Everything in this number depends upon 
#31032. Fi.p,ve(@,.3:su=8).e. =p 

It consequence of this proposition, §f C‘@, is a correlation of the two 
sorts of real numbers, and the properties of the relational sort can be 
immediately deduced from the propositions of previous numbers. We define 
addition and multiplication of relational real numbers so as to secure that, if 
#,v are real numbers of our previous sort, the arithmetical sum of sy ana 
5y is 8( +4 v) and their product is 8( xv). This is effected by putting 


481401, X4, V= R8[(qu,r). X = su. V=so. RS(ut_r)} S] De 


with a sim'lar definition for X x, ¥. The zero of real numbers is now 
0, instead of 4‘0,, and the negative of a real number X is X|Cnv. The 
fundamental propositions are 


#81413, Fip,reOO,.3. Sut, sy = (uta?) 
#81414. Fi y,veC@,. 2. Sux, sv = 3 (yu Xav) 


in virtue of which the arithmetical properties of relational real numbers 
follow at once from those of real numbers as segments. 


Relational real numbers are useful in applying measurement by means of 
real numbers to vector-families, since it is convenient to have real numbers 
of the same type as ratios. 


For some purposes, a somewhat different definition of real numbers ar 
relations ig more convenient. Instead of deriving our relations from @,, we 
may derive them from s‘Hg, te. we may consider the relations é*('s‘H, 
instead of the relations &O*@,. In virtue of *217-43, (¢‘H,) [ (—u'A—UC'H,) 
is ordinally similar to @,; hence the requisite properties of ‘O‘s‘H, follow 
at once. 
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¥31401. 
#31402. 


#31403. 


#31404. 
¥*31405. 
#3141. 

¥31¢411. 
#31412. 
#31413. 


Dem. 


X4,V=RS8 [(quv). X =su. Vasu. Rls(utav)} 8] De 
X x, Y= R8[(quv). X= se. V=s0. Ru xan) 8] De 
f= (Hn)e| (CH, —) MDH, )e— fA — OH} 

wo (CA,) | (e0,) 9 (CH, v) P (Di He - AUCH) DE 
M+,N=RS ((qu,v). Mas fu. N=8 SVR P(utar)} 8] De 
Mx.N=RS[(quv).M a8 fe NaS BYP (uxan} 8) De 
big! X4,¥.9.X, Yes0'@, [#312°31 . (4314°01)] 
be. Infinax.D:q1X+,¥.5.X,FesO@, [¥3141. 481234) 
Fi. Infinax. Dig! Xx, ¥.=.X, Ves CO, 


tt 


{ 


Fi pveC@,. >. utr dv =8 (tar) 


be aS141. (481401). 34: Bu +, 5} 9.5. 


(ap,c) +p, eC'O,. Su = Sp. sv = so. R{8(ptac)} 8 (1) 


t. (1). #31032. 24. Prop 


#31414. 
#3142. 
#31421. 


Dem. 


#31422. 


Dem. 


bsp, veO'O,.D . su x, 8h =8(u Xar) 

bz Res(C@,—10'0,). -q! RE Relnum [#31031] 
R+,8 es C@,. 

=. Rx,Ses'C@, 


Fs. Infinax., 3: B,Ses“C@,. 


F.¥314°13°14 4312-34. 4813-44. 
t:Hp. B, Ses0'@,. 9. R+,8, Bx, SesOO, an) 
F.(1).4814:11-12. 4. Prop 


b: Hes8C@,.3.R4,0,=R. Rx, 0,= 0,7 


F.*3141314.3 
bs we C6Og. Do 8 pet, Og = 8p ta b'0g) « Sp Xp Og = Spe Xa L'09)- 
[#312-51.4313-43] D . ie +, Og = 54s» 8 Xp Ug = 0g: IE. Prop 


#31423. 


Dem. 


ti Infin ax. Re 8(C@,.>.R+,R|Cav=0, 


b. #81413. Db: pc O'Oy.D «su ty 8] Cav pe = sy ta | Cav p). 

[*43°421] D. 8p +, (8) Cov = su +4] Cav“p) 

(*812°52] =0,: 3+. Prop 
R.& W. il. 
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431424. b-R+,S=S+,R [¥81241.(*31401)] 
481425. |. Rx,S=Sx,R [¥313-45 . (4314-02)] 


#31426, F:Infiuax.3.(R+,8)+,7=R+,(8S+,T) 
Dem. 
b.431413. Dh: Hp.p,o, re O@,. Rap. Sado. T=87.9. 
(BR +,9) +, T= 8{(p +a) +07} 
[#31248] =8(pta(o +47)} 
[%314-13] =Rh+,(S+,T) (1) 
F.a8141121.9 
bkin(qp,o,7)-p0,76CO,. R=sp. S=io.T=8 7.9. 
(R+,S)+-THA.R+,(84- THA (2) 
F.(1).(2). 34. Prop 
#31427. :Infinax.3.(R x, S8)x,7=Rx, (Sx, T) 
[#31414 . #313'46 . #314:12-21] 
#81428. + :Infinax.D.(Rx,S8)+,(2 x, T)=R x,(S +, 7) 
Dem. 
b.43141314.5b:Hp.poreO@,. R=ip.S= Ho. T=87.3. 
(R x, 8) +,(B x, T) = 8(p Xa 5) +48(p XaT) 


(4314-2113) = s((p X56) tap Xe)} 
[313-55] = 8p Xa(o +47)! 
(31421714) = §p x, 8(o +aT) 
[431413] = 8p x, (8a +, 87) 

[Hp] = Rx,(8+,T) (i) 


b.#31421-1112.9 
bin(ap,o,7).p,6,7608,. R= sp. S=so.THsr.d. 
(2x, 8)4+(Rx,T) =A. Bx, (84,7) =A (2) 
F.(1).(2). 34. Prop 
43144 bs Infinax.D. g'¢ ((s‘H,)[ (— A — C'H,)} Sor @, 
[4217-43 . #304°31-282-23 , #307'41'44-46-25 . («310-01-011-02-03)] 
#31441. +b. sf (C's‘H,)e1—+1 [The proof is analogous to that of *310°32] 
#31442, Fs Infinax.3.s3f3@,smor@, [*3144°41] 
#3145. Fi. infinax.3: 
qiM+N.=.q1Mx,N.=. M,N es(D'sH, — tA) 
[#312°34 . 4313-44. 31442 . (#314-0405)1 
#31451. +: Infinax.py,ve C@,.3. 
EP pte SVE DM ter) BS Xe PVH IM Xe) 
[¥314°-42 . (#314-0405)] 


The properties of M+, N and Mx, N result from this proposition exactly 
as those of XY +, Y and X x, Y result from #3141314, 


SECTION B. 


VECTOR-FAMILIES, 


Summary of Section B. 


The present Section is concerned with the theory of magnitude, so far 
as this can be developed without measurement. Measurement—ie. the 
application of ratios and real numbers to magnitudes—will be dealt with in 
Section C; for the present, we shall confine ourselves to those properties of 
magnitude which are presupposed in measurement. But throughout this 
Section, measurement is the goal: the hypotheses introduced and the 
propositions proved will be such as are relevant to the possibility of 
measurement. 


We conceive a magnitude as a vector, i.e. as an operation, te. as a 
descriptive function is the sense of *3uv. Thus for example, we shall so 
define our terms that 1 gramme would not be a magnitude, but the difference 
between % grammes and 1 gramme would be a magnitude, i.e. the reration 
“+1 gramme” would be a magnitude. On the other hand a centimetre 
and a second will both be magnitudes according to our definition, because 
distances in space and time are vectors. It will be remembered that we 
defined ratios as relations between relations; hence if ratios are to hold 
between magnitudes, magnitudes must be taken as relations. 


We demand of a vector (1) that it shall be a one-one relation, (2) that it 
shall be capable of indefinite repetition, ie. that if the vector takes us from 
@ to 6, there shall always be a point c such that the vector takes us from 
6 toc. If R is the vector, the point to which it takes us from a is R‘a ; 
thus the above requisite is expressed by “E!R‘a.3y.E! R‘Ria,” te. by 
“DIRCUR.” It will be observed that the points which are starting-points 
of the vector form the class (‘R, te. the claas of possible arguments to & 
considered as a descriptive function, while the points which are the end- 
points of the vector form the class D‘R, 7.6. the class of values of R considerec 
as a descriptive function. Since D‘RCC‘R, we have U‘R=C‘R; thus the 
field ot the Vector consists of all points from which the vector can start. By 
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assuming D‘RC°R, we exclude magnitudes of kinds which have a definite 
maximum, unless they are circular, like the angles at a point or the distances 
on an elliptic straight line; but, except when they are circular, such 
magnitudes are of little importance. 


According to what has just been said, if 2 is a vector whose field is a, we 

have 
Rell. R=a.D‘RCa 
A relavion which fulfils this hypothesis is called a “correspondence” of a, 
because it makes a part of a correspond with a. The class of correspondences 
of a we denote by “cr‘a,” which is the cardinal correlative of “cror‘P,” defined 
in *208. Thus we put 
e v 
erfa=(l—1)nd‘anD “Cla Df 

We proceed next to define a vector-family of a.” This we define as an 

existent sub-class of cr‘a such that, if R and S are any two members of it, 


R{S=8|R. We define a class of relations as “ Abelian” when the relative 
product of any two members of the class is commutative, ze. we put 


Abel =£(R, Sex.Ig3.R|S=S|R) De. 


Thus a vector-family of @ is an existent Abelian sub-class of cr‘a, i.e. writing 
“fm ‘a” for “ vector-family of a,” we put 


fm‘a = Abel n Clex‘er‘a Df. 


The class of vector-families is then defined as everything which is a vector- 
family of some a, t.¢. we put 


FM=sD‘fm Df. 
Thus a vector-family is an existent Abelian class of one-one relations 


which all have the same converse domain, and all have their domains 
contained in this common converse domain. If « is a vector-family, the 


common converse domain is udx, which is identical with s‘(«, and will 
be called the “field” of the family. Thus we have 


Fixe FM. =. Kc Abel. ce Clol. “eel. sD Ax, 


A vector-family may be regarded as a kind of magnitude. In order to 
render measurement possible, we require various hypotheses as to the nature 
of the family. Measurement within a given family « is obtained by limiting 
the fields of ratios to «, 7.e. by considering X [ « where X is a ratio, or Z[ « 
where Z is a relational real number of the kind defined in *314. In order 
to make measurement possible, we wish « to be such that, if X is a ratio, 
Xf« shall be one-one; again, if R,S, 7 are members of «, and F& has the 
ratio X to S, while S has the ratio Y to T, we wish R to have the ratio 
X x, ¥Y to T, we. we wish to have 

Xpal¥bee(X x V)bes 
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again, if R has the ratio X to 7, and S has the ratio Y to 7, we wish RS 
(which represents the “sum” of & and 8) to have the ratio X +, Y to 7, 
ae. we wish to have 


(XbetP)\ (PED) (K+. VEAP. 


The above and other similar properties will be proved, with suitable 
hypotheses, in Section C; for the present, we shall proceed with the theory 
of vector-families without explicit regard to measurement. 


The first and most important hypothesis as to a family which we consider 
is the hypothesis that it is “ connected,” «.¢. that there is at least one member 
of its field from which we can reach any member of the field by a vector 
belonging to the family or by the converse of a vector belonging to the 
family. Such a member of the field of « we shall call a “connected point ” 
of «; the class of such points will be denoted by “conx‘x”; the definition is 


= e 
conx'« = se a (Sela Sea = s'1e) Df. 
= 
It will be observed that «‘a are the points to which there is a vector from 


— 
a, while 8‘«‘a are the points from which there isa vector toa. The definition 
states that these two classes together make up the whole field of the family. 
We define a connected family as one which has at least one connected point, 
ie. we put 
FM conx=FM nk (qt conx'«) Df. 


The properties of connected families are many and important. Among these 
may be mentioned the following: If « is a connected family, the logical 
product of any two different members of « is null, te. if P,Qex. P+Q, then 
PaAQ=A, or, what comes to the same thing, if P,Qex, and if we ever have 
P'a= Qa, then P=Q; if Pex, all the powers of P are either members of « 
or the converses of members; if P,Qe«, then P|Q is either a member of 
« or the converse of a member. A connected family may not form a group, 
te. we do not necessarily have 


P,Qek.Dpo.P| Qex, 


but we shall show at a later stage (#354) that a group can be derived from a 
connected family « by merely adding to it the converses of those members of 
« (if any) whose domains are equal to their converse domains. The result 
of this addition is to give us a connected family which is a group. 

Another important property of a connected family « is that IP s‘A‘« is 
always a member of it. Jf s‘C“‘« is the zero vector. In a connected family, 
every vector except Jf s‘U‘‘« is contained in diversity. For many purposes, 
the class of vectors excluding If s‘U‘‘« is important. We therefore put 


kg=«e-RIT Dé 
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In the study of a vector-family «, an important derived class of relations 
is the class of all relations of the form RS, where R,Sex. The operation 
R|S-consists of an S-step forward, followed by an R-step backward; that is 
to say, if RSa exists, it is obtained by moving a distance S forward from a 
to S‘a, and thea a distance R backward from S‘a to R‘S'a, The class of 


y 
such relations as R| S, where R,Sex, we call «,; te we put 
«,=8(Cnv''«)|“« Df. 
” 


The class «, will have different properties according to the nature of x. We 
may distinguish three cases : 


(1) The field of « may have a first term, ze. there may be a member of 
s‘U‘‘« which is not a member of s‘D‘‘eg. This case is illustrated, eg. by a 
family of distances from left to right on the portion of a given line not lying 
to the left of a given point. This given point will then belong to s*(‘‘«, 
since there are vectors which start from it, but it will not belong to sD xz, 
since there are no vectors which end at it except the zero vector. A 
connected point a which belongs to s“U‘« but not to s‘D‘‘x, is called the 
“initial” point, and a family which has an initial point is called an “ initial’ 
family. A family cannot have more than one initial point. Thus we put 


init‘e = «(conx‘xe—a'D"eg) Df, 
PM init = FM a Cinit DE 


(2) It may happen that, even if « is not an initial family, none of the 
converses of members of xg are members of «, (If « is an initial family, this 
must happen.) This case is illustrated by the case of all distances towards 
the right on a straight line. It is also illustrated by the family of vectors of 
the form (+,X)[O‘H, where Xe C*‘H’, In this case, as in (1), it is possible, 
by adding suitable hypotheses, to secure that 3‘«, shall be a series, This case 
divides into two, which are illustrated by the above two instances: it may 
happen, as in our first instance, that the domain of a vector is always equal 
to its converse domain, ze. D'“« =(«; or it may happen, as in our second 
instance, that the domain is only part of the converse domain. (The domain 
of (+,.X)[ CA consists of all ratios greater than X.) 


(3) It may happen that xg contains pairs of vectors which are each 
other’s converses. In this case, it is obvious that é‘«g cannot be serial, since 
R, Reng. d.R| R=Ifs'A“«.R| RE (8x5), so that (sx) is not contained 
in diversity (except in the trivial case « = t‘A), 


In considering «,, we do not at first explicitly introduce any of the above 
possibilities, but it is necessary to bear them in mind in order to realize the 
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purpose of the propositions proved concerning x,. If Z is a member of «x,, 
and L= RS, where R,Se«, then if a is a connected point, and L‘a exists, 
it follows that there is a member T of « uCnv“‘« such that Lia=Ta. Tt ig 
easy to deduce from this that L=T, hence Lex vCnv“«. The same holds 
if [‘a exists. Hence if E! L‘a.v. EH! L'a, ie. if ae CL, L is a member of 
«vCnv“‘«, Thus if @ belongs to the field of every member of «,, we shall 
have «,=«uCnv“«, We say that a family “has connexity” (not to be 
confounded with “being connected”) if wy !conx‘«n p‘C“s,; thus we put 

FM connex = FM a & (qt conx‘e a p‘'C%«,) Df 
and by what has just been said we have 

b:«e FM connex .D.«,=« 4 Cavx. 

We also have bie FM connex . 3. 3g ¢ connex 
and bi.«e FM conx.3:«e FM connex. =. s«ge connex. 
It-is these propositions that justify the notation “M connex.” 


It is obvious that we shall have q! p‘C“«, if D“‘« =(“x, unless «= UA. 


Some illustrations will serve to make clearer the nature of the hypothesis 
q!p'C“«,. This hypothesis states that there is at least one term a@ in the 
field of « such that, if R, S are any two members of «, we can either take an 
R-step forward from a, followed by an S-step backward, or we can take an 
S-step forward followed by an R-step backward. Suppose, for example, that 
our family consists of all vectors of the form (+, ){NC induct, where 
weNCinduct. Then if Ris the operation of adding yu, and Sis the operation 


of adding v, R|S is the operation of adding v—,p if v >, and is the 
operation of subtracting ~—,v if ~>». In the former case R| Sex, while 
in the latter case S|Rex. In the former case, if w is any inductive cardinal, 
(R|S)\'a =v—, +, 7; in the latter case, (S| R)o=u—-~vt.s. Thus in 
either case we C(R|S). Thus the family in question has connexity, and 
«= KU Cav, 

But now consider the family consisting of all vectors of the form 
(%o#) C(NC induct —+), where eNCinduct—e0. This is an initial 
family, its initial point being 1. But it does not have connexity. If 
R=(x,4) (NC induct — 10) and S=(x,v) [(NC induct —«*A), B/S is the 
Operation of multiplying by » and dividing by ym, with its field confined to 
inductive cardinals other than 0. If» is prime to yu, this relation has only 
multiples of u in its converse domain and only multiples of » in its domain. 
Hence its field consists of multiples of » together with multiples of v. Thus 


Bo member of x, except JP s*Ux, te. (x1) > (NCinduct—20), has the 
whole of s“G‘« for its field, and there is no number which belongs to the 
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field of every member of «. The above family may be usefully borne in 
mind in considering «,, since it affords good illustrations of most of the 
general theorems concerning x«,. 


If « is any family except ‘A, any finite number of members of «, have an 
existent relative product, and their converse domains have an existent 
logical product. If « is a connected family, any two members L, M of «, 
whose logical product exists, é.e. for which (qqy) . Ly = M*y, are identical, and 
if 2, y are any two members of s‘U‘‘«, there is just one member of «, such 
that a=L‘y. If Mex, and Pisa power of M, there is some member L of 
«, such that PEL. But P is not in general itself a member of «,. For the 
application of ratio, the member of «, which contains P is important. We 
call it the “representative” of P. The general definition of a representative is 


e 
rep,'P = s(«,n GP) Df. 


- 
In a connected family, «a GP cannot have more than one member; hence 
if there is any member of «, which contains P, that member is rep,‘P, and if 
there is no member of «, which contains P, rep,‘P= A. 


lr P | Q is any member of «, (where P, Qe «), we shall have 
rep, (P| QP = P| Qe; 
and if Z, M e«,, we shall have 
rep.((D| M)e=rep, (Le | Me) = repe!{(rep,tZ) | (reps! MP)}. 
These two formulae are the most useful in determining representatives. 


In order to apply the above theory to the measurement of vectors, it is 
necessary to distinguish between open and cyclic families. An open family 
is one in which, if Mex«,—RIU, M,, GJ, ie. one in which no number of 
repetitions of a non-zero member of x, will bring us back to our starting- 
point. If this condition fails, as in the case of angles, or distances on the 
elliptic straight line, the problem of measurement is more complicated, since, 
if @ is a measure of an angle, so is 2v7r +6 for any integral »y. The case of 
cyclic families will be considered in Section LD; for the present, we proceed 
to consider open families, and we shall still be concerned almost exclusively 
with open families in Section C. It should be observed that in cyclic 
families, as we shall define them, members of «g return into themselves, 
whereas in open families, not merely no member of «3, bat no member of 
«,— RIV, returns into itself. In most of the families that naturally occur, 
it happens either that no member of «,— RI‘ returns into itself, or that 
there are members of «3 which do so. But there is no logical necessity in 
this, as the following instance shows: Consider the family consisting of 
positive and negative integral multipliers other than —1, with their fields 
contined to positive and negative integers other than —1. Then 1 is a 
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connected point of this family, in fact the initial point. Multiplication by 
—1 is a member of «,, since it can be obtained by multiplying by any integer 
p and then dividing by —y, Also the square of multiplication by —1 is 
contained in identity, and is the zero vector of our family. Hence there is a 
member of «,— RI‘Z whose square is contained in identity, although no power 
of any member of «, is contained in identity. 


In order to avoid brackets, we put 
ka=()a Df, 
ie. kg =e, — BMT, 
Then the definition of open families is 
FM ap =FM n & (s‘Pot«,, CRI) Df. 
Hence bs.ceFMap.aixeeFM:Mexg.Dy-M,, Cd. 
It will be observed that if « is an open family, «, is contained in Rel num id 
(cf. #300), and «,g C Rel num. Hence if Mex, Mr = M, (cf. #121), and the 
propositions on intervals in *121 become available. Also if Mex, and 
aes‘I«, we have 
_ => . => 
Mf Mya e Prog. Mio My‘a eo. 
The chief use of these facts is to show that the existence of open families 
implies the axiom of infinity and the existence of Nj. Hence as applied to 
open families, the theory of ratio undergoes the very great simplification 
which results from the axiom of infinity. 

If « is open and connected, and Z, Me «,, and o is any inductive cardinal 
other than 0, we shall have L=M if Le=M* or rep,‘Z7=rep,‘M? or 
qi Z°AM*. If p,r are also inductive cardinals other than 0, we shall 
have rep,‘L° = rep,‘M* if Lexer = Me%er, or if rep,‘ Le%:? = rep,‘Me*:", or if 
QW! Lex" A Me%er, We have in fact 


rep, ‘L° = rep,‘M" .=.q! Lea Me 
= q PLexera Mexer 
and rep,‘ Me = rep,‘M°.=. Me= M".=.p=o. 


On applying the definition of ratio (#30301), we see from the above 
Propositions that, with the above hypothesis, 


M(p/o) N.=.q1! Mo ANP. =. rep, M? =rep,‘N?, 
while if R, 7 are members of «, 
R(p/a) 8. =. Rr = Se. 
Further, we have, in virtue of the above propositions, 
qilea Me. gi LAM. 3. xX,o =v Xo, 


whence X,VeCH' .qtXEugaA YE eg. 9.X =¥. 
23 
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These propositions, together with 
XeCH.D.Xteel—l, 


belong to Section C. They are mentioned here as showing why the 
propositions of this Section are useful in connection with measurement. 


We next proceed to consider serial families, which are those in which 
8x is an existent serial relation. For this purpose we require the definition 
of “FM connex” already given, and also the definition of “transitive” 
families. We define a as a “transitive point” of « if 

> > 
(8°«g) "Safa ¢ $*xg“a, 
ae. if any point which can be reached from «@ in two non-null steps can also 
he reached in one non-null step. We define a family as transitive when it 
has at least one transitive point. If «¢ FMconx, the hypothesis that « is 
transitive is equivalent to the hypothesis that «, forms a group, and implies 
that « forms a group, We define a serial family as one which is transitive 
and has connexity, te. we put 


FM sr= FM trsn FM connex Df. 


Then if « e FM sr, 8x, is a serial relation, so that the points of the field of « 
are arranged in a series by means of relations of distance. 

When a family is serial, the vectors also can be arranged in a series, by 
means of a relation which may be regarded as that of greater andless. After 
a short number on initial families (explained above), we proceed to the 
consideration of greater and less (as it may be called) among vectors. We 
may call a point y “earlier” than a point z when there is a non-null vector 
which goes from y to z, te. when z(s‘xa)y. If M,Nex,, we then say that V 
is “less” than M if the N-step from some point 2 takes us to an earlier 
point than the M-step. Writing V, for “greater than” among members of 
«,, our definition is 


V, = MN (M,N ee, (qa) « (Méx) (fe) (N'a)} DE 
For the same relation confined to members of «, we use the notation U, ; 
thus 
U.=V,b« Dé 
If « ¢ FM conx, we have 
U.= PQ (P, Qen:(qT). Texg.P=T|Q; 

this is generally the most serviceable formula for U,. 

If « is a seriai family, U, and V, are series ; and if « is an initial family, 
U, is similar to s€xg. 

The last number in this Section is concerned with the axiom ot 
Archimedes and with the existence of sub-multiples of vectors. The axiom 
of Archimedes will be expressed by saying that if a is any member of the 
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field of x, and R is any vector, then R”‘a, for a sufficiently great finite v, will 
be later than any assigned member of the field of «. In other words, putting 
P=Cnv‘i‘«g, we wish to have 
weCP.2,. (qv). veNCind—w0.aP (Ra), 
or, what comes to the same thing, 
PO Ryfa = OP, 
This will hold if « is a serial family and P is semi-Dedekindian (cf. *214). 


Tf, further, P is compact (i.e. P?= P), then all finite sub-multiples of a given 
vector exist, 2.€. 


Sex.veNCind—10.3.(qLl). Len. S=L 


It will be observed that, according to our definition of ratio, if S= LZ” and 
S+A, L has to S the ratio 1/v, so that ZL is the vth sub-multiple of 8. 


Instead of treating vector-families by the method we have adopted, we 
might have started from a double descriptive function, which we may denote 
by #+y, and concerning which we should make various hypotheses. By the 
general notation of *38, we obtain various relations of the form + y or 2+. 
These relations may replace the « employed in our method. For convenience 
of notation, we may put 


4 
+y=ty Df, 
e 

+Se=a+ De. 


> 
Then if + has suitable properties, and y is a suitable class, +“‘y will be a 
vector family. 


Let us assume that «+ y exists when, and only when, « and y both 
belong to the class y, and that when x and y both belong to the classy, #+y 
also belongs to this class.) Then if «+ -y exists, so dues e+ y+y; hence 
D‘+y¥CM+y. Further, by our assumptions, if a, yey, ©+y exists, and 
therefore reC-+y. Hence yey.>.C‘+y=y. Hence if y exists, 

> > = 
ah y € 1 : SDE ey Cc 36h fhry, 
If we now assume = yt @= 24H. Igy ¥=% 
> 

then +‘yC1—1. Hence we now have 

~ 

+ity e Cl exer'y. 
Jn order to obtain the Abelian property, we require 

(a+y)+2=(@+2)+y, 

which holds if + obeys the permutative and associative laws, Thus in this 


case, 


> 
+h'y e fin'y. 
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~ 
In order that +‘y may be a connected family, we require 
(Ga)i.2ey. I i(qy)ia=2ty.Veesaty. 
A sufficient, though not a necessary, condition for this 1s that there should be 


@ zero, te. 
(qa)izey.I,.2=442. 
In this case, + @ is the zero vector, and if a is not the sum of two terms other 
than itself, a is the initial point of the family. 
~ 
The condition that if x,y are members of y e0 is a+y secures that +‘‘y 
isa group, Families which are groups we denote by “ FM grp.” 


Thus collecting what has been said, we find that 


> 
+*‘y ¢ FM conx grp 
if + fulfils the following conditions : 
(1) «#+y exists when, and only when, a, yey; 
(2) yey. Daye t+ YOY; 
(3) e+ y=a+e.Dey20YRZ5 
(4) ety=yte; 
(5) @+y)tz=2+(¥+z); 
(6) (qa)izey.3,.2=442. 
From (8) and (4) it follows that the a of (6) is unique, ée there cannot be 
more than one zero. 
In order to insure that our family ehall have connexity, we require 
further 
(7) wyey Inyi(Gzlizeyiatz=y.viytz=a; 
(8) in order that our family may be an initial family we require that 
«+ y shall only be zero when 2 and y are zero, 


With this further condition, our family becomes serial. 


The above is only a sketch of one of the simplest ways of generating 
families by means of double descriptive functions. Other ways are possible, 
and by greater complication greater generality can be obtained. 


There are some advantages in the above manner of treatment. First, it 
is possible to take our magnitudes as being the # and y which appear in 
“g-+y,” instead of having to take them as the vectors + y or +. Secondly, 
our vector-family derives unity from the fact of being generated by the 
single operation +. Thirdly, the method is more in agreement with current 
conceptions of quantity than the method we have adopted. The choice 
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between the two methods is a matter of taste; but it would seem that the 
method we have adopted is capable of somewhat greater generality than the 
other, and that it requires less new technical apparatus than the other. We 
have not elsewhere had occasion to treat: of double descriptive functions 
which only exist when their arguments belong to assigned classes, though 
it is to be observed that our definitions of various kinds of addition and 
multiplication might quite easily have been so framed as to give this result. 
For instance, we might have put 
ptev= (ra) ((ge, 8) w= Not. v=Neig.e=Ne(a+6)} Dé 

In that case, E!(z+,v) would have implied »,veN,C, whereas with our 
definition it is only q!(u4+,») that implies u,veN,C. The general treatment 
of double functions which only exist in certain cases would require a 
considerable logical apparatus not required elsewhere in our work, and this 
is, for us, a reason against adopting the method of treating vector-families 
which derives them, as in the above sketch, from a single function «+, 


*830. ELEMENTARY PROPERTIES OF VECTOR-FAMILIES. 


Summary of *330 


In this number, we begin by defining the class of “ correspondences ” of 
a, A “correspondence” of @ is a one-one relation R which makes every 
member of a@ correspond to an a, i.e. which is such that, if cea, R‘x always 
exists and is a member of a. Thus, for example, if «% is an inductive number, 
+o 4, with its field limited to inductive numbers, is a correspondence of the 
class of inductive numbers, provided the axiom of infinity holds. (Otherwise, 
(+)#)[ NC induct is not one-one.) The definition of correspondences of 
@ is 

<= v 

#33001. ecrfa=(loa1l)n dan D ‘Clea Df 


Ie. a correspondence of @ is a one-one relation whose converse domain is 
a and whose domain is contained in «, The definition should be compared 
with the definition of “cror‘P” in #208. 

It will be seen that if Recr‘a and cea, R‘x exists and is an a, and 
therefore R‘R‘a exists and is an @, and so on. Hence all the powers of 
R exist (#38023). Similarly if #, S, 7, ... are any finite number of corre- 
spondences of a, R| S| 7'|... exists. This is proved for two and three factors 
in *330°21:22. 

We define a “vector-family of a” as an existent Abelian class of 
correspondences of a, where an Abelian class of relations is defined as one 
such that the relative product of any two of its members is commutative. 
Thus we put 
#33002. Abel =2#(R,Sex.Ip5.R|S=S8|R) Df 
#33003. fm‘a= Abel a Cl ex‘er‘a bf 
#33004. FM =s‘D‘fm Df 

It will be remembered that Potid‘P and (for certain kinds of, relations) 
finid‘P are Abelian classes of relations («91°34 and #121°352). If Pel 1, 
Potid‘P will be a vector-family of C*P, and if further P,, GJ, finid‘P will be 
the same vector-family. 

One other definition belongs to this number, namely 
#33005. w= 8t(Cnv'x) |x Df 

This definition has been sufficiently discussed in the summary of the 
present Section. 
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After some preliminary propositions on Cl ex‘crfa (*330'1—32) and on 
x, (*330'4—"43), we proceed to such properties of families as do not require 
any further hypothesis as to the nature of the family concerned. These 
properties are mainly such as assert the existence of relative products, and 
of logical products of converse domains, or such as assert commutativeness of 
the relative product under certain circumstances. The earlier propositions 
deal with members of «, the later propositions mainly with members of «,. 
The most useful propositions are: 


#83054, biceFM.Q, Rex. EL Rx. >. EIR Q's 
483056. biceFM.Q,Rex. E!Ra.d. BQa= ORG 


#33061. Fixe FM—itA.L,Men.>. 
q!:dLadM.qg!DLadM.g!:GLaDM.qgiDLaDM 


4330611. kice PM—vtA.L, Mex,.d.q!L|M 
4330624. Fixe FM —ctA. Len,.d. Ane Pot'L 
483063, bree FMD, Mex, Et Le. ELM 2.3. L Mea ML 
#830042, bee FM— tA. L,Mex,.2. qe). EL Le ELLMe 
433071. tice PM. P,Qex.peNCind—v0. EB! Pee. D.E'(P | Qa 
#83072. bine FM —w'A. L,Mew.p,oe NC induct. d.q!C'Len Me 
4330-73, kee FM.P,Qex+peNCind. EMP | Qy'e.d «(Pi Qype = Pr'Qetn 
e v 

#83001. crfa=(1— 1) a T‘'an D“*Clea Df 
433002, Abel=*(R,Sex.2ns-R'S=S/R) Df 
*330:03. fm‘a= Abel a Cl ex‘er‘a Df 
#33004. FM = s'D‘tm pf 
#83005. x, = s“(Cnv“x) |x Df 

” 


#8301, Free Clex‘erfa.s.«Clol.U¢=ea. De CCl  [(*330-01)] 

#83011. 1 :.(qa).«eClexterfa. six Cl—ol: (qa). U%e= 1a. s De Ca 
[4330-1} 

#83012. b:xeClex‘crfa,D.s'A«e=a [#3301 .*53:02] 

*830°13. b:«eClex‘crfa. 3. Dx C Close .sDe CsIe [3301-12] 

#330131. fs (qa). ce Clexera.e.«eClol. del. DCs 
[330-1112] 

#33014. bse Clex‘era.).D™ CNea [3301] 
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#330°15. 


*330°151. 


*330°16. 
#33017. 
#330'18. 
¥330°19. 


*330°2, 
Dem. 


330-21. 


Dem. 


#330°22. 
Dem. 
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»Clex‘erfA = uta [*330°1] 

rg la.«eeClex‘era,D.Arex [*830-14] 

2. (qa) ee Clex‘erfaretuA:D.Aven [*330°15°151] 
rata.«eClex‘crfa. 3, D&« CCl ex‘s1“« (#330°13°1511 
2.(qa). ee Clex‘erfa:e+e!A:D D« C Clex‘s*A« [%380°15°17] 
U(T fa) e Cl ex‘ersa [*330°1} 
seeClex‘crfa. Rex. q! D‘Mas'd“«e.3.q!h|M 


« «8307112. 3+: Hp.3.q1 Din GSR: +. Prog 
reeClextera.ntuA.R,Sex.d.G1R\S 


b.#88015. 3+: Hp.3. qt DSn sd (1) 
F. (1). *830-°2. 5+. Prop 


reeClex‘erfa,etUA.R,S, Tex. d.qtR(S|7 


b.*33021:18.3+:Hp.d.q!D(S|T) a 6 (1) 
b. (1) . ¥830-2. 5+. Prop 


#33023. b:«eClex‘cra.c+i'A. Rex. dD. Are PotidtR 


Dem. 


+. 438016. 3b: Hp. Dd. qi lPOR (1) 
+. *33018.3+:Hp. Pe PotidSR.g!P.d.q1 DSP nsx. 
[#3302] D.qIR|P (2) 
F. (1). (2). Induct. 3+. Prop 


*330'3. 


Dem. 


F 


ree Clex‘erfa.TPack. D.C sn |x 
” 


+.#3301.3b:.Hp.d:Rexe.d.R=R|Ifa:. D+. Prop 


#33031. bree Clex‘era. Rex. d.R|R=Ip se [*380-1] 


#33032. bs. ee Clex‘erfa. R,Sex.I:R|S=If se.2.R=8 


Dem. 
+. 38031. :. Hp.d:R=8.).R|S=If s'd« q) 
b.48801. Db: Hp. >. R|R|S=(D'R)18 2) 
+.(2). Dk: Hp.d:R|S=If se. 2. R=(D‘R)18. 
[¥72-92] >. R=Spar. 
[#3301] >.R=8 (3) 


F.(1).(3). 3+. Prop 
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43304, ¢:Mem.=.(qB,8).R,Sex.M=R|S [(438005)] 
#*830°41. +. Cnv“‘«, = «, [*330°4] 


#33042. b:xeClex‘erfa. I Paecw.d.«u Cave Cw, 
Dem. 


353 


#38301. *50'5'51.3h: Hp. Ree. d.R=([fa)|R.IPacCnv''« (1) 


F. (1). *330°441. 3+. Prop 
#33043. Fixe Clex‘era.d. If see x, [*830°31-4] 
#3805. F:i.ce Abel. =:R, Sex. Ip. R{S=S8|R  [(*330-02)] 
#83051. Fixefmfa.=.x«¢ Abel a Clex‘cr’a [(*330-03)] 
#33052. bine FM.=. (qa). «¢ Abel nm Clex‘cr'a. 


=.«eAbel.«Cl— 91. «el sD ne Cs1*« 
[*330°51°131 . (#3830°04)] 


433053. bine FM.Q,Rex-E!LROQ2.D.ElQ@.E! Re 
Dem. 
+ .4380°5.Db: Hp. Dd. EL Q' R's 
+.(1).#30°5. 3+. Prop 


483054, bree PM .Q. Rex. EVR n.>. BI RQ'2 
Dem. 
+ .4380°3152. Dh: Hp. dD. Re = RQQ'a 
b. (1). #33053. D+. Prop 


#330541, bi xe FM.Q, Rex.3.Q°D'RCD‘R = [*33054] 
#330542. b: xe FM. Rex. >. D‘R esect*s‘x [*330°541 . #2111] 


433055. sxe FM—uvcA.Q, Rex. d-qgiDQaD‘R.gi QDR 
Dem. 

+. #33054. Dk:.Hp.DizeD'R.D. Owe DR: 
[*33°43 J Digi DR.D.q!DQaDR 
F. (1). #38016. 3+: Hp.d.q1DQa DR 
F.xs301116. Dt: Hp.d.D‘RCAQ. gq! DR. 
[#37-43] I.q!QeuR 
F.(2).(8). D4. Prop 


4330-551. bs Hp *83055.3.q!Q|R (*830°55. #3732] 


R. & Ww. Il. 


(1) 


qi) 


(1) 
(2) 


(3) 
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433056. tice FM.Q, Rex. E! R'a.d RQa=Q'Ra 


Dem. 
b.4830311. 3b: Hp. >. QR Ra= ROR, 
[#7224] >. Qa=RQRa. 
[#880°31°54] >. BQfa= QRa: Dt. Prop 


4330561. krxeFM.Q,Rex.>.RiQPD'R=Q|R [33056] 
#330562, krxe FM.Q, Rex. 2. BQEQ [*330°561] 
#330563. Fixe KM. Rew.rC uw. Dd. RACHA [*830'562] 


«83057. :ee Abel. R,Sex.veNCinduct.3.R\S'=(R'Sy. RS = SiR 
Dem. 


F.x801-2. Dk. R | S=(R|SP.R|S=$|R (1) 
F.830'5.4301-21.Db:Hp. R/S =S'|R.D. RIS =S+t|R (2) 
F.(1).(2). Induct. 3: Hp.d.R|S*=8'|R (3) 
F.(3).#801-21.Db:Hp.d. Rete!) Srtl= Re | S| R/S (4) 
b.(4).#801-21.Db: Hp. Re] S=(R|Sy.d. Beth Seta (B| Spt (5) 
F.(1).(5). Induct. +: Hp.>.R’| 8*=(R| Sy (6) 
F.(8).(6). D+. Prop 
*8806.  bieePM—tU'A.Len,.d.q!L 

Dem. 

+.¥380164, Dh: Hp.2.(qQ,R).Q, Rex. Gtk. L=RiQ. 
[*330°54] D.(qQ.B, 2).Q, Ree ELRQa.L=R\Q. 
[#3441] D.q!L:D+. Prop 


#83061. Fixe PM-—itA.L,Men,.d. 
qidLadM.qgtDLadM.qid aD. gi DLaDM 
Dem. 
b .*880'55'4. D 
Fr Hp.d.(qQ@2,S,7).Q,2,8, Vex. L=R|Q.M=T\S.q!DRaDT. 
[4330°54] 
.(qQ,B,S8,7,2).Q,R,8, Tex. L=R\Q.M=T)|S.EI RQ ELTSe. 
[48441] D. (qo) ELL EL Ma, 
[433-43]. q!C'LaC'M qd) 
b.(1).830-44 DF. Prop 
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#330611. Fixe FM iA. L, Mex. D. G1 L|M [#330-61 . 4343] 


4330612. bree PFM— UA. L, M, New... q10LadMaGy 
Dem. 
F. #330224. > 
t:Hp.>.(qP,Q,2,8,7,W).P,Q, BST, Wer. 
L=P|Q.M=R\S.N=T\W.g! P|RiT. 

[*330°53] >. (qP,Q,B, 3,7, W,0).P,QR,8,T, Wee. 
L=P\Q.M=R\S.N=T\W.ELP@.B! Ra. El Ta, 

[#330°54] 3.(qz). El Lie. Et Mfc. BE! Neer 3 +. Prop 


4330613. Fike FM —itA.L, M,New.d.qtL| M\N 
Dem. 

F. 4330224. 

b:Hp.>.(qP,Q, BS, 7,W,2).P,Q,R,8,T, Wee. 
L=P\Q.M=RIS.N=T\|W.EIPR Te. 

[#33054] >. (qP, Q, R, 8,2). P,Q, B,Sex. 
L=P\Q.m=R|S.E1 PR (Nx). 

[433054] 2. (q P,Q). P,Qex.L=P|Q. E1P4M'N*2). 

[#33054] D. (qa). EB! L‘MSN‘e: D+. Prop 


#33062. bike FM. Len .Sex.d.S\LEL\8 


Dem. 
b.*330561.3+:Hp.P,Qex.L=P|Q.3.8i\PEP{\S. 
(%330°5] D.S\P\QEP{Q|S: It. Prop 


#830621. bs. ce FM — tA Lew. CP Cs1%«. qi P: 
Sex.Ds.S|PEP|S:>.qIP\L 
Dem. 
F. #88011. D:.Hp.Q, Rex. L=Q|R.D: 
xPy.D.(qu,2).uRe.2Qy.ePy. 


[484-1] D.qIR|PIQ. 
[#330°5] D.q1 P| RQ. 
[¥880°561] D.qrP|Q|R. 
[Hp] D.41P| Li. Db. Prop 
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#330622. | : Hp *330°621.3.q1L|P 


Dem. 
b.4330-11 . #7259.D+:Hp.Q, Rex. L=Q|/R.>-PEQiPIQ. 
[*72'59] D.P\QGQ|P. 
[¥330°621] D.q!Q| PIR. 
[4330-5] D.qLQi RIP. 
[Hp] D.qtL|/P:Db. Prop 
#330623. bree FM. Sen. Lex,. Me Pot'L.>.8|MCM|S 
Dem. 
+. 43434. 3b: Hp. S|MEM|S.>.S|M|LEMIS|L. 
[*330°62] D.S|M|LEM|IL|S (a) 


F.. (1) . #33062 . Induct. 3+. Prop 
380624. Fixe FM —tA. Lew. >. Ane Pot'L 


Dem. 
+. #3306. Dt:Hp.d.qiL qd) 
+. «830622623. Dt: Hp. MePot'L.qgiM.>.qiM|L (2) 


F.(1). (2). Induct. > :. Hp. 3: Me Pot'L. Oy. q! Mi. D+. Prop 


#330625. tice FM.L, Mex,.QePot(L|M).Sex.d.8/QEQ|S 
Dem. 


f .*830°62.D+:Hp.>.S|L|MEL|M|S (1) 
b.#34°34.3 

bk: Hp. RePot(L|M).S|RER|S.D.S|R/LI|MER|S|LIM 

[a] GR|L|M\S (2) 


+. (1).(2). Induct . >. Prop 


«380626. b: ee FM —e'A.L, Mex... A~e Pot(L|M) 
Dem. 


b.¥330611. Dk:Hp.d.qiL(M a) 
b . ¥330°621625. +: Hp. QePot(L|M).q!Q.>-.q!Q/L (2) 
F.¥330625. Dt: Hp.QePot'(L|M).Sex.d.S/QiLEQ|S|L 

[4330-62] EQILIS (3) 


F.(2).(3). #330°621.5+: Hp. Qe Pot(L|M).qg!1Q.3.q1Qi LIM (4) 
+ .(1). (4). Induct. 3+. Prop 
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#330627. Fixe FM UAL, Mex. PePot'M.D.q!P\L.gi LP 
Dem. 


F.4380°611. Db:Hp.d. qi M|L.qiL|M a) 
F. #330623 . Dt: Hp.See.D.S|P/LEP|S|L. 

[330-62] D.S|P|LEP|LIS (2) 
+ .(2).*880622. Db: Hp.q! P|L.>.q!M|P|L (3) 
F.(1).(8). Induct. Db: Hp. d.q 1 P| L (4) 
+.(2).4380621. Dh: Hp.qiLiP.>.q!L|P\M (5) 
F.(1).(5)- Induct. DF: Hp. >. q1L|P (6) 


+. (4). (6). DF. Prop 
483063. bixeFM.L,Mex,.E! Le. E!DM'2.>. Mc = ML‘e 
Dem. 
+. *33056.3+:Hp.Q,BS8,Texe. L=Q|R.M=SiT.D. 
URS Te = SR Te 
[380°5] =SQOTR 2 
[*330°56.Hp] = S'Q‘Ria: D+. Prop 
#33064. F:.ceFM.L,Mew,..>: 
El Le. EID Me.2. Et Me. Et ML‘ (%33063] 
"330641. t:.ce FM. DL, Mex. Et Lic. EI Me.3: 
ELLMe.s. EI M Les. Mica Mls [#3306364] 
#380642. Fixe PM —UUA.L, Mew. >d.(qz) Et La. EI LM 
Dem. 
b.¥380-21.. > 
t:Hp.>.(qP,Q,B,8,2).P,Q,R, Sex. L=P|Q.M=R|S.E!P Re. 
[*33053'54] >. (qP, Q, R, 8,2). P,Q, R,Sex.L=P|Q.M=R|S. 
E! PeQtan .E! PUR S«: DF. Prop 
4330643. bie FM. Pex. Len. Et le. >. PL'e=L'P%% [330565] 


433065. tice FM.Q,R,S, Ten. RQ = TSa.d.TQa= R82 
Dem, 
b.a7224. Db: Hp. d. Qa = RTS 
[*330°56] = PR Sa. 
[#7224] >. T'Q'a = RSet. Prop 
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433066, tice FM. QBS, Tex EL RQ'a.E! hSa.>: 
RQfe = PSe =. 1Qr= RSax 


Dem. 
+. 439056. Db: Hp. TQ'e= Ra. >. TR Q'e = RRS a 
[¥72-241] = Se. 
[W72-241] Dd. RQ'a=TSe (ay 


+. (1). *830°65. D+. Prop 


*8307. bree FM. P,Qeu.peNCind—t0.E1Q(P/Qy-' Pir. >. 
QP | Qe Pia = (P| Qyn 


Dem. 
F . *830°56 . #3012. 


br Hp. E1Q(P|Q)"Pt. >. Q(P| Q)*P'a = (P| Q)*« (1) 
+ .#830°56 . ¥301-21. > 
bt. Hp: EB! Q(P|Qy-* Px... Q(P| Qy-- Pan = (P| Qype: >: 
E1Q(P| Qy' Pin. >. Q(P| Qe Pn = (P| Qe Q'Pa 
[#330°36.4301-21} =(PIQ¥t Me (2) 
F.(1).(2). Induct. 3+ . Prop 
433071 bie FM. P,Qex.peNCind—00.E! Pe. >. Et (P| Qype 
Dem. 
+. 438054. +: Hp. EB! Pe. >. Et (P| aye () 
b.x80L21.2:. Hp: E! Pee. d,. Et (P| Qa: Ds 
Et Prete. >. E1(P|Q'P'a. 

[*330°52] D.FLQ(P|QyP*a. 

[330-7] >. E!(PlQytte (2) 

+. (1). (2). Induct. 3+. Prop 


#330711. Fike FM. Qe s'Pot«.3.0Q= sx 
Dem. 
+. #33052.5+:Hp.Pex.d.0'P=s'd"« ql) 
+ .#37°'322. > 
t:Hp.Pe«.QePot'P.1Q=s'A«.3.A4Q| P)=s'1"« (2) 
F.(1).(2). Induct. 3+. Prop 
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#83072. bixePFM~—tutA.L,Mex,. p,ceNC induct .d.q 1 Lea SMe 
Dem. 
F .*380°711:23.> 
b:Hp.P,Rex.d.(ya). Et Ra. Rae M'Pe. 


[#330°52] 3. (ga). E! Pt Ra (1) 
b.*380°57. Db: Hp (1). a= P* Rea. . BI Pte. Bt Reta (2) 
F. (2) «#88071. 
b:Hp(2).Q,Sexn.L=P|Q.M=R|9.3.Et L's. Et Mee, 
[33-43] DiveDLentMe (3) 


b.(1). (8). F. Prop 


We have “NC induct” in the above proposition, n.’ “NC ind,” because 
it is necessary to have E! Le. E! M’, and by *301°16 this may fail if either 
p oro is null in the type of L and M. The existence of a family does not 
imply the axiom of infinity, since the family may be cyclic. 


*33073. Fixe FM. P,Qex.peNCind. E!(P|Qyr.>. 
(P| Qpie= Pigee 


Dem. 

F. 438056. D+: Hp. Et Pty... Q'P'y= Pay ql) 
F.(1). Db: Hp. Q'Pr-tg es Po-eQta Et Pry 1D. Qty = PQPr-oty 
[Hp] = PPro igty 
[*801-23] =Pegy (2) 
b.(1).(2). Induct. Db: Hp. El Pty... Q¢ Paty = PreQty (8) 


F.¥801-23. +: Hp. (P| Q)yta= PeQex. BLP [Qytte.D. 
(Pl Qy ta = PQ Panga 
[(3)] = Pe Pogegorn 
[301-23] = PetlQetalty (4) 
F.(4). Induct. D+. Prop 


#331. CONNECTED FAMILIES. 


Summary of *331. 


A “connected point” of a family « is a point of the field of « from which 
every member of the field can be reached by a member of « or the converse 
ofa member. That is, if a is a connected point, we are to have 


ve sI«.D,. (qk). Rex. a(Rw R)a 
as well asaes‘('x. This amounts to saying that every member of s‘(‘‘« 


is of the form R‘a or Rea, where Rex. The definition is 


ed - 
438101. conx'« = 6U« a & (sea Vv &e'a = 81%) DE 
Here we include the factor s‘(*‘« in the definition, in order to exclude 
the case when «=t'A. If s‘« were not included, we should have 
conx't‘A = V, whereas with‘the above definition conx‘t‘A = A. 


In the case of any other family, the factor s‘U‘« makes no difference, 
since if s‘(*« exists, 
> e 
ela &ea= se. Dd. ae CS, 
and if « is a family, O*ée=s*U"«. But in the case of fA, the factor 
s‘Q< insures that no connected point exists, thus securing, conversely, that 
a family which has a connected point is not ‘A. This is convenient, since 


the case of eA, which is trivial, would often otherwise have to be explicitly 
excluded, 


The definition would be more analogous to the definition of a connected 
relation in *202 if we put 
e 
vonx'« = sf" n & (Safa v sfegfa v a = s'O«e) DE. 
But this definition fails to give us the information that there is a member 
of « which relates a to itself, whereas our definition does give this informa- 


tion, and hence leads to the proof that [ s‘U‘« ex, ie. that there is a zero 
vector. 


We say that a family “is connected” when it has at least one connected 
point, ze. we put 


#33102. FM conx = FM nk (q!conx‘«) Df 
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When ali points of the field are connected points, the family “has con- 
nexity” (cf, #38427), provided «+1‘A. For the present, we only assume 
tbat at least one of the points of the field is a connected point. To 
take an illustration; the family whose members are of the form 
(x, #) 0 (NC induct — 0), where we NC induct — +0, has only one con- 
aected point, namely 1. If we had taken positive and negative integers, 
both as multipliers and as constituting the field, we should have had two 
connected points, namely 1 aud — 1. 

Almost all our future propositions on vector-families will be confined to 
connected families. In the present number, we prove first that in a connected 
family «, the vector which relates a connected point to itself also relates any 
other member of the field to itself (*331°2), whence it follows that If s*("“« 
is a member of « (*381:22), and that every other member of « is wholly 
contained in diversity (#33123), and that «uv Cnv“« C«, («331:24). We 
next prove that the product of two members of « is a member of « or of 
Cnv‘‘« (*331'33). We then proceed to consider x,, and prove at once the 
two fundamental properties of «, in a connected family, namely (1) that 
between any two members of s(I‘‘« there is a relation which is a member 
of «, (#331°4), and (2) that two members of «, whose logical product exists 
are identical (*331'42). From these two propositions it follows that there is 
just one member of «, which relates any two members of s‘(‘‘« (*331-43). 
Finally we prove that any power of a member of « is a member of « v Cnv“« 
(#33154), and that any power of a member of «, is contained in some member 
of «, (#331°56). 

Stated symbolically, the above propositions are as follows : 


433812. b:.«e FM. aeconx'x.ves«.Rex.d:Ra=0.5.R a= 
#33122, bree FMconx.>.If seen 

4331-23, bie FMconx.Dd.c CRITURIT 

433124. bi: we FM conx.d.4cu Cnv“K Cw, 

¥*331:33. b:«eFMconx.>. sta ie Cau Cavite 

«3314. b:xeFMconx.2, yes. >.(ql).Lex.c=Ly 

4831-42. bi.ce PMconx. L,Mex..3:qitLAM.=.L=M 

#83143, bie FMconx.2, yes'1%«.d .M(M ex,.cMy)e 1 

#83104. b:«eFMconx.Pex.>.Pot'PCxv Cnv« 

#38156. b:«eFMconx.Lex,.MePot'L.>.(qN).Nen.-MEN 


> & 
#83101, conx'e =s'U"'K a & (seta v ea =x) Df 


#33102. FM conx = FM n &(q ! conx‘k) Df 
24 
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48311. F:aeconx'e.=.a6ese. deauseta=sA« [(*331-01)} 
#83111. | :.aeconx’e.s:aesU"«rres'Ux.3,-(GR). Rex. «(Rw R) a 
[831-1] 
488112. Fi qtconxc.d.«+eA [4331-1] 
> e 
#83113. bs. ee Clex‘cr'a.D:aeconxe. =. ctl A. Selau sala= sn 
Dem. 
> & > ee 
+. #5324. Db: Hp. $etA. seta sea=s Ue. Dd. gl steav sea. 
[330-13] D.aes'Te Q) 
F. (1). 4331-112... Prop 
#931181. bi: ee Clex‘erfa. D:.aeconx'e.2:e4UArves'A«. Dz. 
(qR).Rex.a(RwR)a [%33)-18] 
> 
"83114 Fi d=euCnv«.diaeconx*. =. aes. sr'a = oA 
[¥*831-1] 


#3312. b:.ce FM .aeconxe. ces. Rex. d:Ro=a.=.Ra=2 
Dem. 


r.x83L11. Dk: Hp. d.(qS).See.a(Sud)a (1) 
F. 43305. Dt: Hp.Sex.2=Sa.Ra=a.).Re=SRa 
[Hp] =S'a 

{Hp} =o (2) 
+.¥88056. Db: Hp.Sex.e=Sa.Ra=a.>.Re=SRa 
[Hp] =Sa 

[Hp] =o (3) 
+. (1).(2).(3). Dk: Hp. 3: Rasa.d. Rea (4) 
Similarly bi. Hp.3: Rw=2.3.Ra=a (5) 
+. (4).(5). 4. Prop 


433121. bi.ceFM.aeconx«.Rex.d:Ra=a.=.lfs'U%e=R 
Dem. 
F.e3312. DF: Hp. Ra=a.d.IfPsde=R qa) 
b.483L1. Dk: Hp.Ifs«=R.D.Ra=a (2) 
F. (1). (2). 3+. Prop 
83122. tie FMconx. D>. If sU“xex 
Dem. 
b.«83111.3+:Hp.aeconx'e.3.(qR).Rex.Ra=a qd) 
b. (1). 331-21. . Prop 
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#33123. b:ae FM conx. >.< CRIT vu RIV 
Dem. 


r.#*881:221.3+:Hp.Rex.qiRal.>.REI:3+. Prop 
483124. bine FM conx.>.«uCnv «Cu,  [%330-42. #331°22] 
#83125. Fixe FMconx—1.3.q!enRIJ [4381-22-23] 
#33126. sxe FM conx —1.. 8k, Sere my 


Dem. 

+ .#331-2225.3+: Hp. >. (ya, 2, 8,2). R,Sex.aRa.aSe.ata,. 
[¥71-172.441-11] D.serel—il, 

[¥331-24] D.Hewel—l 


F. (1). (2).#330'52. +. Prop 
#33131. b:.ce FM. aeconx'e.vesAx.Pex.Nex,.>: 


363 


(1) 
(2) 


Pa=Na.2.P'r=N ex 


Dem. 
b .#381'11 . *#380°4. 5 


t:Hp.>.(gQ, B, 8).Q, B,Sex.0(QuQ)a.N=R|8 
b.*330°5.3 


b:Hp.Q,R,Sex.c=Qa.N=R|S.Pa=Nu.d.Pie=QRSa 


[x330:56] = RQ'8'a 
[*330°5] ‘wii: RSQa 
[Hp] =Me 

+ .*330°56. > 

t:Hp.Q, RB, Sex.c=Qa.N=R|S.Pa=Na.>.Pr=QVesa 
[*330°5] =RQSa 
(*330°56.Hp] = RSQa 
[Hp] aie 
F.(1).(2).(8). Dk: Hp. Pa=Wa.>. Pir= Nx 

Similarly tiHp. Pie=N'e.>. Pla= Na 


F.(4).(5). DF. Prop 


433132. b:.<e PM conx.Pex.Nexn,.d:q! Pan. 
Dem. 

F.#331°31. Db :: Hp.aeconx*.3:.2,yes'A"«.d: 
Pea Me.=.Pa=Na.2.Py=NY 

b. (1). (4881-02). bs. Hp. Dia, yestU«. Pao=Ni2.3.PysNy: 

[#33-45.472:94] DiqiPaN.d.P=N 

F. 4831-12. 439016.3+:.Hp.d:P=N.>.q1PaN 

F.(2).(8). DF. Prop 


»-P=N 


ul 


Q) 


(2) 


(3) 
(4) 
6) 


(1) 


(2) 
(3) 
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#331321. F:..ce FM conx. P,Qex-IiqGiPaAQ.=.P=Q [#3313224] 
#33133, bine FMconx.3. Bie |e Cv Cnv« 

Dem. 


+ .#831-11.5t: Hp.3: (qa): P, Qexs2p.q-(GR).(P*Q'a)(Rw R)a (1) 
b. #3305. 
t:Hp. P,Q, Ren. PQra=Ra.Sex.y=Sa.d.PQy =P Qa 


[Hp] = S'Ra 
[*330°5.Hp] = Ry (2) 
+ .#330°56. > 

brHp. P,Q, Rex. PQta=Ria.Sex.y=Sa.>.PQy=SPQra 

[Hp] = SRa 
[4330°56:Hp] =Ry (3) 
+. (2).(8). 4331-11. +: Hp. P,Q,Rex. PQa=Ra.d.P|Q=R (4) 
Similarly b:Hp.P,Q,Ree. P'Q'a=Ra.>.P|Q=R (5) 
b. (1). (4)«(5). 


ti. Hp. P,Qex.2:(qR):RextP|Q=R.v.P|G=Ri Dt. Prop 
*3314. bine FMconx.2,yesU«.>.(ql).Lex,.2= Ly 

Dem. 
F.#83111.5h:Hp.>.(qa,R,S).R,Sex.a(RuR)a.y(Su8a (1) 
F.*33056.3+:Hp. R,Sex.a= Ra.y=S'a.d.2=SRiy. 


[*330°4] 2.(qL).Lex.w=Lty (2) 
+. #331:24:33 2D 

bi Hp. R,Sex.a=Ra.y=S'a.d.R|Sex.0=(B|S)'y (3) 
+. ¥881-24°33. > 

t: Hp. i, Sex.c=Ria.y=S'a.>.B|Sem.0=(BIS)'y (4) 
+. #8804. 

t: Hp. R,Sex.c=Ra.y=Sa.>.R|Sex.0=(B\S)'y (5) 


F.(1).(2).(3).(4)«(5). DF. Prop 

433141. bie FM conx. >. &«, = (se) f (ax) [4831-4] 

433142. b:.ce FM conx. L,Mexn.3:q!LaAM.s.L=M 
Dem, 


b. #8306. #381-12.3+:Hp.L=M.>.qtLaM (1) 
b.4#3314.D 
Fi Hp. LiesMac. EV L'y.3.(qN).Nexn,.Nax=y. ElLy. 
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[#330°63] 2.(GN). Nex. Nasy Ly=NLe 
[Hp] =M' Me 
[¥530°63] =MNe 
[#1312] 3. Ly=My (2) 
Similarly +:Hp.L‘e=Ma.E! MYy.o.Ly=My (3) 
b.(2).(3) #7135. 3+: Hp. qi LaM.>.L=M (4) 
F.(1).(4). DF. Prop 


4331-43. bree FM conx.2,yesO n.d. M(Mex,.aMy)el 
Dem. 
b.«8814. Db: Hp.d.(qM).(Mex,.2My) ql) 
b.#83142.D+:Hp.L, Mex,.2My.cly.>.L=M (2) 
F.(1). (2). DF. Prop 
#33144. b:.ceFMconx.P,Qex.I:G!PAQ.=.P=Q [*331-42-24] 
#88145. Fi.ce FM conx.L,M,Nex,.3: 


qiL|MaN.=.L|M=NTQ“L|M) 
Dem. 


+. 4330611.3:Hp.L|M=NPA(L|M).>. qt L| MAN (1) 
+.#33063. Db: Hp. L'M a= Ne. EVLMYy. Xen. y=Xa.d. 
DMYy = LEM ELEM EL LDX Me EI Xe. 


483068 2. LiMy = XL Me ELXo. 
y 
[Hp] 2. LMy = X'Na EVX's. 
[*330°63] 2. LMy = NX 
[Hp] =Ny (2) 


+. (2).#381-4.3+: Hp. L'M'c=Nae.yeA(L{|M).>.LMy=Ny (8) 
+. (1).(3). DF. Prop 
#33146. +:. Hp *33145.9:M|L=NtC(M|L).=.L[/|M=N>A(L|M) 
Dem. 
+ .*330°642:63.>+:Hp.L|M=NPQ(L|M).>. (qe). Maa Ne. 
[*831°45] D.M|L=NPAqM|L) (1) 
Similarly F:Hp.M|L=NPA(MIL).9.L|M=NPA(L|M) (2) 
F.(1).(2). D4. Prop 
483147, bie FM conx.L, Men.d.(qN).Nex,.L/MEN.M|LEN 
[™331-46-45°4] 
*33148. bine FM. Lex. qiconx«enCL.>.Lexv Cnv« 
Dem. 
+ .483041.Dbs. Hp. ceconxenO'L.2:L,Lem:E!La.v. El La: 
[831-11] D:L, Len: (qR): Rexv Cave: Lax Ra.v. La= Rea: 
[*331-24-42] D:(qR): Rex v Cov'nrL=R.v.L= Ri. Dt. Prop 
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49315. tice FMconx. Pex. Len. 2.L|P,P|Len, 


Dem. 
+ .4381'33. > 
brHp.Q, Rex. L=Q|R.>.(qS).SexvCnv“e.L|P=9/8 (1) 
+.43304.Dt: Hp(1).See.L|P=Q|S.9.L|Pex, (2) 
+ .¥842.9 
+b: Hp(1).SeCnve.L|P=Q|S.>.(q7). Tex. L|P=Cnv(T|Q). 
[*831°33] 2.L|Pex«vCnv«. 
[*331-24] D.L|Pex, (3) 


F. (1). (2). (8). #39041. +. Prop 
#33151. tice FMconx. Pex. 3. Pot'P Cx, [*331°5 . Induct] 
433152. tice FMconx. P,Qex. Lem. d.P\L|Qex, [#3315] 


#38103. bie FMconx. P, Qex.p,oeNCinduct.>. Pe|Qrer, 
[#331°5 . Induct . #831°51 . *#380°43] 


#33154. b:xeFMconx.Pex.>.PotsP Cx vu Cnv“« 


Dem. 
+. #330711 .3h:Hp.aeconx'«. Qe Pot'P.D.E! Qa. 
[*331-11] 9.(qT). Tex v Cnav“«.Qa=Ta. 
[*381°51-42-24] D.QexvCnv«: D+. Prop 


#83155, Fixe FM conx. P,Qex,.peNCinduct.>. 
(P[Qy GE Pej Qe. PejQrex, [*330°73 . ¥331:53] 
483156. Fine FM conx.Len,.Me Pott'L.3.(qN).Nexn. MEN 
[331-55 . #330-4] 


*332. ON THE REPRESENTATIVE OF A RELATION IN A FAMILY, 


Summary of *832. 


We saw at the end of the last number (#331°56) that any power of a 
member of «, is contained in a member of «,. When a relation is contained 
in a member of «,, we call this member the “representative” of the relation 
in the family. For purposes connected with the application of ratio, the 
“representative” is an important function of a relation, especially when the 
relation concerned is a power of a member of «,. By the definition of ratio 
(*303°01), we shall have L(p/c) M if %!L7A Me and pPrmo. Now if L* 
and M? each have a representative, then they must have the same representative 
if WL A Me (by *331-42). Hence we are enabled to substitute an equality 
for oy! L7 A MP in dealing with ratios of members of «, The elementary 
properties of representatives are dealt with in the present number. 

We denote the representative of P in the family « by “rep,‘P.” In order 
to insure E! rep,‘P under all circumstances, we do not define rep,‘P as the 
only member of «, which contains P, but as the logical sum of the class of 
members of «, which contain P, te. we put 


e 
#338201. rep<P=s(e.n GP) Df 


In a connected family, if P is not null, «, aGP cannot have more than 
one member (*332°21), and therefore the representative of P, if it is not null, 
must be a member of «, (#382'22). If P is a member of «,, it is its own 
representative (*332°241). 

We prove in this number that, if P,Q, R,... have existent representatives, 
the representative of their relative product (unless this product is null) is 
the representative of the relative product of their representatives (*332°37). 
Among other important propositions in this number are the following : 


#33232. b:*¢ FMconx.L,Mex,.2.rep,(L|M)=rep,(M|L) 
438251. biee FM conx. P,Qex.>.rep.(P|Q)=QiP 


#88208, see FM cons. P,Qex.peNC induct. >.rep,(P|Qy = Pr|Qr 
#38261. Fixe FM coux.Lex,. >. rep,‘ Potid'L € x, 
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#3328. -:xeeFMconx.L,Mexn,.&e NCind.>. 
rep,“(L | M)t = rep, (L* | M®) 


#33281. bse FM conx.v,ceNCind—10.Lexn,.>. 
rep, {Le = rep, ‘(rep,‘ Lr) 


433201. rep,‘P=s(«.n @P) DE 
e 
#3321. +. rep,‘P = s(n. CP) = 29 (ql). Len.PEL. aly} 
[(«332-01)] 
#83211. big trep<P.3. PE rep.<P [*332°1] 
433212 big irepsP. De qt (a @P) [#3321] 
#33213. +. rep,“A = sx, [*382:1] 
#33214. ':PEQ.D.rep.QErep,’P — [*332'1] 
«33215. +. repéP = Cnv‘rep,‘P 
Den. 
ey & 
f . 488041. 3b. en GSP = Cnv“(«, n EP) (1) 
F. (1). #33821. 3+. Prop 
*33216. bix=A.D.repfP=A  [¥3321] 
e 
43322. buwceFM UAL Dig tian GP). s.qtrep P 
Dem. 
& & 

+. *8306.3t:Hp.gqi(anGP).d.q! (an GP)—eA. 

[¥332°1] >. ql repéP () 

F. (1). #38212. 31. Prop 

e 

#88221. Fixe FMconx.q!P.d.(nnGPye0vul 


Dem. 
b. «83142. Db:Hp.L,Mexn,.PECL.PEM.3.L=M:5+. Prop 


#83222, b:.«e FM conx. y!P. 2D: rep.sPex.v.repsP=A 
Dem. 
oe 
+. «8322112. 3+:Hp.qtrep,’P.3.(KnGPyel. 
[*332:1] D.rep.<Pex,: I+. Prop 
e 
433223. bi. ke FMconx.g!P.D:rep,.‘Pex.=-q! (an GP) 
Dem. 
e 
F . #332222. 3: Hp. rep SPren. 2. (4 nGOP)=A (1) 
+.*3306. Dbt:Hp.rep,‘Pex,.d.qlrep.‘P. 
e 
[+3322] D.aqt(en GP) (2) 
F.(1)-(2). DF. Prop 
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#932231. b:..c¢¢ FM conx—1.D:rep,‘Pex.e. iP .gt(en GP) 
Dem. 
F.#331:26.3+:. Hp. D:rep.fPex,.>. rep P + s€«,. 
[*332'13] >.P+A (1) 
F. (1). #838223. . Prop 


4332-232. + :.¢¢ FM conx —1.Direp,‘Pex,.=.q!P.qtrep,<P 


[x332/231-2] 
#33224. + ree FM conx i! P.D: Le(n@'P).=. 4! reps P. rep,sP = L 
Dem. 
f.«33221'1. Dei Hp.d: Leen GP. d.repiP=L qd) 
F.a3322. 9 Db. Hp. D: Lee nG@P.d. qt repeP (2) 
F . «33222. Dt: Hp.diqtrep,.<P.D.rep,“Pex: 
[*1312] D:qtrep,‘P.rep‘P=L.3.Lex, (8) 


F.(3). 438211. 3b: Hp. Ds trepsP. repP=L.d. Le(an GP) (4) 
F.(1).(2).(4). DF. Prop 


#332241. bixe FMconx. Pex... P=rep,‘P 


Dem. 
+ .4332-24. hi. Hp. ! P.d: Pewn @P.=.g trepseP.repsP =P: 
[Hp] D:rep.<P=P (1) 
+.«3306. Dh:Hp.wq!P.d.eaetd. 
[382-13] D.rep,<P=A (2) 
F.(1). (2). DF. Prop 


4332-242. Fee FM conx.q!P.qitrep’P. >. rep,“P = rep,‘rep,'P. 
Dem. 
F. #33222. 3+:Hp.>.rep.<Pex, (1) 


b.(1). #332241. +. Prop 
¥832-243. bce FM conx. gq 1 P.PEIP se. Dd. rep $P= If sx 
[*332-24 . #33043] 


#332244. b:.46 FM conx—1.9: 
giP.PGIf sd. s. rep{P=If 1 


Dem. 
b .4331-26 . 438043. Db: Hp. Died TP Oe: 
[*332:13] Drrep. SP =If se. D.q1P qd) 
b.x382-11. Db: Hp. Direp.<P=If se .d.P ETP sd" (2) 


F. (1). (2). ¥832:243.. +. Prop 


R&wW. lil. 
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#33225. bree FMconx.q!P.q!rep(Q.PEQ.dD.rep.P =rep,.“Q 


Dem. 
b. #83211. 3+: Hp. >. PG rep,Q ¢)) 


b . #832:22.3+:Hp. >. rep,“Qex, (2) 
F.(1). (2). *332'24. Db. Prop 
4332-26. tice FMconx.q!PAQ.q!rep.<P.qirep,.Q.. 
rep, ‘P= rep,“Q =rep,(P AQ) [*332'25] 
#33227. b:«eFMconx.q!P.ptrep.“Q.q!Q4rep,‘P. 2. rep.“P = rep.‘Q 


Dem. 
b.«38211.5h: Hp. 3. QE rep,‘Q. 


[Hp] D.q trep,’P A rep.“Q (1) 
b . #33222. >b:Hp. >. rep,‘P, rep,“Q ex (2) 
b. (1). (2). #33142. . Prop 
«83231. tice FM conx.L, Mex,.>.rep,(L| Men, 
[#830°611 . #3831°47-12 . #332°23] 
483232, tice FMconx.L, Mex,.>.rep,(L|M)=rep,“(M | L) 
[*330°611 . #831°47°12 . #332'24] 
#33233, ‘ee FM conx.rep,P, rep.“Qex..-G!P|Q.2. rep.(P| Q) 
= repe‘{(rep.‘P) | (repa“Q)} = repe{(repx‘P) | Q} = repe"{P | rep.‘Q} 


Dem. 
+. «3306 . «33112. 3+: Hp. d.qtrep.’P.q ! rep,Q. 
[*832-11] >. P Grep,‘P.Q Grep,Q. eb) 
[Hp] 3. a! Plrep.@ (2) 


+. #880°6 . #33231 .(1).> 
+: Hp.3.Pjrep,*Q € rep,‘P | rep,.‘Q. qt rep, “{rep,‘P | rep.‘Q} « 
[(2)."382-25] 

>. rep.“(P | rep,“Q) = rep,‘{rep.‘P | rep, Q} .@ Prep. P, rep,*Q) (3) 


Similarly +; Hp. >. rep,{(rep,‘P) | Q} = rep,‘{(rep,‘P) | (rep.“Q)} (4) 
b.(1).2 ts Hp. >. P/Q P| rep,<Q. 
[Hp.(8).#882'25] 2. rep,“(P | Q) = rep.(P | rep.‘Q) (6) 


F. (8). (4). (5). D+. Prop 
#33234, |: Hp #39233... rep.“(P|Q) em [#3323133] 
#33235. t:xeFMconx.L,M,Nen,.>. 
rep. (L} M|.N) = rep.{L | repe(M | N)} = rep, [{rep,(L | M)} | VJ 
[*330°613 . *332°31-33] 
#33236. | : Hp *332:35.3.rep.(L,M|N)ex, [#3323531] 
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#33237. +: « e FM conx - rep,‘P, rep,‘Q, rep ‘Re«.. qi Pj|Q|R.2. 


repe(P|Q| B) 


=rep,{rep,‘P | rep,.“Q | rep,‘ R} 
=rep,‘{rep.‘P | rep,‘ R | rep.‘Q} 
= reps‘{rep.(Q | rep,‘R| rep.‘ P} 


Dem. 
b . *332°33.3 
F:Hp.>.rep,.(P| Q| BR) =reps‘{rep.‘P | rep,(Q | B)} 
(%332'33] =rep,‘{rep,"P | rep, (rep,“Q|rep,“R)} (1) 
[*332'35] = rep,‘ {rep,‘P | rep,“Q | rep,‘ R} (2) 


+. (1) «332/32 .D 


+t: Hp.2.rep,.(P|Q| R) =rep,.‘{rep.‘P | rep,“(rep,‘R | rep,“Q)} 
[*332'35] = rep, ‘{rep,‘P | rep,‘ | rep.“Q} (3) 


b. (1). *832°33:32 . 5 


bk: Hp. >. rep,“(P | Q| R) = rep,[{repe(rep.‘Q | rep,‘ R)} | rep.“ P] 
[*332°35] = rep,‘{rep,.‘Q | rep,‘& | rep,‘ P} (4) 


f .(2).(3).(4). 2. Prop 


#33241. tice FMconx.L,M,Nexn,.3: 


Dem. 


rep, (L| M) =rep,(L|N).=.M=N 


+. *3434.5b: Hp. rep, (L|M)=rep.(LZ!¥).2- 
L|rep,.(L| M)=L | rep,(L|N). 


[4832-35] 


rep,(L| Z| M)=rep,.(L| LZ) N). 


ee 
[+330°31] D.rep,.<M =rep‘N. 
er 


[x332:241] 


M=N:3+. Prop 


#332411. bs. ce FM conx.L, M, Nex,.D:rep,(M|L)=rep,(N|L).=.M=N 


[¥38232-41] 


#83242. bixe FM conx. L, Mex,.>.Cav‘rep,(L|M) =rep,(L | M) 


[#8823215] 


«838243. b:.ceFMconx.L,M.Nex,.3: 


Ne=rep,(L|M). 


.L=rep,(M|N). 
. M=rep,(L{ N) 


It 
it 


.L=rep,“(N(M). 
»M=rep.(N|L). 


Il 
uy 


Dem. 
b . *3B2-35 .#330°41 . > 
br Hp. N=rep,(L|M).D.repé(L| Mi M) = rep. | M). 
[x330°31] >. rep,<L = rep,(N| M). 
[4332-241] >. L=rep(N{M). q) 
[#332'32.4330°41] >. L=rep,(M WW) (2) 


F. (1). #380-41.3+:Hp.Z=rep.(NjM).>.N=rep,(L|M) (3) 


F.(1).(2).(3). D+. Prop 
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#38244. bi.ceFMconx. L,M,Nex,.D:rep.(L|M)=N.=.L|MEN 
[#830°6 . ¥332-24-31] 
4882-45, 2. Hp 433244. : rep,(L|M)= N=. rep.(L| M| N) = Ip" 
Dem. 
b 499235 .Dt:. Hp.d: rep, (Z| M) = N .D. rep,(L| M|N) = rep. |W) 
[#39224.%330°31] =IpeGr (1) 
+ .4332°35. Dh: Hp. d:rep,(L|M|N)=Ipade.>. 
rep,‘[{repe(L| Mf)} | ¥ jal fsx. 
[#332'31-43] >. rep, (L}M) = rep!N 
[#832241] =N (2) 
F.(1). (2). D+. Prop 


483246. free FM conx.L,Mee.2:L|MG@l.=.L=M 


Dem. 
k . *830°43-°611 . #332243. 


t:Hp.L|/MGEI.3.rep(L|M)=I pf de. 
[#382'43.4330°43] >. L =rep,<M 
[*382-241.%33041] =A () 


b.a71191.3+:Hp.L=M.>.L|MGI (2) 
+.(1).(2). D+. Prop 


#33251. tice FMconx. P,Qex. >. rep.(P|Q) =| P 
Dem. 
b. 4381-24, #33232. +: Hp. D. rep.(P| Q) = rep.(@|P) 
[382-241] =Q|P:D+.Prop 


4382-52. Free FM conx. P,Q, R, Sex. >. rep (P|Q|R/S)=Q|S|P|R 
Dem. 
+ «830-613 . #331°12-124. 3: Hp. >. 1(P}Q)|(R/S). 


[¥332'33'51] >. repe(P|Q|B|S)=rep,(Q|P|S|R) (1) 
+ .#830°561-611.+:Hp.d.Q/P|S|REQiS'P|R.G!Q/P|S|R (2) 
F.483152. Dh: Hp.d.GjS|Pl Rex (3) 


fF. (1). (2). (8). #882:24. DF. Prop 
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#332'53. ee FM conx. P,Qex.peNCinduct .>. rep, (P| Qy = Pej Qe 
Dem. 


+. *330°624. Dt: Hp. >. ql (P/Qy Q) 
+. 433073. DE: Hp.d.(P[Qy G Pe| Qe (2) 
fF. «838158. DF: Hp.d. Polen, (3) 


F . (1). (2). (8). #33224. +. Prop 


#33261. b:«e FM conx. Lex,.>.rep,“Potid'L C x, 


Dem. 

+. #332'243 . *330-43.5+:Hp.>.rep.“(F fp OL)ex. ad) 
+ 433231. D>b: Hp. Me Pot'L. rep, Mex,.>. rep. {Z| rep.‘M} ex, (2) 
f. «330-624. ‘Dt:Hp. MePot'L.D.q1L|M (8) 
F.(2). (3). #33233. Dt: Hp(2).D.rep.(L (Mex (4) 


F.(1).(4). Induct. 3+. Prop 


*832'62. b:xeFMconx.A we Pot'P.qtrep<P.>. 
rep,*Pot'P C rep,“‘Pot‘rep,‘P 


Dem. 

F.«3382:24%.3+: Hp. 3. rep,'P =rep,‘rep,$P (1) 
+ .*33222. Dt: Hp.d.rep,'P en (2) 
F . (2). #332°61.> 

b:Hp. Qe Pot!P. rep, “Q erep,“Pot‘rep,.'P . >. rep.‘Q € ks (3) 
F.#9136. Dt: Hp.QePotP.3.q!1P(Q (4) 
b. (2). (8) .(4) . #33233. F : Hp(3).D. rep,(P[@Q)=rep."{rep,‘P | rep.Q} - 
[Hp.*91:36] D.rep,(P|Q) erep,“Pot‘rep, <P (5) 


F. (1). (5). Induct. 3+ . Prop 


#33263. + : Hp *332°62. 3. rep,‘Pot‘P Cx, 


Dem. 
F. «83222. 3+: Hp. 2d. reptP em (1) 


+. (1). #332°6261 . > +. Prop 


*832-64. tre FM conx. rep,‘‘Pot'P C«,. >. rep,‘*Pot‘P C rep,““Pot‘rep,’P 
Dem, 

b . #33126. ¥33218.Db:Hp.cvel.d. Are Pot P (1) 

+ .#830°6. #38112. Dt:Hp.d.A~erep,“Pot!P (2) 

F.(1). (2). #83262 .3+:Hp.xcvel.>.rep,“Pot'P C rep,'‘Pot‘rep,'P (3) 

+ .4330°4S . 4331-22. Db: Hp. cel. De mme(l ffx) =e (4) 
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F.(2).(4). *#88212.3+:Hp(4).3.P GI fsx. (5) 
[*832:243:13.(4)] D.rep,$P = If s*« (6) 
F. (5). #8013 « D+: Hp (4).3. Pot’P =P. 

[(6).*332°241] >. rep, Pot‘P = ‘rep, ‘rep,.<P (7) 
F.(8).(7). Db. Prop 


433265. b:A we Pot'P. a trep,“P. >. Pot*P C sRI“Pot‘rep, <P 

Dem. 
b.«33211.5>+:Hp.>.PGrep,‘P (e5) 
t.(1). D+: Hp. Qe Pot'P. Re Pottrep(P.QER.I.Q{|PECR|rep,<P (2) 
f. (1). (2). Induct. 3+. Prop 


*3382-66. b:q!rep.“P. Re Pot‘rep,“P. >. (qQ).Qe Pot'P.QER 
[Proof as in *332°65] 


#33267. Fixe FM conx.Awe Pot'P.q!rep,‘P.>. 
rep,‘‘Pot‘rep,‘P = rep,‘‘Pot‘P 


Dem. 
-*332'242. Db: Hp.d. rep,‘rep,‘P = rep,‘P (1) 
+» #332'66 . Dt: Hp.d: Re Pottrep, (<P. d.qG!R|P (2) 
« ¥332°22 . Dt: Hp. d.rep,‘Pex, (3) 
- (3). «83261. Db :. Hp. 3: Be Pot‘rep, <P. 2. rep,‘Re x, (4) 


- (2). (8). (4) #3882°33.. 3 
:.Hp.3: Re Pot‘rep,‘P . >. rep, “(rep,‘R | rep,.‘P) =rep,(R|rep.sP) (5) 
- #33233 ..>b: Hp. Re Pot‘rep,‘P.Qe Pot‘P. rep,‘ R= rep,“Q. 2. 
rep,(Q|P) = rep, “(rep.‘B | rep,.‘P) 

[(5)] = rep,“(B | repe‘P) (6) 
+. (6). D+: Hp. Re Pot‘rep,‘P. rep, ‘Re rep,“Pot'P >. 

rep.(R| rep,‘P)erep,“Pot*P (7) 
F.(L).(7). Induct. 3+: Hp. >. rep,“Pot‘rep,‘P C rep,“ Pot*P (8) 
F . (8). #83262. 9+. Prop 


ae Se apa Se are 


#338271. Fixe FMconx.L,Mexn,.3. 
rep,Pot(L | M) = rep,“Pot‘rep,(L| M) 
Dem. 
+ .*330-626 . Db:Hp.d. Awe Pot(L|M) (1) 
b 382-31 .4380°6. Db: Hp. >. qt rep.(L| af) (2) 
b .(L) (2) «#83267. DF. Prop 
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#83272, +: Hp #33271... rep,“Pot(L| M) Cx, [*332°31-61-71] 


#33273. bie FM conx. L,Men,. >. Pot(L| M)Cs‘Ri“Pot‘rep,(L | M) 
[*332:65°31 . *330-626] 


4833274 b:xeFMconx. L,Men,. Pe Pot'M.D. 
repet(L| P) = rep.s(P| L) = repe(L | rop.sP) 


Dem. 
F . *380°627 . *332°61°33 .D 
F:Hp.3.rep,“(L| P)=rep,{Z | rep,‘ P} ql) 
[*332°6 1:32] = rep, ‘{rep,‘P | L} 
[%830°627.*332'61:33] = rep,“(P | L) (2) 
F.(1).(2). DF. Prop 


438275, b: Hp #39274... qfrep.(L!P) [x332°74'61-31 . 330°6] 


#3328. bi«ke FM conx. L,Men,.&eNCind. >. 
rep, (Lj M)f = rep,'(L*| M*) 


Dem. 
 . 382°243 . > 
bt: Hp.£=0.2. rep,(L| Mi = Jf s*A“« = rep, (L4| M8) qd) 
+. *301-21 . #332°33 . #330°626 . > 
+: Hp. rep.“(L | Mf) = rep, (Z| M*).3. 
repet(L | Myf = repet{ Tt | ME |Z | M) 
[%332°37] = rep, {ZF | rep,(Mé | L) | M} 
[*332°32:33] = rep, {Zé | rep, (Z| M®) | M} 
[*332°37] = rep,“{Léte!| Mitel} (2) 


+ .(1).(2). Induct . > +. Prop 


#33281. b:xeFMconx.v,¢eNCind—10.Len,.3. 
rep, (L”*:? xs rep, “(rep,*L”)” 
Dem, 
+. #30123. 3+: Hp. rep,‘L’%-" = rep,(rep,‘L”)" « > 
rep, i LY*ee +) = rep, (L** | L’) 
[*332°33] = reps {{(repx‘L”)? | rep,‘L"} 
{*801-23] = rep, (rep,<L")"t+! qd) 
F.(1). Induct. 3+. Prop 


#38282. +:xceFMconx.ve NC ind—c'0.L,Mex,.3. 
rep.(L | My = rep,‘{rep.(L | M)}” 
Dem. 
b.#332:33.3+:Hp.rep,(L| M)’ = {rep.(Z| Mr. 
rep,(L| Myr? = reps lrop(E | My jrep.(L| M)] 
[#301:23] =rep,‘{rep,.(L| M)yrtt qa 
b. (1). #113621 . 301-2. Induct. 9 F. Prop 


#333. OPEN FAMILIES. 


Summary of *333. 

An “open” family is defined as one such that, if Z is any member of «, 
which is not contained in identity, then every power of E is contained in 
diversity, ie. Z,,€J. We shall often have occasion, both in this number 
and later, to consider the class «,- RI‘Z, and in later numbers we shall often 
have occasion to consider the class « — RI‘Z. We therefore put 


#33301. xg=x—RIT Df 
#333011. ka> («Da Df 
Thus «,g consists of all members of «, which are not contained in identity, 


ie. (if « i8 @ connected family) all members of «, except If s‘('‘«. The 
definition of an “open” family is 
*833-:02. FM ap = FM nk {s'Pot'x,, C Ri} Df 

From the point of view of the application of ratio, the hypothesis that 
a family is open is very important. To begin with, it insures (#33318) 
that x,3 consists of “numerical” relations (cf. #300), so that if Zex,j, we 
have Pot‘L = fin‘L (*333°15), and in virtue of *300°491, the existence of 
open families implies the axiom of infinity (*333°19). 

Again, in an open connected family, if Z,.M are two different members 
of «,, all the powers of Z|M are contained in diversity, and therefore the 
representatives of these powers are members of «,g; that is, we have 


#*333-22, bike FMapconx.L, Mex,.L+M.3.rep,“Pot(L| M) Cra 


It follows from this proposition that, with the above hypothesis, if o is 
any inductive cardinal other than 0, L*| M° is not contained in identity, and 
therefore Lv + M° and rep,‘L¢ + rep,‘M", Hence by transposition we obtain 
the two propositions : 

*333'41. Frexe FM ap conx.L,Men,.oeNCind—-10.3:; 
rep, ‘Ty = rep, ‘Mf? .=. L= M 
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4333-42, + :. Hp *333-41.95:27=Me.=.L=M 

Hence we obtain 
#333-43, + :. Hp «383-41. 3: q!L°7AMe.=.L=M 

This proposition shows that in an open connected family, no two 
members of «, have the ratio 1/1 unless they are identical. Again it 
follows from *338'41 that if Ze*:7 and M*x«r have the same representative, 
then Ze and M- have the same representative, and vice versa, i.e. 


*333-44. + :.2¢ FM apconx.L, Mex,.p,o,reNCind—-10.9: 
rep,‘Le**" = rep,‘ Me*:" . = . rep,‘ L? = rep, M* 
Hence we obtain two propositions which are vital for the application of 
ratio, namely : 
#33347, b:. ee FM apconx.L,Men.p,ceNCind—-10.3: 
rep, ‘L? = rep,'M". =.) LA Me 
#333-48, + :.*¢ FM apconx. L, Mex,.p,o,reNCind—0.3: 
LDP AMO aL Lex A Mower 
On comparing this last proposition with the definition of ratio («303-01), 
it will be seen that, whether p is prime to o or not, Z has to M the ratio o/p 
when, and only when, q!L° AM’, ie, (by #33347) when, and only when, 
rep,‘L? = rep, ‘M*. 
From #33347 it follows also that, if Mex, Me and M- will not have the 
same representative unless p = o (*333°51), ie. 
¥#333'51. b:.«eFMapconx. Mexg.p,oeNCind.>: 
rep, ‘Me = rep,‘M".=.p=¢0 
From this it follows that no member of «,g has any other ratio to itself 
than 1/1. Again, by *333-47:48°51, we have 
#833°53. bree FMapconx.L,Mexg.qiL°AMe.q!DraAM+.3. 
BE Xoo HY Xop 
Hence if Z and M have the two ratios p/c, 4/v, we have p/o = y/v; that 
is, no two members of x,g have more than one ratio. 


The applications of ratio indicated in this summary will not be made till 
the following Section; they are here mentioned in order to show the utility 
of the propositions of the present number. 


4388-01. «j= — RUT pf 
4388011. 1, = («,)9 De 
*333:02. FM ap = FM nr? {s‘Pot x, C RIV} Df 
#33303. FM ap conx = FM ap a FM conx Df 
25 
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4333-1. b: Mexg.=.(qP,Q).P,Qex.-M=PIQ.qIMAJ. 


iii 


Men. GiMas [(#833-01-011)] 
#885101. bi. ce PMap.=:xe FM: Mexy.PePot'M. lye. PCJ: 
=ixe FM: Meng. Iu-M, CS ((*833-02)] 


483811. tice FMap. Lex .d.L@J.L63.LAL=A.L4L. gi 
[4333-1101 
#833:12. b:<e FMapconx.qirep,‘P.qiPad. >. 
rep’ Pe x,9 + (repefP) po ET 


Dem. 
F. #838211. 3+: Hp.>.qtrepsPad. 


[4332-22.4333'1] D.repfP e xg (1) 
f. (1). #833101. DF. Prop 


- #33313. ice FMapconx.qtrep,’P.q!PAaJ.>.P,¢7 
Dem. 


b. #33211. DF: Hp.d. PE rep,!P ql) 
b. (1). #38222. DF:Hp.d.q! (rep SP) AT. Pry E (rep P)po » rep,’ Pe x,» 
(*333°1] D>. Poo E (repe’P)po + Tepe’ P € x9 « 

[%333-101] 3. Py €Ji d+. Prop 


#38814. bree FMapconx.L, Mex. L4M.>.(L|M) EJ 
Dem. 


+. 330-626 .., Dt: Hp.d. Are Pot(L|M) (1) 
b. #33231. *3306. D+: Hp. >. qt rep.(L| M) (2) 
b. #33246. Transp. +: Hp.d.q1(L| Mav (3) 


F. (1). (2). (3). #88913. DF. Prop 
#33315. bixePMap. Lex. >. Pot'L =fin'L = finid'Z — iL, 
[121-501 . #383-11-101] 
4833-16. b:ceFMapconx.L,Mex,.L4M.>. 
Pot"(L| M) = fin'(L| M)= finid(L| M) —e(L| M), 
[#121-501 . *333:14] 
#83317. Fixe FMapconx.qtrep.<P.qi Pad. >. 
Pot'P = fin'P = finid’P ~tP,  [121:501 . 833'13] 
#33318, bine FMap.3.x*,CRelnum — [*333-101 . *3003] 
333-19. Fixe FMap—ettA.D.Infinax [*333°18 . #3830624. *#300°491] 
«833-2. +:q!FMapconx.). Infinax [4333'19 . *331:12] 
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4833-21. bine FMapconx.Lexg.>.rep,“Pot'L Ce 


Dem. : 
F, #33261. Dt: Hp.d.rep,“Pot'L C x, (1) 
+. *333-101 .*330°624.3+:.Hp.d: Awe Pot'L. Pot‘LCRIV: 
[*832°11.(1)] >: Merep,“Pot'L.I.q!MAT (2) 


b. (1). (2). 833-1. 3+. Prop 
4333-22. tice PM ap conx.L, Mex, L4M.>. rep.“Pot(L | M) Cg 
Dem. ; 
F.#832-71.3b:Hp.>.rep,“Pot“(L| M)=rep,“Pot'rep,.(LiM) (1) 
b. #332-46:11-232°31. Db: Hp. Dd. rep (L| Mex, (2) 
b. (1) «(2) .#333-21 DF. Prop 


#33323. bie FMapconx. Awe Pot'P.qtrep'P.giPad.>. 


rep, Pot'P C x,9 

Dem. 
+ .*332°62. Db:tHp.>d. rep,“Pot'P C rep,“Potrep,<P (1) 
b. #332°11:22 .*3331.5t: Hp. >. rep,‘P eg (2) 


F. (1). (2).#383-21. +. Prop 


4333-24 b: xe FMconx. Awe Pot'P.q! rep,‘P.ve NCind. gq! 

(+1) nPP.D. rep P* =rep.(repa PY” 

Dem. 
b.#301-2 .*332'243. >t: Hp. Dd. rep,$P?= If sU«=rep,(rep.$P) (1) 
F .*332°63 . *830°6 . *801:16-22.5 
F:Hp.).rep,‘P”, rep‘'P em. Gq! Prt, (2) 
[#301 -21.%332°33] D. rep,<P*+el = rep, {(rep,‘P*) | rep,fP! (3) 
F.(2).(38). >: Hp. rep,‘P” =rep,“(rep,‘Py 3. 
rep,‘P’t+l = rep,“{rep,“(repe'P)” | repe‘P} « 


rep, (rep,‘P)’, rep,‘P ¢ x, (4) 
b. (2). #380624. «301-21. 3+: Hp.>.q! (rep.‘P)’ | rep, fP (5) 
b. (4). (5). #8382'33.3+: Hp (4).9. rep,<P’te! = rep,“{(rep,‘PY | rep,‘ P} 
[*301-21) = rep,(rep,(Py’t*! (6) 


+.(1).(6). Induct. 3+. Prop 


A hypothesis equivalent to ve NCind.qi(v+,l)a t@P is ve TUL oP. 
It is sometimes convenient to substitute this for the other. 


#833-25. bine FMconx.L,Men.veNCind.qi@t+.1ljarL.3. 
rep.((L| M)’ = rep,‘{rep.(Z| M)}” 
Dem. 
b «330-626. #381-12.3+:Hp.d.A~e Pot(L|M) (1) 
+. 4332-31 .*3306. Db:Hp.d.qtrep.(L|M) (2) 
b. (1). (2). #889-24. DF. Prop 
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#83332. b:xeFMconx.L,Mex.poeA(ULeLy.>.q! Le| Me 
Dem. 


+ #33061 .#301-2.D+:Hp.d. a1 Lo] Me (Ql) 
+ #380623 . Dh: Hp. d:Sex.Ds.S|Lo|MeGLe|Me|S: (2) 
(330-622) DiqiLe| Me. Dd. qt Teta| Me (3) 
b.(2).6330621. Dts Hp. Digi Le|Me.>d. qi Le) Met (4) 


F.(1).(3). (4). Induct . 3+ . Prop 


#83333. bie FM conx.L, Mex,.ce AU! mL).3. 
rep,((Lr | M*) = rep,.“(L| My 


Dem. 
+. #333'32 . 332-243. D 
b:Hp.3.rep,(L°| M*)=J f s'G*e =rep,(L| My qd) 
+. #332'37 . «801/21. 
Ft: Hp.3.rep,“(Lete! | Mote) = rep, {rep,(L | M7) | rep, ‘Z | rep,‘ } (2) 
F.(2). >: Hp. rep, (L7| M*) = rep,(.L| M).3. 


rep. (Let? | Met) = rep,‘{rep,"(L| M)’| rep.‘L| rep.‘M} (3) 
F . (3). *333'32 . #33237 . > 
F:Hp(8).3. rep.(L7ts!| Met) = rep, {(Z| M)"| | 
(*301-21] =rep,(L!| M)rte (4) 
F.(1). (4). Induct. 3. Prop 


*333:34. | : Hp *333:33. >. rep.“(L7| M’) = rep,"{rep,(Z|M)}"=rep,(L| MH)” 


b . #330°626°6 . 4832-31. D 
tiHp.d.A~wePot(L|M). qt rep. (Z| M) (Q) 
F.(1).#388-24. 9+: Hp. >. rep,"(rep.(Lj Mi" = rep. (L| My (2) 
F.(2).*338°33.. D+. Prop 


833-41. b:.<¢FMapconx.L, Mex,.ceNCind—t0.3: 
rep,‘L’ = rep,‘M?.=.L=M 


Dem. 
b. ¥383-34-22-2. Db: Hp. L+ M.D. rep,.(Le| Me) e x5: 
[#833-21°32.%332'33] >. rep,‘{rep,‘L7| rep} € tig 
[*832°44.Transp] D.~ {rep,‘L7| rep,<ife EI fsdc}. 
[*332-15-46.Transp] >. rep,‘ + rep,«M" () 


F.(1). Transp. 3. Prop 
#33342. + :.Hp*333-41.9:L7=M".=.L=M [*333-41] 
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433343. | :. Hp «333-41. 3:q1LeAMe.=.L=M 


Dem. 
+ .#333°2) 433226. +: Hp.qi Lea M*.5.rep,‘L7=rep,‘M*. 
[#333-41] 2.L=M (1) 


F. (1). «330624. 3+. Prop 
#33344. b:.ceFMapconx.L,Mex,.p,o,7:NCind—10.5: 
rep, ‘J?*«r = rep, {Mo%<" , =. rep, “I? = rep,‘ M= 
Dem. 
b.#301°5 . *3833:24.5 
bi. Hp. 3: rep,{2%«" = rep, Me*er . = . rep. “(rep,{L*)" = rep,“(rep,!M") 
[4333-41-21] =.rep,‘J? =rep,‘M*:. +. Prop 
#33345, + :. Hp *383-44.5: LeXer = MoXer, D rep, “Te=rep,'M?  [*333-44] 
#83346. bs. Hp #33344. 3: qt Lexer A Mexer, D> rep, L? = rep,‘ M? 
Dem. 
+. 433226 . *333°21.5 
bs: Hp. i Lexer é. Meer, >. rep, Le%or = rep, Mr%er ql) 
F. (1), #383344. 3. Prop 
“983-47, +:.ceFMapconx.L,Mex,.p,ceNCind—10.5: 
rep, 1? = rep, ‘M?.= .q! Lea Me 
Dem. 
b. #33346. 3h:Hp. gq! Lea M?.3.rep,‘L? = rep,“M" (1) 
b . #83253. *72:92.5 
b:Hp. P,Q B,Sex.L=P\|Q.M=R|S.5.L6=(P |), ae. 
Me =(Re| 8") f OMe. rep. Le = Pe | Qo rep. Me = R|S" (2) 
b.(2).*35°14.5 
bk: Hp(2). rep, ‘Le = rep,‘ M". >. Le A Me =(P| Qe) P (UL n O'’) . 
[*330-72] D.qiLeaAM (3) 
F.(1).(8). DF. Prop 
*333-48. |:.ceFMapconx.L,Mex,.p,o,7e NCind-10.3: 
wt Lea Mes yt DeXer A Moxer 


Dem. 

+ .*333°46. Dt: Hp. gi Lea Me. 5.rep,‘Le = rep,‘ M qd) 
+. #330°624. 433261. Dk: Hp.d. Awe PottLe.q trep,L?. 

[*333-24) D. rep,.(LP**" = rep, (rep. LP)” (2) 
Similarly Fk: Hp.>. rep,‘M*er = vep, (rep, (Mey (3) 
F.(1).(2).(8)- Dt: Hp.q! AM .3. rep,{Le%er = rep,‘ Me%e". 
[*333°47] Dy! Lever & Moxer (4) 
F .*333-46-47 « Dh: Hp. qi Leera Meer. Dat Le A Me (5) 


F.(4).(5). DF. Prop 
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#83349. b:xeFMapconx. L, Mex,.p,oe NCind — 20 . rep,‘ = rep,{M". 
D>. Le POM? = Me f ‘De. (DM) | Le =(D‘Le) 1 Me 


Dem. 
+ .*833'21.4330°6. 3h: Hp... q!rep,“2. 
[*832'11] >. L° Grep,{L. 
[72:92] >. Le = (rep,‘I) | A‘Le (ly 
Sinilarly F:Hp.>. M> =(rep,‘M’) f U'M-. 
{Hp} >. Me = (rep, Lr) f AM? (2) 
F.(1).(2). 9: Hp. >. Le f O'M* = (rep, ‘Z*) | (AL? a OM) = Me bd (8) 
Similarly +:Hp.>.(D‘M7)1 Le=(D‘U?)4 M (4) 


b.(3).(4). DF. Prop 
«333°. bi. FM apconx. P,Qex.ceNCind—-10.3: 
Pr=Q.=.qiPraAQ.=.P=Q [*333-42'43 . 831-24] 
#33351. + :.«¢ FM apconx. Mexg.p,oeNCind.3: 
rep,‘M? = rep,‘M’.=.p=¢ 


Dem. 
F.*333-47.35+:. Hp. rep,‘M? = rep,!Me. 3:4! Mea Me: 
[*301-28.%120-412-416] Dipo.D.qIMemral, 
[*333°101] D.p=o qd) 
Similarly bs. Hp(1). ie 2p.d.pae (2) 
F.(1).(2). 34+. Prop 


#33352. + i. Hp ¥383-51.9: Me= Me. =. ps0 [#33351] 
#33353. Fixe FMapconx.L,Menxg.qt Loa Me. gt De aAM*.3. 


UXT = Xop 


Dem. 
b .#333°48. 480116. 3+: Hp. Dd. qt Later A Mexee 1 LXer A Muxee 
[#333'47 ] D. rep,( Leer = rep,‘ Mu*cr = rep,(L’*? . 


[#33351] D.px,¢=yX.pt Db. Prop 


#834. SERIAL FAMILIES. 


Summary of *334. 


The purpose of the present number is to consider what properties of 
a family « will insure that 3*xq is serial, or has one or more of the properties 
characteristic of serial relations. Suppose, for example, that « consists of dis- 
tances ona line. Then xg consists of those distances which are members of « 
and are not zero. Any selection of distances on the line may constitute «; thus 
e.g. may consist of all distances which are integral multiples ofa given distance, 
or of all which are rational multiples of a given distance, or of all distances 
from lett to right, or of all distances on the line in either direction. It is 
plain to begin with that if ég is to be serial, « must not contain equal 
distances in opposite directions, since if it does, (xg) will not be contained 
in diversity, ie. s«g will not be asymmetrical We call a family « asym- 
metrical when no member of «g has a converse which is also a member of 
kg. The definition is 


#83405. FMasym= FM ni (enCov“eC RIT) Df 


It will be observed that s«, €J in any connected family, by *331-23. If 
«e FM asym, we have also (s‘«g)? € J. 

In order to secure that se; shall be transitive, we require that the field of 
« should contain at least one “transitive point,” where a “transitive point” 
means a point a such that any point which can be reached from a by two 
successive non-zero steps can also be reached by one non-zero step, ze. such 


that 
> > 
(fag) *suegia C Sega. 
The definition of transitive points is 
> > 
#33401. trs‘e = 3° “K n & {(S'x9)Sea'a C sxa‘a} ~= DE 


Thus if a is a transitive point, and R, Sex, there is always a member of 
«a, say T, such that R‘S‘a= Ta. It will be scen that if « is a connected 
family, the existence of a transitive point implies that the family is asym- 
metrical. Again, if there is a transitive point in a connected family, then 
R,Sexg.3.R{Sexg, by #383132; hence «g is a group. The converse also 
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holds, «.e. if xg is a group, any member s‘0“‘« is a transitive point (#33411). 
Hence if there is any transitive point, every point of s‘(‘« is a transitive 
point. 

The definition of a transitive family is 
«83402. FMtrs=FMne(q'!trs‘e) Df 

By what has just been said, a connected transitive family is one in which ky 
is a group, we. 
#33413, F:.¢e FM conx.3: xe FM trs.=. s'kq |g Cag 

a3 


A connected family is transitive when, and only when, sx, is a transitive 
relation, we. 
#83414. bi.ce FM conx.D: xe FM trs.= . seg ¢ trans 

In order to secure that s«g shall be a connected relation, it is not enough 
that « should be an FM conx, te. that s‘Z"« should have at least one con- 
nected point. We require that every point of s‘U‘'* should be a connected 
point. This will be secured if there is a connected point which belongs to 
the field of every member of «,, te. if 

qtconxte np'Cn,. 

For suppose a econx‘x a p'C“x,, Then if Lex, either L‘a or La exists, and 
is of the form R‘a or R‘a, where Rex. Hence, by #331°32, L is identical 
with R or with R; hence x,=«uCnv«. Hence by #331°4, 3xg € connex. 
Conversely, if «« fMconx and éxgeconnex, it follows from #331:32 that 
«=x Cav; hence p'C“«,=s'0'x, and therefore we have q!conx'«np'O“«,. 
Hence putting 


#33403. FM connex = FM nk (q !conx'ea p'C%x,) Df 
where “ FM connex” means “ families having connexity,” we have 


#334-26. + :.e FM conx.3:«¢ FM connex.=.8«g € connex « 
=.Kq= KU Cav «. =. 0%, = Oe 
and 


#33427. |. FM counex = FM n 2 (se =conx'« oe USA) 


Ze, a family having connexity is one whose field consists wholly of connected 
points and is not null. 


We thus secure (1) sg @ J by the hypothesis « «FM conx, (2) x; ¢ trans 
by the hypothesis «e FM conx n FM trs, (8) 8; € connex by the hypothesis 
«eFMconnex (which implies ee FM conx). Hence we secure &x,¢Ser by 
the hypothesis xe #M tran FMconnex. When this hypothesis is fulfilled, 
we call « a “serial” family; thus we put 


SECTION 8] SERIAL FAMILIES 385 


«33404. FMsr=£Mtrsa FM connex Df 
and we have 
#3343. Fixe PMsr.>.8'xg Ser 
#33431, bike FM. IP sxe. tee FM sr. =. skye Ser—e'A 


An important special case, which is briefly considered in this number, is 
the case when the domains of members of « are the same as their converse 
domains, 7.e. when 

De= Ux, 

This case is illustrated, eg. by the family whose members are all relations of 
the form (+,X)[C‘H,, where XeC‘H’. It is also illustrated by cyclic 
families, which are considered in the next Section but one. When D «=e, 
if « is a family, so is « uv Cnv“« (*334'4), and if « is a connected family, so is 
«vu Cnv“« (433441), In the vase of the above family, whose members are 
(4+,X)0 CH, where XeC'H’, «uCnv'« will consist of all relations 
(+X) C'H, where X ¢ C‘H,, ie, it will consist of all additions of positive 
or negative ratios to positive or negative ratios. 

A connected family in which Dx =(“« is a family having con- 
nexity, ze. 


#83442. bixe FM conx. D'«=U%«.3.«¢ FM connex 


The definitions and propositions of this number are much used through- 
out the remainder of Part VI. 


se — > 
#88401, trate =o" G {( dees) SRG C Sez} DE 


433402. Fiftrs = FM nk (q! trs“e) pf 
#93403. FM connex= FM nk(q!conx'e np'On,) Df 
4334.04. FM sr = #'M trs n FM connex Df 


#33405. FMasym = FM nk (x n Cav'‘« C RITZ) Df 
¥33409. bi xe FM conx.3.sxgEJ [#331'23] 
#88410 bitee M.D: ae trs‘e. =? 
aes(“«: B, Sex. Ing. (Al). Teng. BSa=T'a [(*33401)] 
#83411. bi.ce FM conx.3: ce trse.=.a€s*A'k . 8°, |g C xg 
” 


Dem. 
F.4831-33-24. Db: Hp. R,Senz.3. Ri Sex, (1) 
F(1).4881'32.D+:Hp. Teng. RS'a=Ta.3.R|S=T (2) 


b. (2). #8841. Dh: Hp.d:. 
aetrsxe.=raesUe: RSexs.Ipg. (ql). Teng RIS=TP: 
[#13°195] eraesUe: R,Sexg.Iag-R|Sexgi: Dt. Prop 
R. & W, 111 
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#33412. b:.%¢FMconx.a,nestT«. 3: 
wetrse.=.wetise. =. stg |e,Cng  [*33411] 
ced 
#38413. bi.ceFMconx. dike FMtrs.=. sng (mg Cs 
[4334-12 . 331-12 . (#38402)] 
4384131, t:«¢FMconxn FM trs. Rexg.>.Pot'RCx«, [*38413. Induct] 


4834-132. tb: «ee FM conx a FM trs. >. s'Pot «Cx [*334°131] 
«38414 t:,.2eFMconx. ine FM trs. =. se, ¢ trans 
Dem. 

b 44151489413. Db: Hp. Di ee PM tre. D. (afe;) 6 Seg (a) 
+. #330°52. Dh: Hp.D:. s «ze trans. 3: 

R,Sex,. ces. Insc (Al). Peng. RSx= Te. 
[33 1'31:33-24] Danser (Ql). Teng R|S=T. 
[#13195] Diesax B|Se ks (2) 
b.(2).*88112. Dh: Hp.d:. sege trans. 3: R, Sexy. Ips Ri Seng? 
{334-13} D:«e FM trs (3) 


f.(1).(3). +. Prop 
38415. Fixe FM conx an FM trs.3.s'e|\“e=« 
au” 


Dem. 
+ .*331°321-22. DF:.Hp.Rex—Ky.d:R=If se: 
[*50°62°63] D:Sex.I.R|8,S|Rex (1) 
F. (1). #83413. Dt: Hp.d.s%«\Ke CK (2) 
F . #831-22 . 450°62°63. Dk: Hp. Dd. « Cate Mx (3) 
F.(2).(3). 3+. Prop t 


#33416. Fixe FM conxan FM trs. Rexg. 2. REI [*334131:09] 
> 
#334161. F:«eFMconxn FM trs. Re Ky. aessO«.D. Ryiae Ny 


[#384°16 . #123:191} 
#334162. F:q!FMconxa FM trs—1.3.Infinax [334-161] 
#83417, bree FM conxnl.d.ng=A [(#331-22] 


#33418. bree FM conx—1. 3. 06s ng = seas, yh ieg TS kg 
Dem. 
+. #831-22321.9+:.Hp.d:qtn«g: 


[+#830-52] Dirac. D.(GR).Rexz.aeAR. 
[*40°4] D.aes'Axs. (1) 
[41-45] Dine Oe, (2) 


+. (1) .(2). 433112. . Prop 
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#88419. bce FM. >. Ciiteg CxO [#4145 . 33052] 


48942. bine PM. Diraep CO" s,.21. Lex. d,:E1La.v. EB! La 
[¥330°52] 
#38421. +:xeFMconnex.3.«,=«v Cnv“« 
Dem. 
+. #8342 .438111.36:. Hp.aeconx'«n pO "«,.Lex,.D: 


(qR):RexvuCnv“«:Lia= Ra.v Lia= Ra: 


[*331-42-24] D:(qQR): Rewv Cnv“e:L=R.v.L=R () 
+. (1). #831-24.95+. Prop 


#33422. b:«eFMconnex. 3. p'Cn,.=s'A'«  [*83421 . *330'52] 
¥33423, ¢:«eFMconnex.).conx*e=s"U'« [#38421 . *331-4] 


#33424, bse FM connex. 2. sz econnex 
Dem. 
+. #38421. 4331-4. 
Fi. Hp.a,yesA«.c+y.3:(GR): Reng: aRy.v.yRa:. d+. Prop 


#33425. b:«keFMconnex.3.C%«,=U%« [#33421 . #38052] 


4334251. bike FM k= ev Cnv'e. Dep Cn, = 61% 
Dem. 
+. 4018. *33-22.9+: Hp. D. pC Kn, = pC (1) 
F. (1). #33052. > F. Prop 
#334252. be FM conx . sx,econnex.).«,=« ¥ Chav « 
Dem. 
Fex4111. 3b: Hp.Lex.c=Ly.d.(qR).RexvCnv“«.aRy. 
[#331:42-24] D.LexvCnv« qd) 
b. (1).#880°6 #33112. D+. Prop 


4334-253. bs ee FM conx. Cx, = (Ux. >. ¢ FM connex 
Dem. 
F,#330°52.3+:Hp. >. p'C%n=s'In. 
[#331°1} D. gl pt x, n conx'e: D+, Prop 
#82426. b:.eeFMconx.3:«¢FM connex.=. sx; connex. 
S.n=K¥ Cave. =. 0%, =O [488421-2425-251'252253] 


#33427. +. FM connex = FM nf (sO = conx'x . «+ USA) 

Dem. 
F.x88L1. Db ree PM. cb uck .36O% «= conx'e. 2. sx, econnex. 
[4334-26.(#331-02)] >. FM connex q) 
4834-23 . (4834-03). b: ee FM connex.D. se =conx'e.«+ucA (2) 
F.(1).(2). 3+. Prop 
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«8843. birxe FM sr. 3. 8'x,¢Ser 


Dem. 
b. 438409. Db: Hp. Dd. seg Gl () 
+ .433414. 9b: Hp. >. 8x, e trans (2) 
+. 483424. 3+: Hp. 3. 8«g e connex (3) 


+. (1). (2). (8). DF. Prop 


433481, tice FM. If seen. Dice FM sr. =. iéxgeSer~uaA 
Dem. 
b.4D1L. 9b: Hp. éxgeSer—uA.d: 
ay sO. Dz,y+ (GR) Rex.a(Ru Ry: 
[*831:11] D3: 8O“« = conx'« (1) 
+. (1). #8841426. 5h: Hp(1).5.«¢ FM trs.«¢ FM connex (2) 
+ (2). #3843 . *331-12. 3+. Prop 


#33482. +. FMsrCFMap [48841621 .*333'101] 


43844. Fixe PM. D “c= Un. >.«U Cov“ce FM 


Dem. 
b.483-221. Dk: Hp.d. Dé(« v Covx) = («ev Cav'«)= A (1) 
+ .«330°561.3+:.Hp.3d: 8, Sex.3.R|S=S|R (2) 


b. (1). (2). #88052. 4. Prop 


#38441. b sxe FM conx.D «=. 3.40 Cav« e FM conx 
[*334°4 . #383111] 


#33442, b:<e FM conx.D“«=A“«.3.«¢ FM connex 
Dem. 
+ .487°'323.3b:.Hp.3:8,Sex.d.0(R|S)= ‘8: 
[4330°4] Ds Oe, = Oe (1) 
b.(1). #88426. 34+. Prop 
4884-43. b:xeFMconx n FM trs. Dee %«.3.ne FM sr 
[m334°42 . (49334-04)] 
488444. b:xe FM conx.D c=O%«.Lexn,.3.DL=Ab=OL=s'A« 
Dem. 


+ .437:323. Db: Hp. R,See-D-0(R|S)=G68: 3+. Prop 
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438445. bixe FM conx.D “c=. L,Men,.>.0(L|M)= sq 
[*334°44] 

#834451. +: Hp *334'44.S¢ Pot'L.3.DS=AS=CS= se [33444] 


433446. +:. Hp +*38444.M,Nexn.I:qitL|MAN.=.Li|M=N 
[4334°45 . #831°45] 
#3845, bixe FM conx n FMasym.). (sa GJ 
Dem. 

2488246. Dk: Hp. R,Sex. R|SGI.D.R=S. 
[(4334°05)] D.R=I fs (1) 
+.(1). Tranap .>+:.Hp.3:B,Sexj-2.0(R|SEL). 
[*831'33'23] 2.R\SCJ:.3+. Prop 


#335. INITIAL FAMILIES. 


Summary of *335. 

A family of vectors may or may not have a point in its field which is a 
starting-point but not an end-point of non-zero vectors. For example, the 
family of which a member is (+, X)[ CH’, where X e C‘H’, has such a point 
in its field, namely 0,; but the family of which a member is (+eX)[ CH, 
where X ¢ C‘H’, has no such point in its field, and no more has the family of 
which a member is (+, X)[ C'H,, where XeC‘H’. If such a point exists, it 
is a member of s‘(‘« but not of s*D‘‘xg. Such a point, if it is also a con- 
nected point, must be unique, te. we have 
#83512. Fike FM. .conx'n —s'D ng e0 vu] 

When conx‘« ~s‘D‘‘xg exists, we call its only member “the initial point 
of «,” putting 
#33501. init‘« = U(conx‘« —sD*‘x,) Df 

If the initial point of « exists, we call « an “initial” family; thus we put 
*33502. FM init= FM an C‘init Df 

An initial family is asymmetrical (*335°16) and transitive (*335°18), and 
forms a group (*335'17); and if its initial point is a member of p‘O**x,, it is a 
serial family (4335:3). 


#33501. init‘« =t(conx*« —s'D eg) Df 
*335°02. FM init = FM a C4init Df 


> e 
#33511. bree FM. aeconx'« —s Ding. dD. 86K = Ka a = SK a 


Dem. 
F.#4143 433-4. Db: Hp. Dd. Segfa= A Q@) 
F.#831-23-:22. Dt:Hp.d. Kea sees via (2) 
+. 43311-23-22. Db:Hp.d.s'A«= eta v Seata (3) 


F.(1). (2). (8). DF. Prop 
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433512. 
Dem. 


Free FM.D.conx'« — sD nge0ul 


> 
b.#*335°11.5+: Hp.a,b e conx'« — sDing. 9. be ska. 


— 

[#82182] D.a€ sx'b. 

[335-11] >.a=b:5+. Prop 
483613. tice FM. D:E Vinitée.=.q! conx'« — sD “Ke, 

[4335°12. (#335-01)] 
483514. tice FM init. =. xe FM.q! conx'e—s'D Kg [#33513 .(4335-02)) 
> 
#83515. Fixe FM init. >. s6'« = 3%eSinit'« [*335-11 .(*335-01)] 
*«836:16. +. FMinit C FM asym 
Dem. 


b.e38514. DF :.c¢ FM init.d: 


(qa)iaesO%«e:Rex.aeD'R.op. Re RIT (1) 


b.433052. Db ice FM ac se. Rex nCnv“«e.d.aeDR (2) 
b.(1).(2).Dbiee FM init. 3: Rex a Cnv“«.d2.Re RMI: 
[(#334°05)] 3:xeFMasym:. 3+. Prop 


#33517. 


Dem. 


bree FM init. 3.8 |“K=« 
»” 


b.n83515. D+: Hp.d:R, Sex. 2. (ql). Ten. RSinit'x = Tinie. 
[¥381-24'33-32] D.(qT). Tex. R|S=T. 


[¥13-195] 


D.R| Sen (1) 


b.#331-22.D+:Hp.d.0C sfx |« (2) 
” 
F.(1). (2). D+. Prop 


#33518. 
Dem. 


+. FM init C FM trs 


b.K3385°17, DhixeFMinit.d:H,Sexg.D.R|Sex qd) 
+. 48345 .*385:16. Dbice FM init. 3: R,Sexnyg.D.R| SCI (2, 
+. (1). (2)-4880551. Db ee FM init. 3: R, Seng. 9. Ri Se xy (8) 
(8). #83418. 9+. Prop 


#*335'19. 


335-21. 
33522. 


bi. ce #M init. :«¢FM connex.=. init*x e pO"n, 
[x334-23 . (4334-08 . #335:02-01)] 


bree FM init... se, trans. (S8e,°GJ [#3351816 . #334145) 


ki.ce FM init.d: 4 «es econnex. =. OK, = 1“«. =. init e p'On, 
a P 


[4334-26 . 335-19] 
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#33523. b:.«eFMinitn £M connex. Leng. 2: 
init‘xe D‘L. =. init*eve UL 


Dem. 
+.4#88519.3F:.Hp.: init’« e D‘L.v. imitée e O‘L e3) 
+, *88421.5h:Hp.d.Len,v CavK, (2) 
+ .«835°11.3+:.Hp.d:Lexg.2. init*eveD‘L: 
Le Cnv“‘kg.D. init’ ~ e Sh (3) 
F.(2).(8). DE: Hp. init’. se DSL. v.init’es e AL (4) 


+. (1). (4). 45°17. 3. Prop 
483524 + :.«¢FMinitn FM connex.R,Sexn.R+S8.9: 
Rinit'« eD‘S. = . Sinit’« ~ e DSR 


Dem. 
b.#71-162.Dts.Hp.D: Réinit'e eD‘S. =. initteeA(8|R). 
[4333'1.4335-23] =. initte + eD(S|R). 
[¥71°162] =. Sfinit‘e~eD‘R:. +. Prop 


#33525. bs: «ee FM init . 3 :: eg econnex.= 1. 
R,Sex.dpsiDSRCDS.v.DSSCD‘R:. 
a14@,BeD «x. dagraCh.v.8Ca 


Dem. 
+.*202-1385.9 bi: Hp. sg econnex. Dz. s« econnex :. 
[%211-6.%330°542] 3:.R,Sex«.I:DSRCDS.v.DSSCDIR (1) 
F.¥71162.9+: Hp. Rinit'e eD‘S. >. init eA(R|S) (2) 
F. #71162. +: Hp. Stinit“e e DR. Dd. init'e e DZS) (3) 


+.(2).(3). D6:. Hp. R, Sex: DDRCD‘S.v.DSSCD*#: 3D. 
init*ee C(R|S) (4) 
+. (4). #33804. 3b :: Hp: R, Sex. Ip5: DSRCDSS.v.DSCD‘R: OD. 
init’ ¢p*C"K,. 
[%835°22] >. 3xg € connex (5) 
F. (1). (5) «437-63. DF. Prop 
#33526. b:ixeFMinita FM connex.3.Dfecl—>1 


Dem. 
+.#*3343. D+:Hp. R, Sex. Rinit*x~eD‘S.3.D‘R+D‘8 (1) 
b.*33524.5Db:Hp.R, Sex. RS. Rinité« DS. >. Sinit*eweD‘R. 
[433'43] >.D‘R+D‘8 (2) 


F.(1).(2). 3+: Hp. R,Sex.R+8.3.D‘R4DS: 5+. Prop 
«3353. bine FM. init'« e p'O“Kn,.3. SxgeSer  [*335°21-22] 


#336. THE SERIES OF VECTORS. 


Summary of *336. 


In this number we consider a relation between members of « or of x, 
which, with suitable limitations as to the nature of the family, may he 
identified with the relation of greater and less, If there is a member of « 
which takes us from a point z to a point y, ve. if y (8«g) z, we say that z is an 
earlier point than y; thus we regard $‘xg as the relation of later to earlier. 
If now M and W are two members of «,, and if, for some x, M‘x is later than 
N‘x, we shall say that M is “greater” than N with respect to x. This 
relation we denote by V,., where “V” is intended to suggest that the relation 
holds between vectors. The definition is: 


483601. V.= TN {M,N x: (qa). (M2) (seq)(N'x)} Df 
For the same relation when confined to members of «, we use the notation 
U,; thus we put 


4336011. U.=Vet« Df 


In dealing with V, and U;, it is desirable to be able to express M‘x as a 
function of M. We wish to consider (say) a fixed origin a, and the various 
points Ra, S‘a, Ta, ... to which the various vectors which are members of « 
carry us from a. For this purpose we put 

Ra=A,‘R, 
where “A” stands for “argument,” and “A,‘R” may be read “the vaiue, 
for the argument a, of R.” The definition is 
A,=#R (aRa) DF, 
whence we obtain 
*336101. F: EL Ra.d.Ra=AR 
Then the points R‘a, S‘a, Pa, ..., where R, 8, T, ... are the various members 


of x, form the class Ag‘‘«, which is thus the same class as ea. The relation 
A,}« correlates the point R‘a with the vector R. The vector R is analogous 
to the coordinate of R‘a when a is the origin; thus A,f« is analogous to 
the relation of a point to its coordinate. A relation which is more exactly 
that of a point to its coordinate will be explained in Section C, where, in 
26 
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addition to the above correlator A,}«, we shall also correlate a vector with 
its numerical measure in terms of an assigned unit. 

If « is a connected family, and a is any point of its ficld, A, [«, is a one- 
one relation (#336°2). If « is an initial family, and a is its initial point, 
A,}« is a correlator of se and « (*336°21), so that in an initial family 
the class of vectors is similar to the field (*336°22). If « is a connected 
family, and a is any point of the field, and A is those members LZ of x, for 
which Z‘a exists, then A, [A correlates the field with 2, so that > is similar 
to the field (*336°24). 


By the definition of A,, if Mex, and M‘a exists, we have 
p Ma=AiM=A,f «iM. 
Hence by the definition of V,, 
bi MV.N .=. (qa). (Ag fet M) (45) (Aa f tN) « 
«(qa)» M (4.4 Acdiieg) NW, by #15041, 
Similarly b:PU,Q.=.(qa).P («4 A,Bi*es) Q. 


Now in a connected family, if @ and b are any two members of the field, and 


P,Qex, 


Mt 


ill 


(P*a) (55) (Q*a) =. (Pb) (ig) (Q'D)  (*336°38) ; 
hence «| Abie =«4 Apites, 
and hence Up = «41 Agisteg (4336-43), 


Since «| A, is one-one (by *336°2), the above gives an ordinal correlation of 
U, with (8g) [ Aa‘‘« (#336461), ie. U, is ordinally similar to $x with its 
field confined to those points which can be reached from a by vectors which 
are members of «. If « is an initial family, it follows that U, is similar to 
Seq (*336'44) ; if not, U, is in general only similar to a segment of S«g (in 
the sense of *213). 


It should be observed that «,4Aq‘a is the member of «, which takes us 
from a to «, and «| A,‘x (if it exists) is the member of « which takes us from 


ato «. Thus «1 A,3ixg is the series of vectors which take us from a to all 
the various points which can be reached from a by members of «, the order 
of the series being that of the points to which the various vectors take us 
from a. 


If « is a connected family, U, is the relation which holds between two 
members of « when one of them is the relative product of the other and a 
third (other than the zero vector), 7. 


A 


4336-41. t:«eFMconx.>.U,=PO(P,Qeu: (ql). Tex,.P=T\Q' 
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This is wr many purposes the most convenient formula for U,. If, in 
addition, we have D‘‘x = 1‘, a similar formula holds for V,, te. 
«33654 b:«eFMconx.D%*e=A%«.2. 
Vi WN (M,New:(qT).Tex,.M=T)N} 
If « e FM conx, V, is contained in diversity (*336'6); if « is also transitive, 


Y, is transitive (33661); and if « has connexity, so has V, (336-62). Hence 
if « is a serial family, V, and U, are serial (#336°63-64). 


In addition to the above-mentioned propositions, the wwllowing propo- 
sitions in this number are important : 


«336411. b:. ee FM conx .s'« |x C«.d:PUQ.Rex.d.(P| R)U.(Q| R) 
#336511. t:.ceFMsr.ve NC ind—t0.3:RU,S.=.RU,S8" 
#33653. ti.e FM conx . M,Nex..3:MV.N.s.NV.M 


The present number is important, since V, and U, are the gencral 
relations from which greater and less among magnitudes are derived, and 
the subject of magnitude is therefore intimately dependent upon them. 


#33601. V,= SN (M,N ex.: (qu). (M'a) (s«,)(N%)} Df 


«336011. U.=Vib« Df 
¥83602, A,=9R(aRa) Df 
«3361. -:0A,R.=.0PRa [(*336-02)} 
4836101, |: E1Ra.>.Ra=A,'R [336-1] 
#88611. Fia(Aghe)R.=. Ren. 2Ra [*3361] 
ss 
#38612. b. Sxfa= Age =D (Aap) 
Dem, 
> 
Fex41ll. Db. sea=2 (qk). Rex. cRa} 
[4336-1] =4((qR).Re«.vA,R}. Db. Prop 
#33613. +. Dida fhe CstD'« 
Dem. 


+. #88612. 433:15.3+.D‘A, fe CDS. +. Prop 
#33614. b:«Cl—~+Cls.3.A,feel—Cls 


Dem. 
hb. «38611. Db rc(Aafe)R-y(Aghe) R.D.Rex.cRa.yRa (1) 
F.(1)-«7117.5+:Hp.Hp(1).3.a=y (2) 


b.(2). 47117. 55. Prop 
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488615. b:«Cocrfa.aea.d.d(A, fala 
Dem. 
F.*38611.5b:ReA(A,fx).=. (qv). Rex. a2Ra QQ) 
F .(1).(*33001).3 +. Prop 


#83616. F:acconx’r.=.a6sU«. Ag“(« v Cnv x) = 36 « 
Dem, S 
b.«331'1 . #33612.5 
Fi aeconxxe.s.aes«. Agu Ag Cnvn = Ae (1) 
+. (1). «87°22. 54. Prop 


v 


ce 
#88617. b:«e FM conxn FM trs—1.P=8xg. 3. Aax= Pye 
Dem. 


-. &¢& —— 
+ .8341418.3b: Hp. >. Pyfa= Paul fs C“éa 
[4331-22-23] =iafa 
[*336-12] = A,«: D+. Prop 
#3362, bFi«eFMconx.acsI%«e.d.Agheelol 
Dem. 
b.433614.4:Hp.d.4,[e1—>Cls (1) 
F.#386+11.3+:Hp.o(Aghe)L.o(Aghe) M.d.L,Mex,.aLa.aMa. 
[4331-42] >.L=M (2) 
F.(1).(2). D+. Prop 
#33621. bice FM .a =init’e.>.A, pee (sx) amu 
Dem. 
+. *336:2. Dh: Hp.d.Agfeet—ol (69) 
b. €385°15 433612. 2: Hp. >. DA, Pe =o" (2) 
bk .*336°15 . Dt: Hp.d.d‘4ghe=n (8) 


F. (1). (2). (8). DF. Prop 
#33622, b: ee FMinit.>. (sCe) sme [433621] 


#33623. b: ee FM conx.aesA“«.r=",nL(acQL).>. 
Ag fre (8A) amir 


Dem. 
+.*3362. Db: Hp.d.A,frel—l (i) 
F.¥33611.5+:Hp.>.D(A,PaA)=2 {(qL). Ler. aLa} 
[Hp] =2((qL).Lex,.aLa} 
[4331-4] =e (2) 
b.483611.3b:Hp.>.0(Agpa)=L {(qa).Ler.aLa} 
[Hp] “= (3) 


F.(1)-(2).(3). D+. Prop 


SECTION B] THE SERIES OF VECTORS 307 
¥386:24. +: Hp *336-23.3.(sU"x)smrx [#33623] 


#33625. tree FM conx.a,b¢#O“*e.r=0",nL(acC‘L). 
pa=eoM (be TM). d.r8my [*836-24] 


¥336-26. bie FM. aeconx‘e. r=«u Cov R (Re«.aeD‘R).D. 
Aqfre(sTe) aA [k386-23 . ¥331-48] 


43363. bi. C1 Cls. 3: R(efASP)S.=.B, Sex .(Ria) P (Sta) 
Dem. 

b.x15011. 3+: R(e{ASP)S.=. (Gay). B, Sex. wAgk.yAS.ePy. 

[#336°1] =.(qa,y). RB, Sex. cRa.ySa.aPy (1) 

F,(1). #7136. 34. Prop 


#33631. bie FM conx.aes'A“«.3.K3C D(e] Asses) 

Dem. 
+ .#3363.3 
bi. Hp.d: Re D4 Agiies). =. (GS, 2). B, Sen. Teng. Ra= Sa (1) 
b.#381-:22.Dh:Hp. Reng. Dd. Rew. Ips xen. Ra=R(If s1“x)‘a. 
[0] >. ReD{«4 A,bi;): DF. Prop 


4336311. kee FM conx ~1.ae sx. d. Ip Oe Te] Agiites) 

Dem. 
F .. #3363. > 
ki.Hp. 3 2 See Aging) = (GR, T).R.Sex.Tex,. Ra=TSa: 
(#83122) Ds Jf (Cee Te] Abies) -5.(qR,T). Rex. Texny.Ra=Ta. 
[*330°52] ates (1) 
b. (1). #38418. F . Prop 


ui 


nl 


4336-312. bie FM conx—1.3.0(«4 Agifeg)=«  [¥336°31°311] 


#336313. b: « «FM conux n FM asym. acs1“x.3.D («4 A,ises) =k 
Dem. 

b.#3363.D 

bi Hp. D:JPsGee D(x 4 Agiiteg) =. (GS, 7). Sen. Te xg.a= TSa (1) 

be (1). #8845. Dh: Hp. dD. Ip stew e De] Abies) (2) 

F. (2). «33631. 3+. Prop 
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#33632. ice FM. aeconx'e.r\=«a R(we DR).D. 
C4(« v Cavx) 1 Ais Ka} = « UV Cav Dr 


Dem. . 
+. #33616 . 488418. : Hp. >. Cseg= A(« v Cnv“«) 1] Ag. 
[*150:23] D3. O{(« v Cnv«) 4 A pies} = D{« v Cav“«) | ‘Ae 
[#836°15°11] acu {(qz). Re Cav“«. cRa} 
[Hp] =«K¥ Cov“~: D+. Prop 


«83634. b: ee FM.a=init'e.3.(«] Agius) smor (Kz) 
Dem. 
+.438621. D4: Hp.d.«1 Agel. ] A, = CK, : Db. Prop 
4386-35. bie FM .acconx‘e.d. {(« v Cave) 1 Agiéees} smor (st) 
[#336216] 
#336361. bee FM conx.aes'A“e.d. (4 Agbs'xs) smor (8xg) [ Aa“‘« 
Dem. 
F-48362. Db: Hp.d.e]Aeld (1) 
b.*150°37.3h:Hp.>. «1A iifeg= 0] Ag 3(8ea) > Agi‘« (2) 
+. (1).(2). +. Prop 
«33636. b:.«eFMconx.L,Men,.abeThandM, Tex.d: 
La=TMa.2.L0=TM%: La=T Ma. =. Lb = TM 


Dem. 
b.1312.5b: Hp. Nexn.a=N%.9: La=TM a. =. L‘Nb = TMND. 
[%330°63} = NLS = NIMS. 
[*71°56| =.Lb6=TMb (1) 


b.(1). 4331-4. 3b:. Hp. >: La= Tia. =. Lb= TMS (2) 
F.a71362. Dh: Hp.d:Lia=Tia.s. Mas Ta. 


[ie ad =.MbaTL. 
[#71362] =. Lb= TM (3) 
F.(2).(3). DF. Prop 


#*336°37, F:.«eFMconx.L,Men,.a,beU'bLandM.d: 


(Lia) (Sg) (Ma). = « (L) (8,) (MO) 
Dem. 


+ .*336°36. 3 
bi Hp. 3: (q?).Ten,. Loa=UMa.=.(q7). Teng. LbO=T'M‘b:. 3+. Prop 
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#336371. bi.ce FM conx ..Mexn.ueThndsM.d: 
LVM. =. (L4a)(Sxg) (Ma) [#33637 . (4336-01) 
#33638. + :.«eFMconx.P,Qex.a,bes'A%«. 2: 
(Péa) (54g) (Q'a) « = « (P*) (565) (QB) [#33637 . #33124) 


48364. bi ee FM conx aes“. >. U, = PQ(P, Qen. (P%a) (8x) (Qra)) 
Dem. 

b .#336°38.. 3 

br. Hp. 3: bes’ . (PD) (seg) (Q). =. be 86K . (Pha) (8) (Q’a) 

[*10°11-281.Hp] >: (qb). be s*U'« . (P4b)(8'g) (QD). = (Pa) (8%) (Q*a) (1) 

F. (1). (4336011). 3. Prop 


483641. bs xe FMconx..U,=PQIP,Q en: (qT) -Texj-P=T)Q) 
Dem. 

Fetal11. 3b: Hp.aes'A«. P, Qex.-Teng-P=T\Q.9.(P*a)(s'x,)(Q'a) (1) 

F411. sHp.a sO‘. (Pia) (ig) (Q'a).9.(qT).Te xg. Pa=TQ'a. 

[¥33132°33-24] D.(qT).Tex;.P=T|Q (2) 

F.(1).(2).*3864. 2, Prop 


#836411. bs. ee PM conx «se “eC x. 2 PUQ. Rex. >.(P| R)U.(Q|R) 
a? 
[836-41] 


836-412. +: Hp 336411. P,Q, Re«.(P| R)U.(Q| R).>.PUQ 
Dem. 
F.483641.3b:Hp.d.(q7).Peng-P\R=T\Q|R. 


(#330°5] D.(ql). Teng. R|R|P=R;R|T/Q 
[#330°31] D.(qT).Texs-P=TiQ. 
[4336-41] >. PU.Q:D+. Prop 
#836413. | :. Hp *336-411.P,Q,Re«.3:PUQ.=.(P|R)U.(Q|B) 
[¥336-411-412) 


¥33642 Fixe FM conx.aep'D\“«e.3.V.= in {L, Me n,.(L'a)(s‘«,)(Af"a)} 
Dem. 

+. #38054. 5b: Hp.L,Mexn.DiaceU Lad: 

[*336°37] Dd: (LD) (sz) (Mb)... (L'a) (85) (Alfa): 

[(*836°01)] D:LV,M.D. (La) (8x9) (Ala) qd) 

F. (1) . (#88601). > +. Prop 


483643. bie FM conx.aest(x.d.Up= «1 Agites 


Dem. 
#3364101. 3h: Hp.>.U,= POIP, Qew. (Aa P) (8g) (Aa‘Q)] 
[*35°7| = BQ ((Aaf ef P) (8% R5) (Aah Q) 


[*150-41.4336-2] = 1 Agiteg sdb. Prop 
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«836-44. b:«¢ FM init. >.U, smor (5«,) 

Dem. 

+ .4386-41.3+: Hp.a=initte.>.Up= 0] Aging (1) 
+ .*83621.3+:Hp.a=init‘e..«1A,¢1—91.0(e4Ag)=s'Oe (2) 
F. (1). (2). #83419. F. Prop 
#38645. bixe FM. ac conx’e.A=Kn Ra eD#,.9. 

Vit (ev Cnv rn) =(« ¥ Cnv«) | Agius 

Dem. 

F411. (#33601). 3 
FP { Vit(«eu CnvAr)} Q.e:P, Qexu Cnv“A:(qa, T). Tens. Par=TQ'e (1) 
+. (1). #83636.2h:: Hp. >:. 

PUY. P(ev Cnvr)} Q.2:P,QeeuCnvri(q7). Teng. Pa=TQa: 
[#1421 Hpj >P,Qexu Cnav“«: (ql). Teng. Pa=TQa: 
[#4111] :P,Qex vu Cnv“«. (P*a) (seg) (QS): 

[*336°3] =:P (eu Cave) ] Aghies} Qt: DF « Prop 
433646. |: Hp *336-45.3. Vel (eu Cova) smor (sx) [4386-45-2'16] 
«836-461. b: «e FM conx .acs'A“«. >.U, smor (83) [ (Aaa) 
[#336°351°43] 
4336-462, b:« FM conx a FM trs.aes'“e. P= S8eged- Uf, smor (PEP ya) 
[*336-461-17 . 384-17] 
«838647. /:ike FM conx.). x, CD‘U, (#336°31°43] 
#336471. b:«e FM conx—1.39.0n=CU, [*336°312-43 } 
4336-472, bine FM conxn FM asym. D.xng=D‘U, [%836'313°43] 
#33661. F:.ce FM sr. R,Sex.veNCind—t0.3: 
(Réa) (8s) (Sta) «= « (RY“a) (i%«e,) (S"*a) 


Wow 


Dem. 
b .*333°42 . #33432 . «38057 . «8381-42. 
ki Hp.3: Teng. Ra=TSa.>.R“a=T"S"a. 
[%834-131] D. (Bra) (8g) (S”"a) qd) 
F. (1). #4111. 3b: Hp. 3: (Ria) (85) (S'a) .D . (Rea) (84g) (Sa) (2) 


F.(2) ae Dh: Hp. D+ (Sa) (seg) (Ria). D« (S**a) (s«,) (Ra) (8) 
b.#33142. Db: Hp.d: Ra=Sa.3.R“a=8"a (4) 
F. (8). (4). 48343. 
br. Hp. 3 ~ {( Ria) (Sp) (Sta)! . Dew (RQ) (59) (S**a)} (5) 
F.(2). (5). DF. Prop 
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#336011. | tc FM sr. ve NC ind— 10.3: RUS.=. RUS [#836514] 
#33652. +. ¢ FM conx . Q, B,8, Tex. weQ(Q|R)ads|7). 3: 

(Q| R)Ve(8| 7) «= .(S'R'a) (8«5) (Q*T*2) 


Dem. 
+ #336871 . > 
bs. Hp. 3:(Q| B)Ve (8/2). =-(qP). Peas. Q'Ria= PS Me (1) 
b.¥88056. 3b: Hp. Peay. 3: Q'Ra= PST. =. URa= FP Te, 
[*71:362] =. Ra=aQsP Ts, 
[*330'54'36] =. Ra=SQOP Te, 
[#71-362.%330°5] =.SRae= POT (2) 


I 


b.(1).(2). Ds. Hp.3:(Q| B)V.(8| 1). =. (QP). Pens. SR a= POTa. 
[x41-11] « (S*R42) (83) (Q'T'a):.D F. Prop 


Ml 


483603, bi.ceFMconx. M, New. 2:MV.N.s.NV aM 
Dem. 
F.#380°5'54.> 
t:Hp.@2,8,Tex.M=Q|R.N=S|T.acs'Oe.0= QRS. >. 
BEIM. E!N@.E!M@.E!N‘@ (1) 
b. (1). #33652. Db: Hp (1).3: MVM. = .(S8*R'2) (89) (QT) « 


[¥8305] =. (iS) (Sea (Ee) 
[433652] =. (T|8)V. (RIQ)- 
[Hp] =. NVM (2) 


F. (2). *331-12.3+. Prop 
#38654. bse FM conx.D «= M0%«e.d. 
V,= MNIM,N e«,3(q7).Teng-M=2\N} 
Dem. 
+ .433446.9b:. Hp. M, Nex. 3: 
(qT, 2). Teng. Ma=T Na .=. (ql). Texg-M=T|N (1) 
F. (1). («836-01). 3 . Prop 
#3866. bine FMconx.3.V,E7 
Dem. 
b .#831-:23. 3+: Hp.3:MV.N.3.( qr). Ma+ Na:. D+. Prop 


Observe that, by the conventions explained in #14, “ M‘a+ Nx” implies 
Et Mc. E!N‘e. From “(qa).~(M‘e= N‘x)” we cannot infer M+ N. 
RB. & W. UL 
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#33661, /:«eFMconx trs.>.V,¢ trs 
Dem. 

+ .*830°612.>+:Hp.L,M,Nexn.d.q!1TLadUndN (1) 
+ .#836°371.34:Hp.LV.M.MVN acd Landen d.d. 

(Léa) (8x3) (Ma) . (Ma) (8x9) (Na) » 
[#33414] >. (Ea) (s«,) (Na) « 
[(«336'01)] 3.LV.N (2) 
b.(L .(2). D4. Prop 


433662. + :«e FM connex. >. V,¢connex 
Dem. 
+.«830°61.5+:Hp.2,Men,.d.qiTLandM ql) 
b.#338424.9b:.Hp.L, Mexn.aeTLndM.d: 
Tia = M‘a.v.(L‘a) (3) (Ma). v« (Ma) (59) (L'a) t 
[#831'42.(4336-01)]: L= Mf .v. LV Mov MV,L (2) 
F.(1).(2).34. Prop 


#33663. /:ceFMsr.>.V,eSer [*336-661-62] 
#33664. Fixe FMsr.>.U,eSer [*336°63) 


*337. MULTIPLES AND SUB-MULTIPLES OF VECTORS. 


Summary of *837. 


In this number, we are concerned with the axiom of Archimedes and the 
axiom of divisibility. If « is a family of vectors, « obeys the axiom of 
Archimedes if, given any two points w,a in the field of «, and any vector 
R which is a member of «, there is some power RY of R such that Re‘a is 
later than « That is, « obeys the axiom of Archimedes if, starting from 
any given point in the field, a sufficient finite number of repetitions of any 
given vector will take us beyond any other assigned point. A sufficient 
hypothesis for this is that « should be serial and Cnv‘é‘«g should be semi- 
Dedekindian (cf. #214), te. we have 


433713. bie FM or. P= ing. Pesomi Ded. Rexg.aeCP.>: 
weC'P.>.(qv).veNCind — 0 .@P (RY a) 


The hypothesis P = s«g, which appears in the above proposition, is often 
notationally convenient. It will be observed that é‘«g gives us the series 
in the opposite order to that in which it is usually wanted; hence the intro- 
duction cf the above relation P tends to avoid confusions. 


A family « is said to obey the axiom of divisibility when, given any 
member R of «, and any jnductive cardinal » other than 0, there is a 
member Z£ of « such that ZY=R. When this axiom holds, every vector 
can be divided into any assigned finite number of eyual parts. We shall in 
the next Section (*351) define a family for which this holds as a “sub-multi- 
pliable family,” denoted by “FM subm.” For the present we are concerned 
to find a hypothesis as to éxg from which this property can be deduced. 
The hypothesis in question is that Cnv‘s‘x, is serial, compact, and semi- 
Dedekindian; i.e. we have 


#33727, bs. «¢ FM sr. Cnv‘s«ge comp n semi Ded. 3: 
Sex.veNCind—10.3.(qL).Lex.S=L’ 


The proof proceeds by taking two points a, # in the field of «, of which a is 
earlier than «, and considering the class 


N= ky a Bi(RYa) Pa}, 
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te. the class of vectors such that v repetitions of them, starting from a, do 
not take us as far as # It is easy to show that, when P is compact, this 
class has no maximum (#337'23), and therefore, whex P is also semi-Dede- 
kindian, has a limit, whose vth power is the vector which takes us from a to 
x (*337°26). Hence our result follows. 


¥ 2 > 
8371.0 Fixe FM. P=8 xy. Heng.aeOP. >. RyiaC PM Ryo 
Dem. 
—~ 
b. #9016 24411461, 5+: Hp. oRya. y= Re. d. ye Ryfa Py. 


> 
[437-1] >. me PRyfa: Db. Prop 
y 2 > 
#83711, bs « ¢ FM connex asym. P= Seg. Re xg. aeC'P.>.seqp'Ry'a =A 
Dem. 
~> = -~ , &7> 
F #20615. Dt: Hp. d. seqp' Ry ‘a = p'P“Ry‘a — Pp! PRy‘a (1) 
= 
F , *380°542 .440°61.3+:Hp.ocp'P*Ry'a.d.ceD‘R. 
[Hp] D.(qc).2 = Re. cPx (2) 
> ~ 
F.%90172. Dk ice Rya.D. Ree Kya (3) 
~ 
F. (3). Transp . #2005 . #383845. 3+:Hp(2).¢=Re.d.cre Ryo (4) 
a 
b.a37-1. DhiceP“Ry‘a. >. (qb). 66 Ry‘a. cPb (5) 
> > 
F (5) .*2082.3+: Hp. ce P\Ry'a .c= Rc. D. (qb). be Ry'a. xP (Rb). 
[490172] D we PRyta (6) 
> 
F.(6). Transp . *200°53 . Db: Hp(2).c=R%e.d.cmeP“Rya (7) 
= 
b. (4). (7). #202:502 334-24. +:Hp(2).0= Ric. D.cepPRyia (8) 
S ~ 
F.(2).(8). Dk: Hp(2).d. we Pp Pe Ry'a (9) 


F.(1).(9). D+. Prop 


y > 
#33712. /:ceFM sr. P = é'x,.Pesemi Ded. Rexg.aeO'P.d.P“RySa=O'P 
Dem. 


> > 
F.#33771. DF: Hp.d.+q! maxp'Ry ‘a. 
> 
[*205°7] J.0q! mane (2 Ra's (1) 


b. (1). #206°33.488711. 3b: Hp. d.ngtseqr'P Ry a (2) 
F.(1).(2).#2147 DF. Prop 


#83713, | 1. «FM sr. P= 6x, . P esemi Ded »~Renxg-aeCP.>d: 
weO'P.>.(qv).veNC ind —10.aP (Ra) [*337-12 . #301°26] 
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488714. bce FM or. P=é'x,. P esemi Ded. >.U, e semi Ded 
[#836°462 . #2147475] 


#9872. bree PMconx. LU.R. R+If s'd"e.>.L0,(R| L) 
Dem. 
b.«336-41.3+:Hp.d.(q7). L,Re«.Tex;.L=T|R- 


[*330°31] D.(q2).Teey R|L=T.L=T\R. 
” [13-195] D.R| Le«s.L=(R\L)|R- 
[*830°5.4336-41]  >.LU.(R|L):>+. Prop 


#83721. bie FM conxn FM trs. Rexg.ve NC ind-10—-11.3.R°U.R 


Dem. 
b .*334°162.#801-23.5+:Hp.d. Ry= Re | R (1) 


F .#334°131. Dh: Hp.d.R, RY Rex; (2) 
F. (1). (2). #88641. 1. Prop 


v 


#33722. Fixe FMsr.P=8xg.Pecomp.aPx.veNCind—i0.3. 
(qR).Rex .(RY“a) Px 


Dem. 
b. #270711 .5+: Hp. >.(qy).aPy.yPa. 
[41-11] D.(qR,y)- Rex. y= Ra. (Ra) Px (1) 


+.) 22,5 Fi: Hp. Re«g.(Ra) Px. d.(qS).Sexg. (SR a) Pa (2) 
+ #33664. +z. Hp(2).Se«g.(S‘R"a) Po. 3: R=S.v.RUS.v.SU.R: 
[#836°511-4] 3: R=S.v.(Rrt!a) P(S*‘Rr'a).v. (Sta) P(S*Ra) (8) 
b.(2). (8). #8343. 5+: Hp(2).3.(qS).Seag.(S” tsa) Pa (4) 
F.(1). (4). Induct. > +. Prop 


937-23, | : Hp 4387-22.2=1«) 0 8 (Rea) Pa} .d.2= Er 
Dem. 
b.4336311.3b: Hp. Rer.SU,R.>. (8a) P (RY a). (Ra) Pa. 


[*334:3.Hp] D.Ser @) 
F. 4337-22. Db: Hp. Rer.3.(qS).Seng.(S"*R"a) Pa. 
[#830°57°5.%334'13] D.(qS).B| Se xg. {(R| Sa} Pa. 

[#33641] D.(qS). B| Seng. {(R|Sy‘a} Px. RU.(H| 8). 
[#37-1] DRT Er (2) 


F.(1).(2). +. Prop 
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#33724 +: Hp *387-23.L=t1(U,)%.3.~ {(L"a) Pa} 


Dem. 
b.#2062.3+:Hp.d.L~er. 
{Hp] D.~ (La) Pa}: D+. Prop 
4337-241. bs Hp #387°24.9 .~ \eP(L*a)} 
Dem. 
+. #397293. >b:Hp.Rer.>d. Ri Ler. 
[%#332°53:241 4334131] D.Ri Lend. (R| Ly = BL. 
[Hp] >. (R“L"a) Po. 
[#71-362.441:11] >. (L“a) P (Re) Q) 
+. #38723. Db :Hp.Rews;—d. Dd. {LURK}. 
[#336°511] D.~ (Rea) P(L“a)} . 
[#330°5.Hp.#33414] D.~ (Rx) P (La) (2) 


b.(1).(2). 34: Hp.3.~(qR). Rexg. (Ra) P (La). 
[*337°22.Transp] Dd. {aP (L"a)} 23+. Prop 


4337-25, +: Hp4387-24.9.L" =e] Agfa 


Dem. 
b.*337:24241.5+:Hp.d.L’a=a: 3+. Prop 


337-26. |: Hp *337-23. Pe semi Ded. >. {tl (Ua = 0] Agfe 
Dem. 


b .#387°21 . Dh: Hp.d:Rer.dp- (Ria) Pe: 

v > 
[*336-4] Din Agae piU Lr (1) 
b. (1) .*8387°:23:14.3+:Hp.d. Er th(U.)a (2) 


b. (2). #83725 . >. Prop 


#33727. bs. «6 FM sr. Cnv‘s'xg¢ compnsemi Ded. >: 
Sex.veNCind—10.3.(qL).Lex.S=L" [337-26] 


SECTION C. 


MEASUREMENT. 


Summary of Section C. 


In this Section, the “pure” theory of ratios and real numbers developed 
in Section A is applied to vector-families. A vector-family, if it has suitable 
properties, may be regarded as a kind of magnitude. In order to derive from 
the “pure” theory of ratio a theory of measurement having the properties 
which we should expect, it is necessary to confine ourselves to some one 
vector-family; that is, instead of considering the general relation X, where 
X is a ratio, we consider the relation X{«, where « is the vector-family in 
question; or sometimes we consider Xf «,, or sometimes Xf (« v Cnv“‘x). 

Concerning ratios with their fields thus limited, which are what we may 
call “applied” ratios, we have to prove various propositions. 

(1) No two members of a family must have two different ratios. This 
is proved, for an open and connected family, in #350°44. 

(2) All ratios except 0, and o must be one-one relations when limited 
to a single family. This is proved, for an open and connected family, in 
*350'°5; with the same hypothesis, 0, is one-many (#350°51). 

(3) The relative product of two applied ratios ought to be equal to the 
arithmetical product of the corresponding pure ratios with its field limited, 
te, if X, Y are ratios, we ought to have 

Xbe|V>x=(Xx. VY) Px 
or XP«)/ ¥En=(X x. VP «. 
That is to say, two-thirds of half a pound of cheese ought to be (2/8 x, 1/2) 
of a pound of cheese; and similarly in any other case. For any open connected 
family, we have (*850°6) 

Xtej/VYEneXx PCa, 
but in order to obtain an equation instead of an inclusion, it is necessary 
(#851:31) that « should be “submultipliable,” Ze. that if R is any member 
of «, and v any inductive cardinal other than zero, there should be a member 
of « whose vth power is R. The class of such families is denoted by 
“FM subm,” and considered in *351. 
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(4) If X, Y are ratios and T is a member of the family x, we ought 
to have 
(XP eT) (VT WP) = (X te VYE a“, 

that is, two-thirds of a pound of cheese together with half a pound of cheese 
ought to be (2/3+,1/2) of a pound of cheese, and similarly in any other 
instance. This property is shown, in *351°43, to hold for any open connected 
submultipliable family in which all powers of members are members. In any 
open connected family, if R, 8, Tex, we have 

RXT.SYT.3.(R|S)\(X+,V)P  (*350°62). 
The remainder of the hypothesis of *351:43 is required in order to prove 
(a) that XP «‘T, Vp xT and (X+,¥)[x‘T exist, (b) that (AX PxfT)|(V Px), 
which is the R|S of *350°62, is a member of x. As applied to «,, we have 
to take the representative (cf. #332) of the relative product; if L ex,, we have 
(#351-42) 

repe{((X Pe SL) (VE «fL)} =(X +.) «SL, 
provided « is open and connected and submultipliable. 


The fact that the above propositions can be proved for suitable vector- 
families constitutes the reason for studying such families, as we did in 
Section B. The proof of the above propositions, together with other 
elementary properties of applied ratios, occupies the first two numbers of 
this Section. 


We proceed next (*352) to consider all the ratianal multiples of a given 
vector in a given family, ze. all the members of a given family x which have, 
to a given vector 7’, a ratio which is a member of C‘H’, or, alternatively, all 
the members of x, which have to 7’ a ratio which is a member of C‘H,. It 
will be observed that, in virtue of #307, if R and S have a ratio X which is 


a member of C‘H’, R and 8 have the corresponding negative ratio X |Cnv. 
The members of « which have to J’ a ratio which is a member of C‘H’ are 
those vectors R for which we have 

(qX).X e CH’. RXT, 
te. using the notation of #336, those for which we have 

(qX).X eCtH’. RApX. 
Thus they constitute the class 

Kn Ag CH". 

Assuming that Tex, the vector which has the ratio X to 7 is «1 Ar‘X- 
This is the vector whose measure is X when Tis the unit. Thus «1 A,[C‘H’ 


is the correlator of a vector with its measure. It is easy to prove (*352°12) 
that «1 Arf CH’ is one-one. 
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We can arrange the vectors which are rational multiples of 7 in a series 
by correlation with their measures, putting vectors with smaller measures 
before those with larger measures. The ordering relation is 7, where 


T.=x|ApH’ Df. 
Similarly the members of «, which are positive or negative rational multiples 
of T may be ordered by the relation 7,., where 


T=" ApH, Df. 

We prove that change of units makes no difference to T,, 1. if S is any 
member of « whicl: is a rational multiple of 7, then S, = 7, (#852°45), The 
corresponding proposition holds for 7, if S has a positive ratio to T, but if S$ 


has a negative ratio, S,,.= T. (*852'56°57). 


If « is a serial family, 7, is the converse of U, (cf. #3836) with its field 
limited to rational multiples of 7 (*352°72), This proposition connects the 
generalized form of greater and less represented by U, with the form of 
greater and less derived from greater and less among the measures of vectors, 
since it shows that, in a serial family, the vectors which have greater measures 


o 
come later in the series U,, and those with smaller measures come earlier. 


We next proceed (*353) to consider “rational” families. These are 
families in which every member is a rational multiple of some one unit 7, 
ie. in which 

(qT). Teng eC Ap OH’. 
It is obvious that, given any family, the rational multiples of one of its 
members constitute a rational sub-family. In a rational family, rationals 
are sufficient for measurement, and irrationals are not required. If the 
family has connexity, it will be serial; in fact, if 7 is one of its vectors and 
@ is a member of its field, we have (cf, *353'32'33) 


Up=0} ApH’ icy = Agel ApH. 
Thus both U, and seg are ordinally similar to Hf Ap‘x. If « is sub- 
multipliable, U, is ordinally similar to H’ (#353°44). 


We proceed next (*354) to consider “rational nets,” which are important 
in connection with the introduction of coordinates in geometry. A rational 
net is obtained from a given family, roughly speaking, by selecting those 
vectors which are rational multiples of a given vector, and then limiting their 
fields to the points which can be reached by means of them from a given 
point. In order to make this more precise, we proceed as follows: Let us 
define as the “connection” of a with respect to « the class Aas. ue. all the 
points which can be reached from a by a member of «,. We will now define 
as the “a-connected derivative of «” the class of relations obtained by limiting 


27 
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the field of every member of « to the connection of a with respect tox. This 
class of relations we denote by cxg‘«, putting 
oxag’e = (Age) Df 
Instead of x, we take, in order to obtain a rational net, all the rational 
multiples (in «) of a given member T of x, ie. O'7,. Then cx,'C7, is a 
rational net, namely the rational net associated with the origin a and the 
unit vector 7. 


In proving propositions concerning the rational net ex,‘C'Y,, we often 
require the hypothesis that « is a group, In order to avoid having to make 
this hypothesis concerning our original family, we construct a closely allied 
family, which is always a group when « is connected. This family, which we 
call g,, is obtained from x by including the converses of those members of x, 
if any, whose domains are equal to their converse domains, te. we put 

Kg= eu Cnv'(x n Dis) Df. 
Then if « is a connected family, «g is a connected family which is a group 
(#8541416), and (ig), = «, (#85415), Then putting =x, we take ex,‘O'7', 
rather than cx,‘C*T, as the rational net to be considered. If « is an open 
and connected family, this rational net is a family which is open, connected, 
rational, transitive and asymmetrical (*354°41). 


We proceed next (*356) to the application of real numbers to vector- 
families. For the application of real numbers, it is essential that our family 
should be serial. Given a serial family in which a given vector S is the limit 
(in the series U,) of a set of vectors which are rational multiples of another 
vector R, it is natural to take as the measure of S, with the unit R, the limit 
of the measures of the vectors whose limit is 8, It is convenient to take our 
real numbers in the relational form given in «314, ve. if £ is a segment of H, 
we take sf as the corresponding real number. Thus positive real numbers 
are the class 3‘C‘@, while positive and negative real numbers together with 
zero are the class s‘C‘@,. If &¢ C‘@, a vector which has to R a ratio which 
is a member of £ has a measure which is less than é£. The class of all such 


. _ . . * . . 2 . * . 
vectors is SE‘ FR, te. if X = s€, it is X“R. The limit of such vectors in the 
series U,, if it exists, will naturally be taken as the vector whose measure is 
X. Remembering that U, proceeds from greater to smaller vectors, we see 

> 
that the first vector which is greater than every member of X‘K will be the 
=> 
lower limit of X‘R with respect to U,. Hence, if we write X,‘R for the 
vector whose measure with the unit R is X, we have 
=> 
X,AR = prec (U.) XR. 

Hence we may take as our definition of X, 

mie 

X,=prec(U,)|XfPxe Df. 

Then X, is an “applied” real number. 
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The properties to be proved concerning applied real numbers almost all 
require that the family to which they are applied should be serial and sub- 
multipliable, and most of them also require that Cnv‘i‘x, should be semi- 
Dedekindian. Assuming this, we can prove that, if X, Ves*C, X, Px is 
one-one, and, with varions hypotheses, 


(XE «)|((V Ee) =(X x, V) be (4356-31), 
Xu| Ye=(X x, ¥), (#356'33), 
(XR) | (VER) = (X +, VfB (485654). 
These are the essential properties required of measurement, as in the 
analogous case of ratios. 


We might proceed to consider “real” multiples of a given vector, and 
“real” nets. But these subjects have less importance than in the analogous 
case of rationals, and are therefore not discussed. 


The Section ends (*359) with a number on existence-theorems for vector- 
families. The most important of these are derived from rationals and real 
numbers. The family whose members are of the form (+;X)[ C‘H’, where 
X eC‘H’, is initial, serial, and submultipliable (*859'21). The family whose 
members are of the form (+p) [ CO’, where we CO’, is initial, serial, and 
submultipliable, and has Cnv‘éxg = ©’, so that Cnv‘i*eg ¢ semi Ded (#35931). 
Finally we prove that the properties of families are unaffected by the 
application of correlators, whence it follows that, given any series P whose 
relation-number is i+y, or is 6’ where 6°+i=68, there is an initial serial 
submultipliable family « such that Cnv‘s“*e;=P. Such a family may be 
used for the measurement of distances in LP. 


It is of some interest to observe that, given a suitable family «, ratios 
with their field limited to «3 form a family whose field is x3. In this family, 
the zero vector is (1/1)[ +, and the family is connected if « is a rational 
family. If we wish to obtain a serial family, we must limit ourselves to 
ratios not less than 1/1, ¢e. to 


e 
Dg y(1/1). 

This family is serial, and if we call it A, we have (with a suitable hypothesis) 
8242 Ue fxg. 

It is necessary, however, if we are to obtain a family, that our original family 

should be submultipliable, since otherwise we do not necessarily have 


‘XP «g=«,. For this reason, we cannot use the family of ratios without 
a frequent loss of generality in the resulting theorems. 

The theory of measurement developed in this Section is only applicable 
to open families. The application of ratio to cyclic families is more complicated 
and is considered separately in Section D. 


4350. RATIOS OF MEMBERS OF A FAMILY. 


Summary of *350. 


In this number we introduce no new definitions, but merely bring together 
the propositions of *308 on the pure theory of ratio, and the propositions of 
#333 on powers of vectors in open connected families, especially #333°47°48, 
We thus find that, if « is an open connected family, and yp, » are inductive 
cardinals which are not both zero, 

M{(u/v) Pel Nis. M, New qi Mane, (*350°4) 
-M, New,.vep,‘M’=rep,<N* (#350°41), 
while if R, 7 are members of «, 
R(yj/v)T.=. R= Te (*350°43). 
We prove also, by means of *833°58, that if Z and M are members of «, other 
than If s‘(‘‘«, they cannot have more than one ratio, 7.e. 


435044. bree FM apconx.X,VeOH' gi X Pega VDE ug 2 X=V 


We next prove that any ratio other than 0, and 0 , becomes one-one when 
its field is limited to «, (#350'5), while 0, becomes one-many (*350°51) and 
2 , becomes many-one (*350°511), 0, being in fact the ratio of the zero vector 
If s‘Q*« to any member of «,, and 0 , being the converse of 04. 

We consider next the multiplication and addition of ratios, but in this 
subject we cannot obtain some of the main theorems without the hypothesis 
that our family is submultipliable (introduced in *351). In the present 
number, we prove that, if « is an open connected family, and yz, v are inductive 
cardinals other than 0, 


WW 


afb eer tc Eu) Dn (350°53), 
Abul Dbe=Gubdte (3504), 
(HDD ROE = (exer) Dm (6850°53), 
and A/a) a (ir) te = {fu X_v)} Be («850°56). 


Hence we find that, if X, Y are ratios other than 0, and xq, 
x t Ky rt KEN x, Yyt K (*850°6), 
while if #2, S. 7’ are inembers of «, 
RXT.SYT.3.(R1S)(X 4. V)T  (350°62), 
and if £. 47, V are members of «, 


LXN.MYN 2D. brepf(h) M)E CX +e VN (850-68). 
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We then prove similar results for subtraction, and thus arrive at the following 
proposition concerning generalized addition of positive or negative ratios: 


#35066. Fixe FM ap conx.L,M,Nexn.X,VeCH, LXN.MYN.3. 
rep, (L| M)=(X +, V)b «tN 


#3501. bree FMap.>.«,C Relnumid.«C Rel num 


Dem. 
b. #833101. Db: Hp.Lew,.I.Lelal. Le dU) 
F.(1).*38003.5h:Hp.3.«,C Rel num (2) 
F. 43331101. DE: Hp.Lee,—xg.2-LEl. 
[#800°325] D>. Le Rel num id (3) 


b.(2).(3). DF. Prop 
#3502, bie FMapconx.g!«,.3.Infinax 


Dem. 
b #330624. #333-:15.3+:.Hp. Lew. Dd: Ave finid'L: 
[#121°11°12] D:iveNC induct .3,.(qz,y). L(anyjevigl: 
[*120°3] >: Infinax:.>F. Prop 


#36021. big! FMapconx~1.3.Infinax [%33418 . #3502] 


#36031. b:.<eFMapconx.p.veNCind—-10.M,Ne«;.3: 
M (piv) N= qa! MeaNe 
Dem. 
b .#303'L.. (#3020208) . *113°602. 3 
br: Hp... M(u/v) N.=:(Gp,¢,7)-p Prmo.tre NC ind—-e0. 
P=pxgTev=ax,7T GIMoAN?. pt0-.7402 
[#333'48] = : (qp, 0,7). p Prma.reNCind—10.p 40.040. 
M=pXotTevpsox,T HIM AN*: 
(#1 13°602.(«302-02'03)] = : (4p, ¢)-(p, 0) Prm (py, v): qi dra Ne: 
{#302'36] sig! Mva Ne: Db. Prop 


#350°32. | :. Hp *350°31.3: M(ujv) N.=. rep,{M’ =rep,<N* 
[%850°31 . #333'47] 


*350'33. bie FM apconx.p,veNCind—10.M=Ifs'«.Nex,. 9: 
M(u/v)N.s.M=N.=.q! Mane 
Dem. 
+, #3013 .*333-'2.3b:. Hp. diceNCind—-10.9.M°=M (1) 
F. (1). #8031. 
bh: Hp. 3: M(p/v) N=. (gp, c)+(p,0) Prm (u,v). qi dane. 


[4833°101] =.(qp,c)-(p,¢) Prm(p,»). M=N. 
[#30236] =.M=N. (2) 
[(1).331-42) =. qi Mane (3) 


b.(2).(8). 35. Prop 
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#350331. b:. ce FM ap conx. u,veNCind-10. Mexn..N=Ips'd«.d: 
M(y/v)N.=.M=N.=.q' MAN” [#350°33 . *303'13] 


#85034. b:.<¢ FM apconx.ve NCind - 10.M,Nex,.3: 
M(O/vy)N.s.M=If sx 


Dem. 
+, x803151. 3+: Hp.3:M(Op)N. =. MEL. g !OMnON, 
[*830°43°61] =. M=If se: 3+. Prop 


436035, +:.<eFMapconx.veNCind—v0.M,Nex,.9: 
M(O/v)N.=.qt Mane 


Dem. 
b.*8012.3b:. Hp. Digi M’AN.=. qr Mal fs. 
[#339-101.#331°12) =.M=Ip se Q) 


b.(1). #35034. 54. Prop 


#350351. b:.<e FM apconx.weNCind—t0.3: 
M(y/0)N.s.N=I ps [435035 . #30813] 


43504. b:.«eFMapconx.p,ve NCind .~(u=v=0).9: 
Mi(ufv) Pal V.2.M Nex. qt Mv AN [*3503133-33135'351] 


«85041. bi. Hp «8504.9: M{(u/v) Pal V.=.M, Nex. rep. SM” = repéN* 
Dem. 
F, ¥332°243 .%3013.3+:Hp.M=JpsA“«.d.repSM’=M (1) 
Fb. (1). #850°33°331'32. +. Prop 


#35042, bs. Hp *3504.Q.8,S, Tex. Dd: 
(Q|R) (uv) (S| 7). =. Qr| Re =Se| T+ [4350-4] . #39253] 


#35043. | :. Hp #3504. 2, Tex. 3: R(y/v)T.=. RY = T* 
Tf ste, FP 61 
a. 


| #35042 5 


#35044 Fixe FMapconx.X,VeCH gi XPegrAVYEug.3-X=V 
Dem. 
b. «8504. 3b: Hp... (gL, M, mv, p,c).L,Meng. 
BL LoA Me. qi Lyra M*. X =p/v. V=pjo- 
[*333'53] 
[*303°39 ] 


Xoo=vx,p-X=p/v.V=plo. 


Dep 
3.X=Y:3+. Prop 
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#3505. bi xe FM apconx.p,ve NCind—¢'0.3.(u/v) mel l 
Dem. 
b.*350°41.9b:. Hp.2: 
L,M,Nex,.L(u/v) N.M (uv) N.D-rep,.‘L” = rep,‘N* = rep,‘ M, 


[#33341] 2.L=M (1) 
F.(1). Dt: Hp. >. (u/v)[ xe 1 Cls (2) 
Similarly  +:Hp.3.(u/v)feeClsol (3) 


F.(2).(8). 2b. Prop 


#36051. b:<eFMapconx.veNCind-10.3. 
(O/v) P mela Cls.(0/v) P= x, D(O/v)P a aeT se [*350:34] 


#350611, +: Hp *350°51.5. 
(v/0) f «¢ Cls > 1. D/O) [ ee =. (v/0) 0 = eT Poe 
[#350°51 . «303'13] 


#35052. F:eeFMapconx.XeOH.D.XPuelal 
[4350°5 . #30434 . #3332] 


#350°521. b:<e FM apconx. XeC'H’.D. XP xel1—Cls 
[#350°52°51 . *303°1] 


¥360°53, b: Hp #3505... {(u/1) E #) | {(/v) bed € (a/v) Dee 
Dem. 
b.#8504. DF: Hp. Li(u/Dbej MM (lv) Pei V.2. 
LM Nex. qi Lame .qivam. 


[%333°48] D.LM,Nexn.qi Da Mer qi Nea Moxey, 
[*333-47] D.L,M, Nex. repéL’ = rep, Me*r = rep,‘ Ne. 
(*350°41] D.L ((u/v) 0 xj Ns D+. Prop 


#36064, b: Hp «3505.3. (of ed | {(H/D 0 ed = (ule) [me 
Dem. 
b.#350°42 . #382°241. > 
Fe Hp. Ds Lob a} | (/Dt xi]. 
(qM).L, M,Nem.rep.L’ = M =rep,‘N+ . 
L,Nex,. rep. L” = rep,iN* « 
.L(plv) Ni. +. Prop 


[332-22] 
[350-41] 


Mt 


wt 
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#35055. |: Hp*350°5.9. {(u/l) De} (@/D Dal = (ex rll e 
={O/DD J H@/DE md 
Dem. 


#3504. 3b: Hp. De L[((H/DE ad (O/DE al). 5. 
(qM).LM,New.qiLaMe.qi Man, 


[*333°47 ] =.(qW).L,M,Ne ..qtinM+.M=rep,'N’. 
[#333°21] sib, Next L a(rep.sN’). 

[«833°47]} =.1,Nexn,.L=rep,‘{(rep.< N'Y} . 

[*333 24] =.L,Nexn,.L=rep,(N’Y. 

[#35041.4301'5] 9 =. Lv xew/U Pal () 


+. (1). #11327. 954. Prop 


#35056. +: Hpx*3505.3.{(1/n) 0 «ef | (A/o) Ca} = /(e xen} De 
={(/v) 0 ed |{A/e) 0 e}  [850°55 . *803'13] 


«3506. b:ceFMapconx.X,¥eCtH.3.(X Px) |(VE nC Xx, YD 
Dem. 

b. «80434. 5 

F:Hp.3.(qpu.v,p,0)-y,v,p,0€NC induct-00.X=p/y.¥=p/o (1) 

b.*35054, Db: «Ke FM apconx.p,v,p,¢¢NC induct — 0.3. 


(ui) E wed | Ceo) Daeg = (C/o) 0 wah | iCH/T DE vee} | (C/o) Def ((0/1) Ee} 
[#350°53-54] © [CL/r) Ded {/o) D md Me /L) 0 cd | ((e/1) Da 
[+350'5655] GE 1)(v xqo)} Des! Ce Xen)/T} Ee 
[#350°54]  {(w Xe piv Xoo) Dx 
[#305°14] G {uly xs p/o} 0 ee () 


F.(1).(2). 34. Prop 


#35061. F:.ce KM apconx.XeC'H.D:M=(XEu)‘N. =. vax DM 
[*350°52] 


#35062. bike FMapconx.X, YeC'H’. R,S,Te«n.RXV.SYT.D. 
(R'S)\(X+4,¥)7 
Dem. 
b. #35043. Dh:Hp.X =p/v. Y=p/o.d. 
R= Te .S*= Te 

[*301°5] D. RyXer = Te Xce | Qyxco — Pvxep | 

[4330°57] Dd. (Bj Syren Puerco teexen), 
[4350°41.%30614] >. (Ri S)(X-+, FL: Db. Prop 
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#35063. bike FA apconx. XN, Y¥eCH.L,M,Nen.LNN.MYN.D. 


irepe(L MY) (XY 4, YN 
Dem. 


b.¥85041 3D 

brHp.N =yp/y. V=p/o. Dd. reps LY = rep,‘ . rep, Me = rep Ne. 
[#882'81] 3. rep SL = rep S Neer. rep MY"? = reper, 
[#332°33] D. rep, (Le? | MY*er) = rep Heat xe) | 

[#3823] D.rep((L | Myx? = rep SN uxer tetereo) , 

[¥332°82] D. rep, f{rep.(L | A )pe7 = rep, AN mw rent cirreo | 

[4350-41] D. frepst(L: MY} [lu Xoo) +e Xe pv Xea)) 
[#30614] D. {rep.(L iM) (X +, ¥)N:D. Prop 


435064. b: Hpa35003. XHV.D.trepA(Z My, X) N 
Dem. 
b.#83215°31.9b: Hp. dD. rep, ‘L'*:" = Chv‘(rep,'L)*e? qd) 
Thence the proof proveeds as in #350°63. 
435065. ts Hp #35062..(R)S)(V—,X) 7 (#35064. 808-21] 
#85066. bine Map conx.h,M,Nen,.X,¥e CH, LXN.MYN.D. 
repe(L|M)=(X +) VD aiN 


Den. 

F . #850°63 . > 

Fi. Hp. W= rep. (L)M).3:X,VeCH.3.W=(K 4+, VY) Pat (1) 
b.*35064.Db:Hp(1).X «CA, YeCH.D.W =(X4g¥)PutN (2) 
+ .#35063.. 43071. 0b: Hp). X, veCH,.2.W=(X4, ¥)betN (8) 
+ .#350°34.3F:Hp.¥=0,.).rep,(L)M)=M 

(*808°51] =(X 4+, YP niV (4) 
Similarly Fk: Hp. V=0,.3.rep,(L|M)=(¥ +, Y) 0 iW (3) 


F.(1).(2).(3).(4)- (5). DF. Prop 


R & W. UL 


#361. SUBMULTIPLIABLE FAMILIES. 


Summary of *351. 

A “submultipliable” family is one in which any vector can be divided 
into » equal parts (where » is any inductive cardinal other than 0), ie. in 
which, if R e«, there is a vector S which isa member of « and is such that 
S*=R. The definition is 
«35101. FM subm = 

FMnk{Ren.veNCind—w0.32,,.(qS).Sex.-R=} Df 

In open families, such as we are considering in this Section, 8 will be unique 
when R& and pv are given. But in cyclic families, as we shall show in 
Section D, there will be v values of S. For example, let « be a family of 
angles. Then the vector-angle 2yar/py has its yth power equal to 20 for any 
integral value of yw, since 2m is the same vector as 27; and 2y7/v has y 
different values, since, considered as a vector, any angle @ is identical with 
6+ 27. In the present Section, however, these complications are excluded, 
owing to the fact that we confine our attention to open families. 

In virtue of *337:27, a family is submultipliable if it is serial and 
Cnv‘i‘*g is compact and semi-Dedekindian (*351-11). 


When « is a family which is open, connected, and submultipliable, if 

Lex, and we NC ind —2‘0, we have 

(qM).Mex,.rep,!M*= ZL (#351°2). 
Hence if X is any ratio (excluding ”,, now and always henceforth), we 
have 

Etx[ «ZL (#351-21). 

In order to obtain the same result for «, we have to assume that all powers 
of members of « are members of « (#351-22), but we can obtain the same 
result for « v Cov“‘« without this assumption (*351'221), because of *331-54, 
which shows that in any connected family all powers of members of «uCnv“‘« 
are members of « v Cnv“«. 

In virtue of the above propositions, the prupositions on products and 
sums of ratios, which in *350 only stated inclusions, now state identities. 
Thus if X, YeC*H’, we have 

(XP Lb =X xe Fb (851-41), 
rep. {(X Pe iL)i (YD «Ly =(Xt+s V0 wD (#35142), 


SECTION c} SUBMULTIPLIABLE FAMILIES 419 


where Lex,; also 
repa{(X [Pe fL) | (VE aD) =(X-,V)p nf ZL (851-45), 
The corresponding propositions for ratios confined to « instead of to x, 
require the additional hypothesis s‘Pot“« Cx, because this hypothesis is 


required in #351-22; on the other hand, in the analogue of *351°42 “rep,” 
does not appear, and we have (with the above hypothesis) 
(XE eR) (VE AR)=(X 4, V) 0 eR (4351-43), 

where Rex, For ratios confined to «uw Cnv“‘« instead of to «, the corre- 
sponding result can be proved without the hypothesis s‘Pot‘‘x C « (351-431), 
It will be observed that the hypothesis s‘Pot‘‘« C « is satisfied if « isa group, 
though it may also be satisfied when « is not a group. Since a transitive 
connected family is a group, a transitive connected family always satisfies 
sPot''« Cx, as has been proved already (#334132). 


«85101. FM subm = 
FM aR (Rex.veNCind —10.92,,-(q8).Sex.R=8"} Df 


«8511. bi.ce PMsubm.a:ne FM: Rex. veNCind—10.dz,. 
(qS).3ex.R=S" [(*351-01)] 


#851:101. tb: q!FMsubm.).Infin ax [#351:1 . #3801°16 . #30014] 


#35111. bse FM sr. Cnv‘s'xzecompn semi Ded. 3.«¢ FM subm 
[%837°27 ] 


#8012. :.¢¢ FM ap subm conx.3:weNCind—'0.Lex,.3. 


(ql). M ex,..rep,!Me = EB 
Dem. 


b.43511.3+:Hp.peNCind-0.Q, Rex. L=Q|R.>. 
(qS,7).8, Tex. Q=%.R=T. 
[4882538] 3.(qS, £).8, Pex. L=rep, (S| Ty: 3+. Prop 


#35121, +: Hpx3512.XeCH’. Len. Dd. EIVX Dail 


Dem. 
b .#851:2 . *332'61.3 
t:Hp.p,veNCind—v0. X =p/v.>. (ql). Men. rep. M* = rep.‘ L". 
[4350°41°5] DEUX D ath (i) 
+. #85034. 
b:Hp.p=0.veNCind -20.X=p/v.d.XCaL=Tf sie (2) 


F.(1).(2). DF. Prop 
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#36122. +: Hp #3512. Pot" Cx. NeCH' . Rex. Dd. BEING ueR 
Dem. 
b.#301-22.Dh:Hp.p,ve NC ind. v+0.9. Ren. 
[351-1] D.(qS). Sex. thes”, 
[#350°4.4331-12] D.(qS).See S(ufvyR (1) 
b.(1).*850'521. 34. Prop 
#851221. r:Hp*3512.X eCH’ N=KuCnvK. Rer.D.EVX PMR 
[Proof as in #35122, using #331754] 
«8513, + :Hpx3512.p,»e NCind.y+0.5. 
(CHALE veh Ce) De = (alo) Dae 
Dem. 
F.485041.3h:. Hp. t0.3: 
Lipo) Pai N.=.L,Nen,. repéLy =rep iV". 
[¥851°2] =.(qM).L,M,Nex,.L=rep,!M* . rep,‘ L" = rep,‘ N* . 
[*383-24]=.(qM).L,M,Nex,. L=rep<M«, rep.M+**e’ = rep, “N#. 
[4833-44] =.(qM).L,M,Nex,.L=rep,‘M#.rep,<M’ = reps . 
[350-41] =. (qM).D {(u/l) fo} MM (L/o) Pa} qd) 
F.*35034.5b:.Hp.w=0.9: 
Liu) Pal Ne. L=Tf s“«.Ne x, (2) 
F, #350°34. 435121. 3b:.Hp.w=0.3: 
Luly bel (Abel NV... LalTh se. New, (3) 
b.(1).(2).(3). DF. Prop 
#85131. +: Hp*3512.X,VeCH'.>.(XP ae) (VE m)H(X x Vb e 
[Proof as in *350°6, using #351'3 instead of *#350°53] 


#3514. b:xe FMapsubm conx.p,v,p,c¢eNCind. v+0.0+0.Lex,.>. 
reps [{(u/v) 0 Ld | (e/a) [ eA L}] = (uly te p/o) [ eh 


Dem. 
+, #35041. 3b: Hp. u+0.p4+0.M =(p/v) Path. >. rep.<M’ = rep, ‘L*. 
[¥#833-44] D. rep! M*r = rep, Texer qd) 
Similarly 
bi Hp.p+0.p+0.N=(p/o)f afb. >. rep Ne" = rep éLY* (2) 


b.(1). (2) . #333°34 . #332:33 > 
+: Hp(1).Hp(2).3.rep,(M| Ny*e? = rep({L4%e% | Lxcol) , 
[*801-23.%333'24] D. frep,“(M | W)}rXer = rep, (Le %em tel Xe) , 
[#806-14.4350-41] >. rep.<(M} N) = (uy 4ep/o) tet L (3) 
b.(3).#851-21 . #350°34. D+. Prop 
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#86141. b:«e FM ap subm conx. s‘Pot «Ck. 
u,v, p,aeNCind.v+0.040.Ren.d. 


(a/v) E eR} | (p/o) 0 eR} = (uly te pio) t eR 
Dem. 


b.*351-21-22.3 
HrHp.>.(u/v)D eR =(ujr) Eat R (pfo)E R= (play «AR a) 
b. (1). #332°241 . *831:2433.5 
kt Hp. >. {(u/o)t xR} {(e/e) E x!) = repe{{(u/v) b RI | (ole) E eR) 
[#351:4.(1)] =(u/v+sp/o)P «e'R: Db. Prop 
#361411. b: Hp #3514..=«u Cove. Ser.2. 
{H/r) TMS} | {(p/r) [ M8} = (u/v +2 p/o) EMS 
[Proof as in *351°41, using #33154] 
#36142. bse FMapsubmconx.X,YeC'H’.Lex,.2. 
repe{(X [af L) (PP eiL)}=(X4.V)EeL [351-4] 
#85143. + :«¢ FM ap subm conx. s‘Pot“«eC«.X, VeO'H’. Rex.d. 
(XP eR) (VE eR H=(X4,V)P eR [#35141] 
#861431. b : Hp *351-42.r.=«uCnv«e.Ser.d. 
(XEMS)| (PEAS) = (XK 4, PICA [#851411] 
#36144. +: ce FM ap subm conx. 
wv,p,aeNC ind .y+0.0+40.(p/o) H’ (u/v). Lew.d. 


repe[i(u/v) b «Z| | {(p/o) t etl] = (uly —e plo) wl 
Dem. 


As in #3514, 
b:Hp.M=(u/y)becL. N= (fo) bath. 2. 

(ropet(M | N)}*2 = repe{Larer| Leer} (1) 
F.#301-23 . #30813. Db: Hp. 7 =(u Xe 0) —g(v Xep)+ D+ 


vopel{T#%e7! Tex} = rep Lr | La%ee | Leen} 


[#7 2:59.4332-25] = rep! (2) 
F.(1). (2). #85041. 
F:Hp(1). Hp (2). 3. rep.(M iN) = fry x, o Pe L (3) 


F (3). #30824. 3+. Prop 
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#351441. b:«¢ FM ap subm conx. 
#,v,p,oeNCind.v+0.0+0.(u/v) H’ (pic). Lew.>. 
repel i(u/ot mE} | (alert Lh] =(u/o—apla)b atl 

F. 332°15 . #30319 . 3 

br Hp. >. repe[i(u/o) E mL} (ele yb mE} = 
Onv‘rep,[{(p/o) f a‘L} | (a/v) Em L)] 

[*351:44) = Cav“(p/o —, p/r) Pn 

[#80319] = (p/o -, u/»)t K&L 

[#308-21) = (u/v —, p/o) Ext: D+. Prop 


Dem. 


#36145. +: <e FM apsubm conx. X,¥eC'H’.Lex,.d. 


repe((X Pat) |(¥ be tL)} = (Xe VY) DetZ 
Dem. 


F. #351'21 . #35034 .430812.3t:Hp.X=Y.d. 
repei(X PetL)|(¥ Pec) =P sex (XP) beth (1) 
b. (1). #3544441. F. Prop 
#35146. | :«e¢ FM ap subm conx.s‘Pot“« C«.X, Y¥eO'H’. Rex... 
(Cav'¥E eR) (Xb «Rew 


Dem. 
b.#351-22. +: Hp.>.XPetRex. Von Ren. 
[*37°62] a.XP eRe. Cnv' VE «ReCnv*e: Db. vrop 


«861-47, bs Hp 435146.5 .(Cnv' FE «'R)|(X PR) =(X— VY) beth 
[*351°45-46] 


*852. RATIONAL MULTIPLES OF A GIVEN VECTOR. 


Summary of *352. 


By a “rational multiple” of a given vector in a family « we mean, if we 
are dealing with «, any vector in the family which has to the given vector 
a relation which is a member of C‘H’, and if we are dealing with «, we mean 
any member of «, which has to the given member of «, a relation which is 
a member of C‘H,. We will call the former “rational «-multiples” and the 
latter “ generalized rational multiples.” It will be observed that if « contains 
pairs of members which are each other's converses, only one member of such 
a pair can be contained among the rational x-multiples of a given member 
of x, provided « is an open family. Hence the rational «-multiples of a given 
vector all have one “sense,” even if this was not the case with the original 
family. 

Rational multiples of a given vector 7’ can be arranged in a series by 
correlation with their measures with 7 as unit. These measures are ordered, 
in the case of rational x-multiples, by the relation H’, and in the case of 
generalized rational multiples, by the relation ‘H,. Moreover if X is the 
measure of a given member of « with 7 as unit, the given member of « is 
«1 A,‘X; while if X is the measure of a given member of «,, the given 
member of x, is «,] Ap‘X. Hence the rational «-multiples of 7 are ordered 
by the relation «1 .A,?H’, and the generalized rational multiples are ordered 
by the relation k.1 ApH, These two relations, therefore, are the relations 
we shall consider in this number. We put 


«36201. 7 =«1ApH' Df 
#35202. La=x1A,iH, Df 
We assume throughout this number that « is open and connected. In 


dealing with 7, we assume T'exz, and in dealing with 7.., we assume 
Tex. We then prove the following propositions among others: 


«Arf CH’ cl—>1  (*852°12), 
«| Apf CtHgel—> 1 (#352:15), 
ie. the relation of a rational multiple of 7 to its measure is one-one. 
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Ty, Tee Ser (*852'1617). 


Observe that this requires only that « should be open and connected, The 
serial property results from the correlation with H’ or Hy. 


OT, =n Ap CH .OT = Kan Ap OH, (*352:3'31). 


If Sis any non-zero member of C*T,, CS, = CT, (*352'41), te. the rational 
x-multiples of 7 are the same as those of any rational «-multiple of 7; with 
a similar proposition for C47’, (#352°42). 


RI,S.=: BR Sexn Ap CH: (qy,v).ve NC ind. <v. RY =S" (*352°43), 
This is a convenient formula for 7, and leads immediately to 
T= {8H (A/V) ben ACH’) (435244), 
Observe that Hay) is the class of rational proper fractions, including 0,. 
By *352:44 and *352°41'3, we see that, if S4+ If s*1‘«, 
SeOT,.D.Se= 1  (#852'45), 


‘ie. the order of magnitude of a set of vectors which are rational «-multiples 
of a given unit is independent of the choice of the unit. 


In order to establish the analogous property for 7, we first prove a 
formula analogous to 4352'44, namely 


Te= Cav3{sHe(t/1)) f (en Ag CH) 
HCD) Ben Ag OH’) (®852'54). 


Here the first term gives the. series of negative multiples of 7’, while the 
second gives the series of positive multiples of 7’ (including I f s‘1*x). 


From the above formula it follows, as in the case of 7,, that if S isa 
positive multiple of 7 (not including Jf s(I‘‘x), S,.=7,., while if S is a 


negative multiple of 7, Sy.= Z'e. (#352°56'57). 


Finally we deal with the relation of U, to 7,. Here we have to assume 
that « is a serial family. We then find that U, with its field confined to 
rational «-multiples of 7’ is the converse of 7, i.e. we have 


¥35272, Fixe FM sr. Tee). >.U CCT 20] ApH’ =, 


#36201. T.=«}ApiH' Df 
#36202, T.=%.1AriA, DE 
#8521. b:. RTS. =: R,Seus(qX,¥)-XHOV.RXT.SYT [(4352-01] 
wBBQ11. bi RTS. Ree (GX) XH,Y.RNTSYT  [(¥352-02)] 
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#36212. tice FMapconx.Tex,.3.«]1 Arf CH elvt 
Dem. 
#3361. Di R(e{ApfCH')X.=. Ren. XeCH’.RXT ql) 
«#350521. Dk: Hp. BR Sex. XeCtH’. RXT.SXT.3.R=S (2) 
«#85044. Dk: Hp. Rex,.X,VYeOH .RXT.RYT.3.X=Y = (3) 
» #350344. 
:Hp.R=Ifpsd«.X,YeC'H’.RXT.S8SYT.3.X=0,.Y=0, (4) 
-(3).(4), 0b: Hp. Ren. X,VeCH'.RXT.SYT.D.X=YV (6) 
. (1) « (2). (5). F. Prop 
#36213. bike PFMapconx.Texg.d.n,.n Ap'CH Cup 
Dem. 
b. «8504. 3b:Hp. Rena Ap CH .>. 
(qu, v)-p,veNCind—-cO.qt RAT, 
[#833101] . Reng: Dt. Prop 


#362131, +: Hp #35213. .«,.0 Ap OH, = Cav(x.n Ag OH) [43071] 


rrTrTrTTTrT 


4362-132. +b: Hp *352:13.3.n0 Ap“ OH, Ce, [*352:13:131] 


#86214. Fixe FMapconx. Texy.d.n rn AptCH n ACH, =A 
Dem. 
307°] .850°4.#852132.D+: Hp. RSen. Re Ap OH, Se Ap“CH’.d. 
(Gy. v,p,o)> py, »,p,oeNCind.v+0.p4+0.c0+0.Rexz- 

rep,¢R’ = rep,‘ F# .rep,{S? = rep, ‘7? . 

[383-44] D.(qu,v,p,0).m,r,p,¢¢NCind.v+0.p40.c40. Rex. 
rept RX? = rep,‘ [#6 = rep, 687%". 

[4333-47] D.(qe,n).EneNCind. £40.q1REAS*. Reus: 

{*71192] D.(qE,y).EneNCind. 40. qtLA REIS". Renz. 

[*833:101.Transp]>.R4+S:3+. Prop 


#36215. bse FMapconx.Tek,. 2.0 1Arf Celt 
Dem. 
F. #3361. 5: Hp. Re tAp PCH) X.R(n {Arf CH) ¥.3. 
Rew .X,VeCH,. RXT.RVT qd) 
Fi (Ll) #85214. 9b: Hp(l).d: 
Ren,.X,¥eCH'.RXT.RVT.vV. Rew. X,VeCH, RXT.RVT: 
[#307 '1350°44.4352'13-132] D2 X= 2) 
baB367.Db: Hp. Red ApPOH,) X SC] Ap OH) X 2D. 
R,Sexn,.XeCH,.RXT.SXT. 
[#350-421.43071] .R=S (3) 


+. (2).(3). DF. Prop 
28 
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435216. b:<eFMapconx.exj.3.7,¢Ser [#35212 . #30448] 
#85217. b:«e FM apconx. Teng. D+ Te Ser [352°15.*807°45 .#30423] 


#85218. b:xe FM apconx. ‘Pot x; Cuz. «gn Cnvega A. Te Kye 
co ACH, =A 


Dem. 
f. #35043. 
kn Hp. yw,yeNCind 0. X= (u/e)|Cny. See. D:SXT.2.5¢=7, 
[Hp] 3. S’exg a Cnv«g (1) 


+. (1). Transp. D+: Hp. 3.0 (qX,8).X e CH, .Sex.SXT: 95+. Prop 
#352181. bre FM init. Teng. d.en Ap CH, =A [#35218 . #33521] 
#3522. $ieeFMapconx.Texg.>.(Lfs'd«) TT 


Dem. 
+. #350°34 . *331-22.3F:Hp.d. (7 fs) 0, 7 qd) 
b.#350°31. Dr: Hp.d. TUT (2) 
b .#304-45'48 . D+:Hp.>.0, A’ (1/1) (8) 


F. (1). (2). (3). 43521. F. Prop 
#35221. b:xeFMapconx.Texz,.d.(I fsx) 7.7 [Proof as in *352'2] 
4352-22. b:xeFMapconx.Texg. 3.417, [4352'2] 
#35223. b:ee FM apconx.Terg. 2.4! Te [*352-21] 
43523. bse FM apconx. Tex. 3.0T.= nn ApH’ 


Dem. 
+. *350°31 . #30448 . > 


b:Hp.XeCH’.X41/1.d.X¥ (Me A) (1/1). Pl) 2. 

[¥306-1] DX e(H ow HY) Age () 
b . 4350-34. #331-22 . 4304-45-48. D 

b:Hp.X=1/1.3.XH'0,.(L fs") 0, T.1f ice ne. 


[¥306-1] D.XeH A gtt Q) 
F.).(2). Dk: Hp.d. CH’ C(H'w HY As"« GB) 
b. 4150-201. 3k: Hp.d. OP = 61 Ag (Ho HA. 

((3)] Diep ApOW COT, re) 


bt. (4) .#150°202. DF. Prop 


SECTION C] RATIONAL MULTIPLES OF A GIVEN VECTOR 427 


#35231, b: xe FM apconx. Teng. 3. OTe= aa Ag CH, 
Dem. 


As in 4352°3, b:Hp.>. CH’ C(H,w Hy)“ Age (1) 
F. #35031. (4307-05). DF: Hp. XeC'H,.d.XH, (1/1). Tf). 

[4336-1] D. Xe Ht Age (2) 
F.(1).(2). Dh: Hp.d. CH, C(H,w HA ye (3) 


b . (8) . *150°201-202 . DF. Prop 
#35232, +s, Hp»3523.X,VeCH’ RaX Cel. S=VEeT.D: 
RT,S.2.XH'V [4852-1 . #350521] 


#35233. | :. Hp ¥35231..X, FeCH,. R=XEP xT. S=Vbail.d: 
RES.=.XA,Y [#3521115] 


4352-34. bz, Hpx3523.9: R27, 7.=.(qX). XH’ (il) RaXEeL 
[#3521 . ¥350°521-31] 

#352341. 2. Hp x3523.9: 77. Ros .(qX). (UI) HX. R=X PAT 

#35235, + :. Hp #35231.3: 87.7. = .(qX)-XA,(I/l).R=X Pal? 
[43521115] 

4352-351, bs. Hp #35231.3:77,R.=.(qX). (0/1) A,X. R=XfesD 


i 


35236, | : Hp #352°3 . «“Pote Cx. d. Poth — UTC PAP 
Dem. 
+. 435043. : Hp.ve NCind~ 10-01. D. Te (v/1) 7. 
[4304'4.4352°341 ] 3.77.7 D+. Prop 


ae 
#35237, b: Hp #35231. 7 ex vu Cnv“«. >. Pot T—-uPC TP 


Dem. 
b . 43312454. Db: Hp. >. Pott TC x, 


Hence as in #352736. 


pie 
#35238. +: Hp #85231. D. rep,“(Pot'T — fT) C 7.47 
Dem. 
fF, *332'61.3+: Hp. >. rep,(Pot‘ 7 — UP) CK, 
Hence as in #352°36. 


#35241, b:«eFMapconx.S,Texy.SeCT,.3. 
OS, =CT, = na Ag CH =n a Agi 
Dem. 
b.4352°3 435043. 3b: Hp. d.(qusr). ve NC ind—10.S#=7". (1) 
[#852°3] Dd. Te CS, (2) 
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F. (1). #3523. #35043. 5t: Hp. Re OS, .3. 


(aH, ¥, p,o)-,v,0 € NCind-1'0.peNCind.S#=7", Rv=Se. 
[*301°504] 3. (qu,v, po) 4,,06NC ind —1'0.p¢ NO ind. Rox = Texer, 


[¥352'3.435043] D. Re OT, (3) 
F.).(8) gig Dh tHp. ReOL,. 9. Rel, (4) 


t .(3). (4) #8523. DF. Prop 


435242. bsxeRPMapconx.S, Pewg+ Se CLs ds CS = OTe 
Dem. 
b . #352'3 . #3504. *38071.5 
br Hp.D:(qu,v)su, ve NC ind — 0: q 1 Sea Te.vigg i Sea Te: () 
[#35231] Ds Te C'S, (2) 
b. (1). #8523 . #3504. %38071.5 
bi Ap. Re CS,..3:(qusr,p,0) 1 a,v,0¢NCind-—10.peNCind: 
GIS’ A Tey (SA Derg) RA Sv! Re ASP: 


[#33348] 3: (a4,%, po): v,ceNCind-10. peNC ind: 

ml Rox aA TeX vat Roxen A Pres 
[¥852:31] Dr Re CT, (3) 
.(2).(8) one Dh i Hp. Re CT. Ds Re CS, (4) 


F. (3). (4). DF. Prop 


#85243. bi:eeFMapconx.Tex,.3: 
RTS .=:R, Senn Ap CH’ :(quyr). ve NCind.~<v. Re = Se 
Dem. 
F.a8S17. DF: RPS. s.R, Se OT,. RTS (1) 
b. (1). #35231. #35043. 3b: Hp. ds 
RTS. 7: R,Sena Ay CH’ : (ap,o,€,).0,€,n e NC ind —10.p¢ NC ind . 
pXen<ox,&. R= Te. Sr=TF: 
[#333-5] =: RB, Sewn Ap CH’: (qp,0,&,9)-0,&,n¢ NCind—t0.peNCind. 
PX LT XE. Rf = Tord = Serxer; 
[#12614] D: Bh, Seen dy CH’: (qu,v).pveNCind. pcr. RY =S* (2) 
b. #35043 . #3044. 3 
bu R, Senn Ap@CH':(quv).pveNCinl.pcv.RY=Se:d: 
RSexa ApH’ :(qX).XH' (1/1). RXS: 
[4336-1] D2 Rt, See: (qX, ¥,Z).NH’ (1/1). ¥,ZeCtH’. RXS. RYT. SZT: 
[¥350°6.4305°71-51] D2 R, Sees: (qX,Z).(X x,Z) WZ. R(X x, Z)T. SEP: 
f¥352-1] >: RTS (3) 
F.(2).(3). DF. Prop 
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435244. +: xe FMapconx. Texg.3.7,= Hy) Dien Ap CH’) 
Dem. 
b . ¥852°43 . #8044. Dbh:: Hp. 3: 

RY,S.2: Rh, Sena ACH’ :(qX).XH'(A/l). RAS i: DE. Prop 
435245. bree FMapconx.S,Texg SeCT,.d.S.= 7, [#3524441] 
#3525. bre FMapconx. Teng. 3.C%,| ApH’ =K0 ApH’ 

[Proof as in #352'3] 
#85251. bike FMapconx.Tenz-3.Cn ApH, =a Ag CH, 
Dem. 
b. 4150202. Db: Hp. d. Ce, | ApH Caan Apt CH, (1) 
b.#352131. 3: Hp. Rema dp OH,.D (GX) X OH. Rex RXT (2) 
+. 430493. Dh: Hp.XeCH—e(i/l). Rew, RXT.D. 
X (Hw A) (il). Rem. RXT.TOYT. 


[#307°1.4336-1] D. Re On, ApiHy (3) 
1.435238. Db: Hp. N=1/l. Ree. RXT.D.R(e ApH) (repéT). 

[#3071] D.Re Oe ApH, (4) 
F.(3).(4). Dk:Hp.XeOH. Rew, RXT.D. Re Cn, JApHy (5) 
F.(2).(5). DE: Hp. dima Ag OH, C Oe, ApH, (6) 


+ .(1).(6).F. Prop 
#35252. bine FMapconx. Teng. . Te =0 ApH, hed ApH’ 
=Cavie fApl te ApH’ 
Dem. 
F . #160°43 . (#307:05). > 
be T= kag Hy 0 6] ApH! 0 (04 Ap OH) P(e ArCH) (1) 
b (1). #852°5°51 #8071. Dt. Prop 
#35253. b:xeFMapconx.Texg. 2. 
> 
KAP H = (eH E (en Ap CH’) [Proof as in #35244] 
v € 
#352531. b: Hp #352°53.3.4,1 ApH = {[sHCU/D} Lan ArtCA) 
[Proof as in *352°44] 
ez 
#36254. +: Hp *35253.3.7,.= Covi{sA(1/1)} Pan ACH) $ 
=> 
eH’ LUD} Cea Ap CH’) [#852°52'53'531] 
#35255. bie FMapconx.8,Teng.SexnApCH.d. 


KOAASCH' =n,.n ACH’ .«, 0 ASCH = nan Ap OH 
[Proof as in #352'41] 
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#85256. Fixe FMapconx.8, Teng. Senn Ap OH .d.Sa= Te 
[*352°54°55] 
435257. bixe FM ap conx.S, Teng. Semn Ap OH, d+ Sa= Tu 
[#352°54°55 . *807°1] 
#8527. bike PM sr. X,VeOH'’. Ten,.P,Qex.PXT.QYT.9: 
PU.Q.=.XH'Y 


Dem. 
b.aB5218 Dh: Hp.G!Pexs.3.Q| Pre AeCH,. 
[#350651 D.X-,YeCH' (1) 
+. #350°52 . Dt: Hp(1).d.X+¥ (2) 
F.(1).(2).#83641.3+:Hp.PU.Q.2.X-,YeCH. 
[#308'1219, Transp] >. XH'Y (3) 
F . «33664. Dt: Hp.~(PU,Q).9:P=Q.v.QU,P: 
[#350°44.(3)] >:X=Y.v.¥H'X: 
[#304-48] Din (XH'Y) (4) 


F.(3).(4). 95. Prop 


#35271. bi. ce FM or. Tex,.P,QeOT,.3:PUQ.=.P(ApH)Q 
[4352°7°3] 


435272, bree FM sr. Teng. DUP OT. =e ApH’ =, [#35271] 
#85273. +: ce FMsrsubm.X, YeC'H’.Texg.D: 
(Xb etl) Ue (VET). 5 XA'Y [4852-7 4351-22] 


*353. RATIONAL FAMILIES. 


Summary of #353. 

A “ratioual family” is one which consists entirely of positive rational 
multiples of one of ite members. We denote rational families by “7M rt”; 
the definition is 


435301, FM rt=FM nk (qT). Texy eC AsCH} De 


It is obvious that, if « is any family, «a A,“‘C‘H’, which we considered 
in the last number, is a rational family. If « isa connected family, it does 
not follow that «a A,“‘C‘H' is & connected family, but the proofs of its 
properties, as we saw in #352, make use of the fact that it is contained in 
a connected family. Many of the most important properties of connected 
families hold equally of sub-classes of connected families, notably the property 
that two members of « or #, whose logical product exists are identical 
(*331'42'24), In dealing with rational families, a good many propositions 
ean be proved by merely assuming that they are contained in connected 
families. We put 


435302. FMcx=FM aX {(qe).ceFMconx.rCx} Df 
*353:03. FM rtcx= FM rta FM cx Df 


We will call « family “sub-connected ” when it is contained in a connected 
family. When a family « is open, rational, and sub-connected, any member 
of «; may be taken as the J of the definition *353°01 (this is proved in 
*353°13) ; and if S, 7’ are any two members of «3, some power of S will be 
identical with some power of 7 (#353-12). An open rational sub-connected 
family is asymmetrical (*353'2); no power of a member, and no product of 
two members, is the converse of a non-zero member (#353'22'23). Hence by 
#331°54°33, if the family is connected, and not merely sub-connected, it is 
a group and transitive (*353°25'27). 

If X is a family which, besides being open and rational, has connexity, 
then if a is a member of the field and 7’e «3 we shall have 


§Xg= ASAT ADH Uy =r ApH’ (#3533233). 


That is, the series of points in the field and the series of vectors are both 
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ordinally similar to part or the wlwle of the series of ratios; they will be 
similar to the whole if X is submultipliable (#35344). But when A is 
submultipliable, a smaller hypothesis suffices, for in that case we can prove 
that if A is connected, then A, =» v Cnv“A (*353'41), 80 that A has connexity, 
and is serial (*853°42). Thus we have 


«35344. b:y¢ FM ap conx rt subm. >. 6°, smor H’ 
#353°45. +. FM apconx rtsubm C FM sr 


#85301. FMrt=FM at ((q7T).Teng-«CAr“CH} Dt 
35302. FM ox =FM ad ((qe).«e FMconux.rACx} Df 
*353:03. FAM rtcx =FMrta FM cx Df 
48531. biee FM rt. sree PM i (ql). Teng.« CA ‘CH’ [(*853-01)] 
#85312. Fire #Maprtcx.8,Tery..C Ap“CH’.D. 
(qu, v).u,veNCind.v+0.8*=T# [%350-43] 
435313. b:reFMaprtcx. Pers. D.C Ag CH’ 
Dem. 
F.435312.3F:Hp. Ser, AC As“ CH’. Revd. 
(u,v, po)» ynv,p,ceNCind.p+0.v$0.0+0. RY =S#, [= SP, 
[#3335] 
2: (qH.y,p,0)- 4,» p,oeNC ind. p+ 0.40.0 40. Ro = SuXeo = Tuxer, 
[#85043] 3. Re dp CH’: D+. Prop 
485314. +: Hp¥35313.3.2,.C A,“C'H, 


Dem. 

b.*35313.3b: Hp. R, Ser. D.(qX, VY). X, eH’. RXT.SYT. 
[#350°65] D.(R|S\(V-,X)T. 

[#308°2] D.R| Se Ap*C'H,: D+. Prop 


#353:15. bk: ce FM conx. Te Kye D KAAS ¢ FM rtex 
[#353'1 . (#353-02)] 
*353-2. bine FM aprtcx.3.r5 ava, =A.r6 FM asym 
Dem. 


b. 43531213. 

b:Hp.R, Reds. dD. (qu, v) ve NC ind —w0. Re = Re a) 
F.(1). 4301-28, : Hp(1).D.(qu.v)-m,.veNCind 10. Ret 7 (2) 
F.ABBHIOL. DE: Hp(1). Dd. Pot RC RIF (3) 
F.(3).(2). Transp . (#38405). 2b. Prop 
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#35322. +: Ho #353:2. 5. sf Pot'rAg aCnv“ aga A 
Dem. 


+. ¥353'12-13 .#301'5.D+: Hp.oeNCind—e0.R, Beer». D. 


(qu, v)- pve NCind—- tO. Rox = Re, 
{*301-23] D3. (qu, v). ve NC ind — 0. Retceoxen & J (1) 
F #333101 . #33023. Db: Hp.Rerg.d.PotRES.AnePot'R (2) 
F.(2).(1). Transp. Dk: Hp.Rer,.d.~ gq! Pot‘Ra Cova: Db. Prop 


#35323, f: Hp #3532... (8% | “A)aCnv“A,=A_ [Proof as in #353-22] 
2 

#35324. +: Hp #353-2.r¢ FM conx. 3. s'Pot A CA [#353'22 . ¥331:54] 

#35325. + : Hp *853:24.3.5'%) AX CA [#853°23 . #33133] 
3? 


¥353-26, |: Hp #35324. 3. 8'Ag, “AZ C rg 
a” 


Dem. 
F. #3531213. D6: Hp. R,Ser,.3.(qu,v). pve NCind—10. RY = 8". 
[*330°57] D.(Gm v). py veNCind-—10.(R|S)r = Sater, 
[¥333°101] D.q! Pot(R| Sa RIT. 
[*301:3. Transp.*331-23] 2. Ri Se RUS qd) 


fF. (1). #35325 . DF. Prop 
¥853-27. +: Hp ¥353-24.5.2¢ FM trsasym [353-262 . #83413] 


#3533, 9 | :. Hp «353-2.» NCind — 10. 8‘PotfX Ca. 3d: RUS. 2. RUS” 


Dem. 
b.#38641.5b:Hp.d.(q7).7erag-R=T7\S. 


[¥330°57] 2. (G2). Lerg. RY =T*| 8". 
[¥336-41.Hp] >. RU,S*: D+ . Prop 


#853°31. + :..¢ FM ap rt connex. Ry Ser. veNC ind —1'0.3: 
RU,S.=. RUS’ 


Dem. 
b.*336°62.>+:Hp.R+S8.~+(RU,S).9.SUAR. 
[#353°3'24] D.S*U,R. 
[#336 6°61.*353-27 ] 3.0 (R'U,8") (1) 
+. #3866. Db: Hp.R=S.3.~(R'U,8") (2) 
kL). (2). Db: Hp.w (RU,S). Dd. (BUS) (8) 


F. (3). #8533. D4. Prop 


R. & WwW. TL 
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*353°32. bide FMaprtconnex. Lerd;.D.Uy=r4 ApH’ 
Dem. 

b «353-1213 43505. 3b: Hp. R, Sed. R+S8.9. 

(Ain »s pro) «ws po eNCind .v40.040. B= T.S7= 7? fv pla (1) 

b.(1). 435043. Fs Hp().D:RATAPH)S vVSQ TAH) R (2) 

Fk. #8015. > 

bt: Hp(1)-m,», p,o eNC ind. v+0.040. RY = Te. S°=T?px,o<v xX.p-d- 
Rexes : SeXeo = Pixel —elexce) (3) 


F. #38421. +: Hp(3).3. RB] Serv Cnvr. 


[HB31-S4.4332241] = . (R|S)*" = rep,(R| Spr" 

[#382'53.(8)] a (4) 
b. (4). #353°242.Db: Hp(3).D.R| Ser. 

[¥336-41] >.SUR (5) 
F.(1).(5). 43044. F: Hp. ROT ApH IS.D.SUR (6) 
F.(2). 43044. b: Hp(1).~(RA4 ApH) S).D.SA4A pH) KR 

[(6)] >.RU,S. 
[#336'6°61.4353-27] D.~ (SUR) (7) 
+.#3366.3: Hp. R=S.3.<(8U,R) (8) 


£.(6).(7).(8). DF. Prop 
435333. +: Hp #353°32.aes'T"A.3.8Xg= AIR ADH’ 
Dem. 
+. «336-43. Dr: Hp.d. Uj, =A] Agistrsz qa) 
F.(1).43862. DE: Hp.d.8Arg= 4,10, Q) 
b . (2). #35332. 3+. Prop 
¥*353'34. +. FMaprtconnexC FMsr [4353-27] 


3534. bi re FMaprtcx.s'PoiX CX. Ler gD. 


(qo).o¢NCind — 00. rep,‘L7 edu Cnvir 
Dem. 


F. #8531213. 

b:Hp.>.(qu.», B,S).~.veNCind. B,Ser.L= RIS. pty. Re=S* (1) 
+. #80123. 

Fi. Hp. uve NCind. B,Sed. R= St. Dip Cv. d. Base, 
[382-53] D.rep.(R|Ser (2) 
Similarly ts. Hp(2). 3: > ».D. rep. (Rj Se Cav" (3) 
F.(1).(2).(8). D+. Prop 
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#85341. /:X¢ FM ap conx ri subm. 3.4, =A 4 Covr 
Dem. 
+ .*353'4.9 
brHp.Ler5.9.(qR,o).Rerxu Cnv“r.ce NC ind —0'0. rep,‘L7 = Re, 
[4333°41] 3. Ler uCuvrA: D+. Prop 


#35342, F:Hp#353-41.3.rA¢FM er [#35341 . #383426 . ¥353-27] 


#85343. b:ieFMapcxrtsubm. fer. Potid‘TCX.D. CHC Ag 
Dem. 

F.«8511. 5b: Hp. uve NCind.»+0.9.(qS).Ser.8°= 7. 

[#350°43] D.(qS).Ser.S8(u/v)T qd) 

+. (1). #8861.35+: Hp. X ¢CtH’. 3. (qS).SeX.SApX D+, Prop 


#35344. +:¢FMapconx rt subm.). Ag smor i’ 


Dem, 
b .#353°42°33 . Dr: Hp.wesOrA.3.8Ag= AAT APH’ (1) 
+. k353-43 . Dt: Hp (dl). 3. CH’ CA Ags A1 Az) (2) 


F.*3862.435215. 3h: Hp(1).d.A,|A1Apf CH’ cll (3) 
b.(1).(2).(3). DF. Prop 
#35345. +.FMapconxrtsubmC FMsr [353-42] 


*354. RATIONAL NETS. 


Summary of *354. 


The subject of “rational nets,” which is to be considered in this number, 
is of importance for the introduction of coordinates in geometry. We have 
three stages in the construction of a rational net. First, taking any vector 
T in a family «, we constract CT, ie. the positive rational multiples of 7, 
as in *352. The result is, as a rule, a family which is not connected, even 
when the family « is connected. For if there are in « any vectors other 
than C‘T,, any point of the field which is reached from a given point a by 
one of these “irrational” vectors cannot be reached from a by a member of 
O‘T,, though it will be in the field of C‘Z,. Thus in order to obtain from 
CT, a connected family, we shal! have to limit the fields of its members to 
the points which can be reached from a given point a by one or more 
rational steps backwards or forwards, ¢.e. to the points A,“(C‘7,).. It will 
be observed that whereas, in the construction of OT, only positive vectors 
are used, negative vectors, 7.e the converses of positive vectors, are also 
admitted in constructing what we may call the “rational points” with 
respect to a and Z. Having constructed these points, te. the class 
A,‘(C'T,), we then proceed to the third and last stage in constructing a 
rational net, by limiting the field of every member of C*T, to Ag(C'T,).. 


Many of the propositions concerning rational nets require the hypothesis 
that the family concerned is a group. If this is not the case with the 
family « from which we start, we replace « by «,, where «, is formed by 
adding to « the converses of those members of « (if any) whose domains 
are identical with the common converse domain of members of «. The 
definition is 


435401. «, =u Coven Dise) Df 

We put also 
354-03. FM grp = FM n # (ste | Cx) Df 

We then easily prove that if « is connected, x, isa group (#35414), aud 
if « is open and connected, x, is open and connected and a group (#35417). 


Tf « is connected, («,), = «, (#35415), so that properties only dependent on 
«, like that of openness, always hold for «, when they hold for «. 
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Next, we prove that if « is open, connected, and a group, C'T, is open, 
rational, sub-connected and a group (%35422). Hence if « is open and 
connected, and N=«,, C*T, is open, rational, sub-connected and a group 
(#35 4-24), 

The “rational points” with respect to a and T are Aq(C*L,)... In order 
to study them, we consider Aq‘d,, where 2 is a family concerning which we 
make hypotheses which will be fulfilled in the case of C‘Z,. We prove that 
if X is a family which is a gronp, and SerA.aes*1n, then 

Aah CS Ag, (435431), 
whence SE (Agr) = (ALAS TS=SP (Aa) (*354°312), 
Next we prove that, with the same hypothesis, if b is any other member of 
A,X, then 
Aah A = Ap, (#35433). 
Thus the rational points with respect to @ and 7 are the same as the 
rational points with respect to 6 and 7, if b is one of these rational points. 

The “rational net” is the family [ {aq‘(C*T,)}“C'%,. Writing » for 
CT, this becomes [ (Aq‘‘A.)“X. In order to obtain the properties of the 
rational net, we therefore continue to consider a family 2, concerning which 
we make hypotheses which are verified in the case of C*T',, and we put 


#35402. cxyh=[ (Ag) OA Df 

Thus cx,‘C*Y, is the rational net defined by «, T, and a. We prove 
(#3544) that if % is a group, cx,‘A is a family whose field is A,‘‘A,. We 
prove that if % is a family, and a@ a member of its field such that any 
member Z of X, for which Z‘a exists is a member of Xv CnvA, then a is a 
connected point of ex,‘A, te. 


435432 Fire FM. aes A.A nA, Cray Cover. Dd. aeconxexy'r 


The hypothesis 4,n G‘4,C rv Cnv“A would be verified if ’ were a 
connected family and @ were a connected point of A. But we want to be 
able to replace X by C“7’,, which is in general not connected. The above 
hypothesis, unlike A ¢ FM conx, is satisfied by C*Z., provided « is open and 
a group and a is a connected point of « (*35434). Hence it follows that if « 
is a family which is open, connected, and a group, and a is a connected point 
of «, cxa‘C*T, is open and connected, and a is a connected point of exa’C'Tx 
(#354401). Again, in virtue of *354312, if % is a family which is a group, 
and a is any member of its field, cxg‘A is a group (#354313); hence when 
« is a family which is open, connected, aud a group, cxa‘C‘T7, is a group 
(*354402); and it is easy to prove that it is also a rational family 
(*354°403). Hence, by *353°27, cx,‘C‘T, 1s a family which is open, 
connected, rational, a group, transitive, and asymmetrical (#354404). If our 
original family is open and connected but not a group, we only have to 
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substitute «, for x, ie. putting A=«,, we only have to take ex,‘C*T\, in 
order to obtain a rational net with all the above properties. This is stated 
in the proposition 


435441. bine FM apconx.Teng.aeconx'e.X= kgs D- 
ex,‘C'T, ¢ FM ap conx rt trsasym 


«85401. «y= vu Cnv'(« n Dis) Df 
435402. oxqA=[ (Aal A) De 
«35403. FM prp=FMn ® (sta) Cx) Df 
48641. bu Rex.=:Rex.v. Re «UR = sO  [(#85401)] 
«85411. Fixe FM conx. R,Sen.d. Rl Se ty (*831°33 . 4354-1] 
435412. b: Hpa3411. DR = se. Ri/S=S|R.R| Sex, 
Dem. 
+ .#380°52. Dk: Hp.aeconx'e. Dd. EL RS a. (RS) = se. 
[4831-11-42] D.R| Sev Cove. (R| 8) =e, 
[354'1.*330°561] D.B|Sexg8|R= RIS: D+. Prop 
435413. |: Hp 35411. D‘R=D'‘S=5"e.9.R| Sen, 
Dem. 
F. 4331-38. +:Hp.>. Ri Sexy Cave () 
+ .437-323. D4: Hp. >. R|S) = se (2) 
b. (1). (2).#354:1. 3 F. Prop 
#86414. F:xeFMconx.3. Steg | dey Cay [#35411-1213-1] 
#85415. Fixe FM conx .D. (t= 
Dem. 
b.a8541. 2b: Hp. R,Seng.D: 

BSce.vi R,Sen.v BR Sen.ViRSex. GR=aAS= se (1) 
+.43304. Db: Hp. RSee.d. Ri See, (2) 
+. #3313324. 2+:. Hp: R,Sen.v.R,See:d. Ri Sen (3) 
b.a85¥12. Db: Hp. BSex.TRaASasIe.d. Ri Sen (4) 
F.(1).(2).(3).(4). DF. Prop 
#85416. Fixe FM conx.3.«,¢FMconx [*3541:12] 


435417. bse FM apconx.).«,¢ FM apconx grp 
[#854°16-15-14 . *3833°101] 
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#35418. bi.ce FM orp.=ice FM: R,Sex.Dp5-R\|Se« [(*354-03)] 
#35419. Fixe FM grp.d.s'PotaC« [#35418 . Induct] 


*8542, Fixe FMapconx. Texy.D. CT, ¢ FM ap rt cx 
[4353-15 . #3523] 
*35422, bine FMapconxgrp. Texg.>. CT, ¢ FM ap rt cx grp 
Dem. 
+. 35062 .35418.3+: Hp. #,S, Tex. X,YeCH . RXT.SYT.D. 
(R\S)\(X4,V)T. Ri See. 


[#806°67.%352°3] D.R\Se CP, (a) 
b.(1).#3523.3b:Hp. BR SeCl,. 3. RISe CT, (2) 
b.(2).#3542. 34+. Prop 


#36423 bine FM rt conx.Texy.2.C7.=« [#35313 . #3523] 
#85424. bie FM apconx. Teng. =ty-3-C'T,€ FM aprt cx grp 
[3542217] 


#85431. bide FM erp.aes'OrX.Ser.9. Ag AC SH Agr, 
Dem. 


b.43861.Db:. Hp. Di ae AeA. d.(GP,Q).P.Qex.a=PQa. 


[330-56] D.(GP,Q).P, Qen. Sa= PSQa. 
[435418] D.(qP,R).P, Rex. Se= PR. 
[4336-1] D. See Agr,» 

[#37106] D. we SAGA 2. Dk. Prop 


864-311, +: Hp #3543125. 8A XC AYA, [#35431] 


#364312. bs Hp #35431 .3. 90 (A,S,) = (Aa) TS =SP(Aal,) 
[35431311] 
#854313. Fi Xe FM orp. ae s6Ir. m= Cxg'd. De sin |e Cpu 
Dem. 
+. #354312 .5 
FrHp.B,Ser.d. {RE (Aa)! | {SE (AeA) = (BR SVE (Aaa) (1) 
F.(1) #35418. 
FiHp. RSer.D.RE (Ag A) | SE (Aad) eoxgfA2 DE. Prop 


#35432. b:ne PM ae SOA. AA, C AY CnvOr. D. we conxfex yr 
Dem. 

b.*8861. Dh: Hp. D:rave Agi. D. (qb). Lery.0= Lia. Le TAg. 

[Hp] D. (qb). berv Onv'r. c= Lia. 

[*330-43] D.(qQM).M ecxa'nu Cav“cx,Ar.0= Mar 

[#83111] Di aeconx'ex,At. I. Prop 
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435433. Fire FM erp.aes'1''r.be Agi. De Ag = As 
Dem 
b. #8361 .3 


Ft Hp. ce As. D.(GP,Q,B, 8). P,Q, B,Sexe.c= RSPQa. 


[*330°56] D.(qP,Q,R,8)-P,Q R,Sen.c= RPSQn. 
[4354-18] >.(qM,N).M,Nex c= MN, 

[#3361] Dice Aah, (1) 
Similarly Fi Hp. ce AgA,. 2-06 Aur, (2) 


F.(1).(2). 3 F. Prop 


#85434 bie FM apconx orp. Tex, A= CT, «weconx’e. 2. 
ra dtAgCrvu Cnvr 


Dem. 
b.#35422. DIhk:Hp.d.rcFMaprtex. 
[*353'14] DAN (KY Cnve) CA v Cnvr (1) 
F.¥381:1132.3+:Hp.Leran td... Lenu Cnv%, 
(()] D>. LerxuCav"rx:D+. Prop 


4854°35. bse FM apconx. Tey. u=Kg-4= CT, .a ecoux’e.D. 
mad dg OXuUCnv"r [#3543417] 


#8544. Fire FMorp.aes'A 20D. exp de PM. fA cxa'N = Agi 
Dem. 


b.#83052. Dt: Hp.d.cxwA Cll (1) 
b.4354311. 3b: Hp.d:Rer.d.0R= Ag r.. DROUR (2) 
#354312. Db: Hp. RB, Ser.d. [REAM ASE (Aa rd} =(B |S) (Aa!) 
[*330°5-52] =(8, R)p (Aa) 

[*354°312] = {SE (ASAD {RE (Aa Ad} (3) 
F. (3). 3305. Db: Hp. D.cx,‘r € Abel (4) 


b . (1). (2). (4). *380°52. DF. Prop 


#354401. bs ee Fil apconx grp.aeconx'e. Teng. 


ex'C*T, e FM ap conx . ae conxexa’C* Ty 
Dem. 


b.«B54422.0 Dt Hp. dD. cx Ol, FM Q) 
b .85434322 Db: Hp. dD. aeconxtexy C7, (2) 
b.(1). (2). #333:101. DF. Prop 


4354-402. +: Hp #354401. D.cxa'C'Z.e FM grp  [#354-313-22-401] 
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#854403. | : Hp #854401 .9.ox,'C'T, « FM rt 


Dem. 
fF. #35312. 43542. 5 
b:Hp.SeCT, A=CT,..3.(quv). pve NCind. v40.%=™, 
[*354°312. Induct] >.(qu,v)» w,veNCind.»+0. 


{SP (Anta) = 8° (Aa A.) = Tel (Aad) = (PE (Aaa). 
[#850°43.4354'401] 


>. (qp, v) uve NC ind.» +0. {SP (Ags)} (uy) {ZF (Aah) C1) 
F. (1).*353-1.h. Prop 
#354404. b : ee FM ap conx grp.aeconx’«. eng. Ds 
exg'C'T, ¢ FM ap conx rt grp trsasym = [*354'401°402'408 . 4353-27] 


#85441. Fixe FM apconx. Texg.aeconx'e.=Ky.2- 
exa’O’T, ¢ FM ap conx rt trs asym = [#854-17-404) 
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*356. MEASUREMENT BY REAL NUMBERS. 


Summary of *336. 

In this number we consider the application of real numbers to the 
measurement of vectors in a family. The principle of this application is 
as follows: If a given set of vectors, all of which are rational multiples of a 
given vector R, have a limit with respect to U,, and if their measures 
determine a segment of H, then we take the real number represented by 
this segment as the measure of the limit of the given set of vectors. 
For the sake of homogeneity with rational measures, it is wéll to take our 
real numbers in the relational form given in #314; ce. if Ee C‘@, we take 
s€ as the corresponding real number. With a suitable hypothesis, the 
result of the above principle for applying real numbers is, where rational 
multiples of the unit A are concerned, to replace the ratio X by the 


rational real number HEX, as the measure of the vector Xf «‘# 
(cf. #35663). Then the measure of the limit of a set of rational vectors 
will be, by our principle, the limit of their measures. Thus our principle is 
conformable to what is required for an application of real numbers. 


It should be observed that, if any application of irrationals is to be 
possible, it is necessary that the vectors of the family concerned should 
have a serial or quasi-serial order, independently of the order generated by 
their measures. The order generated, among ratfonal multiples of 7’, by the 
ratios which are measures of these multiples, is 7, (cf. #352), A vector 
which is not a member of C‘Z, cannot be the limit of any set of vectors 
with respect to T,. But we saw (#352°72) that if « is a serial family, 

T= UE OT. 
Hence when « is a serial family, a vector which is not a member of C‘T. 
may be the limit of a set of members of C‘7, with respect to U,. It is the 
existence of an independent series U,, not generated by measurement, which 
makes the application of irrationals as measures possible. 

The following phraseology may be found convenient. Taking a unit 7’ 
in a family «, and an origin « in its field, if X ¢C*H’ and S=X[«‘T and 
wo=Sa=(X Pe T)a, we call X the “rational measure” of S and the 
‘rational coordinate” of 2 We have, in the same circumstances, 

S=e ASX cnr AgS= Ane [Ag X. 
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We will call S the vector of X, and « the point of X; and the same 
phraseology will be employed for the vectors and points obtained by 
measures which are real numbers. We may now state the principle 
according to which we apply real numbers as measures as follows. Given 
a segment £ of H, take all the vectors of £'s: these form the class «mn A,“é, 
Then the real number s£ is to be the measure of the limit (with respect 
to U.) of the class «nm Ay“E, Since U, has the opposite sense to that of 7, 
aie. U, proceeds from the vectors with bigger measures to those with smaller 
ones, the limit we shall have to take will be the lower lim. with respect to 
U,. Thus the vector whose measure is s‘€ will be 


prec (U,) (ie n Ah €). 


> 
Now if we put X=&&, ApE= XT, and X is a relational real number. 


Hence using *206°131, the vector whose measure is X is prec(U,)‘X‘T. 
Hence if “X,‘7'” represents the vector whose measure is X (unit 7), 
we put 


= 
#35601. X,=prec(U,)iXP« Df 


Assuming now that « is a serial subinultipliable family, in which we take 

f as the unit and a as the origin, and putting, for notational convenience, 
P= U,.Q= 85, 
we have first a set of preliminary propositions (#356-1—191), of which the 
most important are 
HW =(C1H)14,3P=(CH)1 Ap? AQ (#35613), 
PEOR, = «Agi! (#35614), 

giving the relations between the series of ratios, the series of their vectors, 


and the series of their points. 


We proceed next (*356°2—-26) to the proof that X,Ppeel—+I. This 
requires, in addition to our previous hypothesis, that Q should be semi- 
Dedekindian, With this hypothesis, we first prove that if X, Y are 
relational real numbers, 

AX, = UY, = egt Xe = ee X= VP (*35621), 
We then prove, by the help of some arithmetical lemmas, that the lower 
limit of the submultiples of a given vector is the zero vector, i.e. 


tly'S (See: (qv). R=S}=IP CQ (*356-22). 


Hence we easily prove that, if R is any non-zero vector, and 2 is a class 
of vectors having a lower limit Z, the lower limit of the relative products of 
Rand members of d is the relative product of R and L, ze. 


ACK. L=thpr. Reng. DI. Ri Lathe Rr (*356-221). 
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Remembering ‘that the relative product is represented arithmetically by 
the sum, we may express the above proposition by saying that the limit 
of the sums of a given vector and a set of vectors is the sum of the given 
vector and the limit of the set. From this proposition we easily deduce that 
if RPS, X,{R + X,4S, whence it follows that 


X.Peel—l (*356-26). 


Our next set of propositions (%356'3—83) is concerned in connecting the 
relative product of X, and Y, with the arithmetical product X x, Y, where 
“x,” has the meaning defined in *314. Here we only require that « should 
be serial and submultipliable, and we obtain 


Xe| Ye=(X xp Ve (#856'33), 


This proposition is the analogue of #351°31 (except that «, is replaced by «); 
it has a similar importance, and calls for similar remarks, 


Our next set of propositions (*356'4—-48) is concerned in proving that 
the limit of the points of a segment of ratios is the point of their limit, in 
other words, that the limit of a set of points whose coordinates are a segment 
of rationals is the point whose coordinate is the limit of the segment. Here 
we again require that our family should be semi-Dedekindian; then if & is 
a segment of ratios, and X = 8, the above proposition is 


= 
(Xf Ry a = seqg! Ag An E = seqg’Ag*X‘R  (*356'43). 
~ 
Here X,‘R is the vector of X, (X,‘R)‘a is the point of X; A,“&=X‘R, 
> 
and each is the class of vectors of members of £; and Aq Ap“£ or Ag“X‘R 
is the class of points of members of & Moreover X is a relational real 
number. Thus the above proposition states that the point of X is the 


segment (ie. the limit) of the points of the ratios contained in X; ve. of the 
ratios which may be considered less than X. 


We next proceed (#356'5—'54) to connect the relative multiplication of 
vectors with the addition of their measures. Here we require that « should 
be semi-Dedekindian as well as serial and submultipliable. We then find 
that if X, Y are relational real numbers, and R is a non-zero vector, 


(X,'R)| (VER) =(X +, VfB (4356'54). 
This proposition is the analogue of #351-43, and calls for similar remarks. 
The proof proceeds without much difficulty by means of *356°43. 
Finally we have a set of propositions («356'6—63) to prove that the real 
number which measures a rational vector is the real number corresponding 
to the ratio which is its measure; we. if X is a ratio, the vector which has 


a 
the ratio XY to the unit has the real number 3H‘ for its measure. It is to 
be remembered that rational real numbers must not be identified with ratios, 
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any more than integral ratios (i.e. ratios of the form v/1) must be identified 


with cardinals, The real number corresponding to a ratio X is HEX ; this 
is what we call a “rational real number.” In measurement, when we are 
measuring by ratios, if H is our unit, X will be the measure of X b«‘R; but 
when we are measuring by real numbers, the measure of X[ «‘R must be a 
real number. The real number which is the measure of Xf «‘R will, by our 
definition, be a real number Z such that 


> 
XE «R= prec(U.)AR. 
Thus we have to prove that, if X is a ratio, the above equation is satisfied if 


> 
we put Z=sH‘X, This requires that « should be serial, submultipliable 
and semi-Dedekindian ; we then have 


> 
MeOH .d.(6H'X), =X be (#35663), 
> 
Thus although the “pure” real number s‘H‘X is not identical with the 


“pure” ratio X, yet the “applied” real number (HEX )e 18 identical with 
the “applied” ratio X[«. This fact explains why the results of the habitual 
confusion between a ratio and a rational real number have not been even 
more disastrous. 


a 
¥35601. X.=prec(U,)|¥t« Df 
43561, bs. Rex. d:S=X,'R.=.S=prec(U,A'R [(#35601)] 
#55611. bi. Rex. D1 S=(s€),(R.=.S = prec (Ux) Ag é 

[#856'1 . #33612] 
#85612. t:.¢¢ FM srsubm. 

X,VeCH’. Reng. aes'A«.Q=seg.P=U,..9: 

XH'Y.=.(X Pe R) PV EER) = XE Ryo} QUE ef Byfa 

[*352°78 . #336-4} 
«35613. fice FMsrsubm. Reng.aes*Ae. Q= seg P= U,.>- 

H’ = (CH) ApiP=(CH) 1A SA GQ [485612] 
435614. |: Hp435613.3.P[ORe=eA,iH’ [#35272] 
> > 
435615, +: Hp 435613. ACOH. X <8... maxp A Raw} Ag waxy 
Dem. 
2 > 
bexS5241. DEHp. dian MERCOR,. KER ARR (1) 
a) => => 

b.(1). #35614. Db: Hp. >. maxp'X4# = max PL CR SAE 
(#356°14] = «Ap max yd: D+. Prop 
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> => 
#35616, b: Hp¥35613.r.6 CO. X= SA... max XR=A_ [#35615] 
> 
«85617. +: Hp*35616.9.X,=ltp| XP CP [*35616] 


#35618. bine FM counex.>.X, 614 Cls 
[*206°161 . *336°62 . (*353-01)] 


#85619. Fi.ce FM sr. P= pe D:Z2eCH 2.25 0PEP 
Dem. 
b.«336°511.3h:. Hp. &,Sex.p,veNCind-—10.Z=yp/y. 9: 
RPS .=. RePS, 
[435043] 3: RPS. M =(n/r) Pe R.N = (y/o) 0 eS.2. MPN. 
[#336511] 2.MPN +. 3+. Prop 
*356191. : Hp «35619. Y esC@O.3.N Ee PEP|XDe 
Dem. 
b. *85619.9 
bi. Hp. Dd: r0eCO. X =r. Zer.d. 20 «| PEP (Zh xi. SF. Prop 
- 
«3562, +: Hp*856:16.ueC'@. Ler—p. Dd. | Ap Dep POAn py 
Dem. 
e 
b.x81011. 3+: Hp.d.Lepto py. 
—-—_ 
[#206°6.#352-12] Die {Agthe pie] ApH Agu. 
- 
[#3567141 D. 41 Ap Lep PCA gui db. Prop 
#35621. fF :.*¢e FM sr subm . Cnv‘s«, esemi Ded. X, Yes“CO. 3: 
OX, = AV, =4g: X= V,.=.X =V 
Dem. 


b.¥B5G16 .x214-7.D 
bi Hp.r,peOO.X =s. Vasu. Rexy-D-EYXSR-ELY ER (1) 


+. (1) 248562. DF: Hp(1).P=U,.qta— ped. (VER) P(XER) (2) 


Similarly t:Hp().P=U,.qty—v.3.(XER)P(YER) (3) 
b.(1).(2).(3). DF: Hp (1). X,R=¥SR.D.X=p. 

[Hp] D.X=Y (4) 
F.(1).(4). DF. Prop 


#356211. b:0,7¢ NCind — 0. ve NC ind — 1-01.39. 
(o +67)” > 0" +,(¥ Xoo"! XoT) 
Dem. 
b. #1134366 . #11634. D4 «(a x, T= 02 +. (2 Xoo Xp T)te7 (1) 
41265. Db Hp. Di (o +¢ 7)" > 0 ty(v Xo a"! XT). D- 
(ote Tt! part t.(U Xoo" XeT)+e(0" XeT) (2) 
F.(1). (2). Loduct . +. Prop 
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#356212. kip >o.p,a,CeNC ind. >. (qv). veNCind. p’>o' x,t 
Dem, 

Fy. *356211.3 

FrHp.veNCind.p=o4,7.2.p" > or! Xe lo +e (v X_7)} (1) 

Fe (1). #12651. 3b: Hp(l).o4,(uxe7) Do xe6.D.p" > or xf (2) 

F. (2). #11343 4120-416. #1263. 

bsHp (1). x97 > @ Xo (E—g1).D.p" > o XE DE. Prop 


¥856213. | :p>o.p,o,& ne NC ind. 1 +0.3. 


(qv). ve NC ind. p* x,y > oa" x E 
Dem. 


b. 4356-212. 5b: Hp. 3. (qv).ve NC ind. p> 0’ x,E: D4. Prop 


#356214. Fip,oeNCind—tO0.p>o0.XeCH.D. 
(qv).veNCind.(p/ayHX  [*356'213)} 


#356-215. Fre C'O.p,ce NCind-L0.p >o0.3. 


(q@X).X EX. X xe planer 
Dem. 


F, #305142. Induct. DF: XC CH. qtar.ve NC ind —- 10: 

Xe Dy X xspfoeriIiX ed.Dy.X x; pr/ored: 
[*356°214] 3: Hx.= OH q) 
F.(1). Transp. 3+. Prop 


¥356:22. |: Hp *35613.Q@esemi Ded. >. 
tlp'S [Sex:(qv).R=S} =1P OQ 
Dem. 
4336511. Db: Hp. L=tlp'S (qv). B= 8}. y,veNC ind 00.3: 
Sex. Sexr= RD. LPS": 


[301-5] D:Tex. T#=R.3.L°PT: 
{Hp} 3: L°PyL qd) 
b.#337-21.3+:Hp.veNCind—10-¢1. Lexy. 2. LPL" (2) 


b.(1). (2). 3b: Hp.d.Deeng: D+. Prop 


4356-281. b: Hp #35619. Q = Steg ACK. L= thr. Reng-d- 
Ri b= tpn 


Dem. 
b. 433415 24386411. 3b: Hp. d:LPM.>.(R\L)P(R|M): 
{Hp] D:Mer.d.(RILIPCRiM): 


[#37°61] D:R|AC PERIL) () 
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.438641.34:Hp.(RiL)PM.3.(qN).Nexs.-M=R\L\N. 


[#33031] D.(qN). Neus. R|M=L\N. 
[#336-41.433413] D.LP(R|M).R|Mexs. (2) 
[Hp] >.(qN).Ned. NP(RIM). 
[#336-411.(2)] D.(qN). Ned. (RIN) PM. 
[x37-1] D.MePOR|O (3) 


+. (1). (3). #20721. DF. Prop 


4356-23. +: Hpx356-22. RPS.D.(qv).ve NC ind-00.[(v-+_L)/o} te R]PS 
Dem. 

F.#356-22-221.Db:Hp.r=Pi Lex: (qu).R=T.D. tp R/AHR. 

[Hp} D.(qT).Terd.(RIT) PS. 

[Hp] D.(qv).v2NC ind — 10. {R|(1/v) f «‘R} PS. 

[#850°6 2.433432] 3. (qv).v eNC ind— #0. [{(v +, D/v} [ xt} PS: D+. Prop 


#356231. +: Hp *3856:23.3.(qv).veNC ind — 10. SP[{(p -. 1)/v} [ xf BR} 
[Proof as in *356°23] 


#35624 |: Hp *356-23.X esCO.I.XSR+ XS 
Dem. 
F.#356-23.5+:Hp.r+.C@. X =80X.9. 
(Gp,c)-p,oeNCind—t0.p >a. {(p/o) [ xR} PS. 
[#356215] D.(qp,0, Y).p,c¢ NC induct ~'0.p >a. Ver. Vx,p/o ven. 
(ploy «‘R} PS. a 
[#836511] 3.(qp,0,¥).poe NCind—t0.p>o0. Ver. Vx, plo epoH nr. 
(Vp eoloyt eR) PUY Les}. 
(4351-31.435613] D.(qp.o, V). VE e(plo)L x Rep Pex Ra POX, 
[#3561] D.X Rt Y,R:I+. Prop 


4356-25. Fs Hp #33622.X sO... XREQ 


Dem. 
F.4356121.3b:Hp.d.XSRexg Q) 


F. (1). #4113. 34. Prop 


*856-26. |: Hp*356-25.3.X,fpxeel—al 
Dem. 
+ .*356-24. Transp. DF: Hp. R, Seng. XSR=XSS.3.R=S (1) 
b. (1). #3561821. 3+. Prop 


SECTION cj MEASUREMENT BY REAL NUMBERS 449 
«3563, b:.«e FM apconx subm.s*Pot“*«Cn.pveC@O.R,Sex.d: 
RS x, $v) 8.2. R (sp) Pe (SD) 8 
Dem. 
baxSle ld. #313-21,. 3+: Hp... su x,sho = Ss X, hy (1) 
FV). Di. Hp. 3: R (su x, $v) S.=.(qM,N).Mep.N ev. R(Mx, N)S. 
[*351°31-22] =.(q@M,N).Mep.Nev. R(ME «| N)St. 3+. Prop 
#35631. +. «eM ap conx subm. s‘Pot“‘« Cx. X, Yes*O@O. 3, 
(Xx VER (XEOMPE «) [48563] 
#85632. b:«eFMsrsubm. X, YesC@. Reng... XSVER=(XiV) ER 
Dem. 
> = > 
b.*356191. 3h: Hp. d:Sexa ae Dina ES ee Ete 
[*37°63] D1 Xen Yer) ¢ Pexey, cR (1) 
b.*8056. DE: Hp.rAcCO.X =89.2,27/ eX. ZHZ'.D. 
Z0eAV ERED CA(Z/Z) 0 RVR. 


[435612] D.Zb eV ReZ' be PV ER. 
[*356-17] D.Zb AVR eZ Pe PVR. 
#35619 DZD eV Re POD Pe VR, 
if ] 
H Dd. Zp eV Re PONV (2) 
P 
> = 
F.(1).(2). DErHp.d. POXOVR = POXY ER 
[4356-1] D.(X| V)éR= XV ER: Db. Prop 


435633. ft: Hpx35632.9.X,{¥.=(Xx,F). [#3563132] 


«3564. Fixe FMconx.Q=Cnv‘in,.Sex.aC OQ. gla. Et seqg'a.D. 
S‘seqofa = sega Sa 
Dem. 


b. *330°563. 3b: Hp.d. S‘seqg‘a c piQist'a qd) 
b.a87L.  Dki: Hp.d:. Se Op £QS a .= 

(qy)ivea.D,. SarQy t yQs'e: 
[%330°542] 1(qw):vea.d,. Sa Q Sw: Sw Sa: 
[*208°2] * (qu): we! €t.D2.0Qw: wz: 
[437-1] =t rep Oa (2) 
+. (2). Transp. +:.Hp.3: 2nreQ*p Gea. = =. Stem e Qp Qeseca (3) 
F. (1). (3). #380542. +. Prop 


Rk. & W. OL 
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435641. bs.ce FM conx ts. P= U,.Q= ses ac OQ. rCu.qined: 
Ne=seqp't. =. Nex. seqgAg r= Na 


Dem. 
b . *336°43'2 . *206°61.3 
Fk: Hp.3:N=seqpr.=+Nex. AgiN =seq (Qf AaX‘«) ‘Agr (e9) 
fF. *206-211.3+:Hp.b=seqg'dg"*’.3.(qR).Rer. RiaQh. 
{Hp] D.(qS).Sex.bSa. 
[x336°11] D.be Age (2) 


F.(1).(2). DF: Hp. 3: N=seqp'd.=.Nex. Ag’ N=seqo' dar (3) 
F. (3). #88611 .3+. Prop 
#35642. +: Hp *356-41. Et seqp'A. 3. (seqp'A)'a = seqg’ Agr = [35641] 
«35643. |: Hp x85622.&eC@. X= KE. ce OGD.9. 
> 
(X,6R)a ot sega’ Ag *A 2 a seqo’ Ag A‘R 
[¥856°42:11-21 . #836°12] 
#3565. +: Hp *356-22. 
> > 
X,Y es O@O.aceOQ. Rex r¥=xeaXRipananVR.d. 
> 


~ 
(X, SR) YER) a = seqg's'r'seqg sua 
Dem. 


b. 4356-43 .433612. Db: Hp. d.(XAR)(V AR )fa = seqgd(¥.“R a 
> => 
[4356-43.%336°12] = seqg*s‘A‘seqg’sufa: DF. Prop 


«35651. +: Hp*3565.3.(X +, V)fR=seqp'sr | “pu 
Dem. 
b.43561] 431413. 0b: Hp. £760. X= HEL Va ay.D. 
(Xx +, Y)<R sed seq pA p°(E +a n) 
[31 2°82.%31 1-1 1.%308°32] = seqp'A gf's"E +, 
td 
[#33611] =seqe'V (ql, M).Le&.Men.N=(L4,M)E xR} 
[435143] = seqp'W {(qL,M).Le£.Men.N=(LE «R)|(ME xR} 
[Hp]  =seqp'N (qU, W).Uer. Wew.N=U|W}:3+. Prop 
435652. bs Hp 356°... ((X +, VY)‘ R}fa=seqo(Sryeauta 
Dem. 
.*356°51.D+:Hp.d. (X +, Y)éR}fa = (seqn's | ula 
a” 


[356-42] = seqg'A atts" | “p 
[4336-11] = seqo'@ \(qX, Y). Xen. Ve pee (X| Ya} 
[#4111] =seqo ((qX).X er. ve X3 pia} 

[e411] = seqg"(Sa) “uta :DF. Prop 
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> > ad 
#35653. Fs Hp #356°5 . 3. seqo's A ‘seqo'suhu = seqy (SA) Sula 
Dem. 
7 > > > > 
b. «35616. 3h: Hp. . seyo i Ar seqg sua = Itets seq g'iula 


[#4111] = lt @ (GL). Ler. w= Liseyo'sp'a} 
[#356°4] = lto@ (ql). Ler. a =seqg' Ls uia} 


> 

[*B56-16.Hp] = Ite ((yL)« Led «a= ligt Lipa) 

[#20755] = Ito’s@ (ql). Ler. a= Lsuia} 
~ 


¥41-11 = ltg (SA) Sula 
[ ] (SA) 
> 
[*356-16] = seqg"(s‘r)*5ua i DE. Prop 


#35654. + :«e FM srsubm. Cnv‘s«, esemi Ded. X, Yes“C'@. Re Kge De 
(X,6R)| (VER) =(X +, ¥)kR [435655352] 


43566. bie FM sr. Rexg-P=U,.Q= ing. XeCH.D. 


a 
Kn AMHX CPX EAR 
Dem. 
~> 
b.4376. Dh: Hp.d: Me Ag HX .=.(g¥). PHX.MYR. 
[#352°7] D.MP(X} nf R)i. DF. Prop 


«35661. +: Hp*3566.«¢ FM subm. QesemiDed.SP(X[xe‘R).9. 
(qY). VHX .SP(YP «‘R) 


Dem. 
b.356-231.3b:Hp.3.(qv).veNCind— +O. SP[{(v—, 1)/v} f ef XE eR] 
[#35131] D. (qv). ve NC ind — 10. SP[(v—g l)fv xp X} Le RY 
[#3057151] D.(q¥). YHX .SP(Yt x‘R): Dt. Prop 


435662, +: Hp #3566. «¢ FM subm. Qesemi Ded. >. 
~ ~ 
PAX ERC PCA M HX [435661] 
“ 
¥35663, +: Hp*356-62.).(sH'X) = X Pe 
Dem. 
= 
b.«356-662. 2b: Hp. dD. XP eR = ltp'd HEN 
> 
[#35611] D.XE AR = (HEX) R () 
b. (1). #385621. 95. Prop 


#359. EXISTENCE-THEOREMS FOR VECTOR-FAMILIES. 


Summary of *859. 


In this number we prove that, assuming the axiom of infinity, there are 
vector-families of the various kinds considered in previous numbers. 


If P is any well-ordered series having no last term, the converses of the 


interval-relations, z.e. the class finidP, form an open family of C‘P (*359°11). 
If P is a progression, this family is serial and initial («359'12), 


The family consisting of additions of positive ratios to positive ratios 
(including 0,), .e. consisting of all terms of the form (+, )[ CH’, where 
X ¢C‘H’, is initial, serial, open, and submultipliable («359'21), assuming the 
axiom of infinity. ‘The family consisting of generalized additions of positive 
ratios to generalized ratios is serial, open, and submultipliable, but not initial 
(359-25). 

The family consisting of multiplications of positive ratios not 0, by positive 
ratios not 0, is open and connected, but not seria! or submultipliable (#359°22); 
if we confine the multipliers to ratios not less than 1/1, the family becomes 
serial (*359-25), 

The family consisting of additions of positive real numbers to positive 
real numbers (including 4‘0,) is serial, initial, and submultipliable (359-31); 
the family consisting of generalized additions of positive real numbers (including 
«Q,) to generalized real numbers is serial and submultipliable, but not initial 
(*359'32). Similar propositions hold for multiplication, provided 10, is 
omitted; but the resulting families will not be serial. In the case where 
the field is. confined to positive real numbers, however, the family becomes 


= 
serial if the multipliers are confined to such as are not less than H‘(1/1), 
which is the real number 1. 


The last set of propositions in this number (*359-4—44) are concerned 
in proving that, given a family « whose field is 8, it S is a correlator of 
aand 8, St‘ is a family whose field is a, and which has the same properties 
of being connected, open, etc. as the original family x. Hence if « is a family 
whose field is the real numbers, and we are given any class @ similar to the real 
numbers (in other words the field of any continuous series), if S is the correlator 
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of this class with the real numbers, St*'« gives a family whose field isa. Hence 
from our previous existence-theorems we derive the existence, for a, of an 
initial serial family, giving us a system of measurement for a. Similarly 
if a is similar to the rationals. 


43591. F: PeOQ.w EL BP. D. finid'P Cl exterO'P 


Dem. 
+ .¥260:2328.3+:Hp.>.finidP C11 qa) 
be 4121302. Dt:Hp.d.D‘P,=C'P (2) 
F , (2). #121°302'35 . #26028 .D 
ki Hp.veNCind. DP, = CP... D'Pyya = OP (3) 
F.(2).(3). Induct. >t: Hp.Refinid'P.3.D'R=CP (4) 
F. ¥1 21-322, DE: RefinidP..C'RCOP (5) 


F.(1).(4). (5). 3301.34. Prop 


435911. b: Pe OQ. SE! BP. 2. finid'Pe fm apO'P 
Dem 


+. #260-28. 4121352. h; Hp. >. finid“P ¢ Abel (1) 
FeaTLL9. Dh: Hp.ujveNCind.q!Py|P,AT.d.u#y (2) 
F.el2135. Dk: Hp@).p>v.d. Pl PEP o- 


[*91°6.4121 36] D.(Pyul Pro EI (3) 
Similarly br: Hp(2).p> ped. (Pal Pip EF (4) 
b.(2).(3). (4). Db: Hp. Le(finid'P),,.3.L,, EF (5) 


F.(1). (5). #8591. DF. Prop 


435912. F:Pew.0=finidP.D. «6 fm sr init*C*P . ife=P 
Dem 


= 
b.#263°14141 41221. DE: Hp. D8 BP = OP (1) 
b.x26314141. DE:Hp.d.se,=P. (2) 
[#334°31.4359°11] Dine FM sr (3) 


F. (1). (2). (3). #835:14. DF. Prop 


43592. Fr Infinax.e=R(qX).XeCH'.R=(+,X)TOH}.2. | 
ce FM 8x, =H 


Dem. 
b. #3065495 430449. DF: Hp. dD. eC ll Q) 
+. 306-25 2380449. Dt: Hp. Rex.2.U@‘R=CH'.D'RCO'H' (2) 
b.¥806-1L31. Dt: Hp. R,Sen.d.R|S=S8|K (3) 
f.30652.. Dh:Hp.d. seg =H (4) 
F. (1). (2). (8). (4). DF. Prop 
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4359-21. Fs Hp #3592. 3.6 e FM initsrsubm. ix, =H’ 
Dem. 
, > 
+ #90624. Db: Hp. 3D. Hx0, = OCH’ () 
b. #30641. 
bi Hp. X eC'H'. pve NC ind—00.S= [4,(¥ xe l/vyp P CCH’. 3: 
SH aft (X x, w/v} f OCW D. Sete = (4,(N xp tol /v)] POH’: 
[Induct] 3: S# = {+.(X x,p/r)}p CCH’: 
[¥305°51]D:S”=(+, X)P OH (2) 
fF. (2). 4351-1. *359°2.3+:Hp.d.*ceFMsubm (3) 
b.(L). (3) 8359-2. #33431. F. Prop 
#35922. b:Infinax.x«=h ((qX).X eC’. R=(+,X)[P C'H}.3. 
xe FM srsubm . sx, = H, 
The proof proceeds as in *359-21, but in this case there is no origin. 
Every member of « is a connected point, ie. a member of conx‘x.  ‘I'his 
results from *308°54. If, in #35921, we substitute H for H’, the proposition 
holds except that « has no origin. 


*359°23. Fr Infinax.x=R((qX).XeC'H.R=(x,X)PCH}.>. 
xe FM ap conx 


The proof proceeds as in #35921. We bave to take H instead of H’, 
because (x,0,)[ C‘H’ is not 1-»1. We do not get xe Msubm, because 
not every rational has a rational vth root. 


#35924 +: Infin ax. 
«= R (GX). X CH, —10,. R= (xp X)bE (CH, —10,)} >. 
xe FM ap conx 
The proof proceeds as in *359-23. 
#35925, +:Infinax.c=R ((qX).(/1) Hy X.R=(x, X)P CH} .3. 
xe PM sr. éxg= 1 
The proof proceeds as in #359-21. 
#35931. b:Infinax. «= {(qu).peCO'.R=(tpp)PC@O}.>. 
« € FM sr init subm. éxg= 0 


Dem. 
F.wB1174.  Dh:Hp. die Cll (1) 
b.x31127. Dh:Hp.Rex.d.@R=CO DRC’ (2) 
b.81143. Db: Hp.d.10,f CO! = inittx (3) 
b.¥81112121.3h: Hp. Dd. xe Abel (4) 
b.xB1165. Dk: Hp. d. seg = (3) 
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F.(1).(2).(3).(4).(5). Dk: Hp.d.«ee FM srinit. ieg=8 (6) 
F. (6). #310151.4351-11.3F: Hp. d.26e FM subin (7) 
F.(6). (7). DF. Prop 


#35932. +: Infinax.«=R (qu). peC'@.R=(ten) LE C@,}.3. 


«xe FM srsubm . 8xg = @, 


The proof proceeds as in ¥#359'22. Similarly the analogues of #359'23'24'25 
can be proved for real numbers; the resulting families, in these cases, will be 
submultipliable, but it will be necessary to omit ‘0, from their fields. 


43594. bx eClex‘cer§8.Seasm @.>. St «ee Clex‘cr'a 
Dem. 


F.43301. #71252. Db: Hp.d.St «C11 (y 
F. #150°21-211 . 4380-1. 9b: Hp. Re Ste .>.CR=SB.DRCUR. 
[73-03] >.0'‘R=a.DRCa = (2) 


F.(L). (2). #3301. 25. Prop 


*359'401. Fe Abel. SeCls— 1. s*A%« CUS. 3. Ste e Abel 
Dem. 


b.¥72-601.Db:. Hp. 3: P,Qex.d.P|S|S=P.Q|S|S=Q. 75) 
[#1501] >. (St P)|(St Q)=S|PQ|S 
[4330°5] =8/Q|P|8 
[(1 #1501] =(StQ|(StP) @) 


b . (2).#330°5. DF. Prop 
#35941, Ficefm(®.Scasm@.d.St cefmia [#3594401 . #33051 | 


*359°411. bie FM. aeconx'e. Sell. sx =A1S . 3. SaeconxS tix 
Dem. 
b.#15D11. 3+: Hp. P=Sis%e. 3.8 Psinor (8). 


(*151-33] 3. Pesta vu Pesta = Seta vw se siea 
[x331-1] = S91 
[#330°13.4150-211] = US3ste 

[Hp] =d'P (1) 
b. #15016. 3b: Hp(1).23. P= S684 (2) 


ba (1). (2). #3311. D4. Prop 
*359°412. bi xefmconx'8.SeasmP.>.St«efmconx'a [#359'41-411] 
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#359413, ti xe FMap. Sell .sIe= 18.35. 8H ee FM ap 
Dem. 


H.xI2601. Dts Hp.P,Qen-.(S5 P)|(83Q)=83 Pg (1) 
b.(1).#1504. Fs Hp (1).q 1(93 P) (SQ aT.d. qiPiQad. 
[4333101] D.(P|Qpo ET 
[#20021] >. S3(P1Qyo EI. 
[#15083] 2.{33 (P| Qin EI (2) 
F.(1). (2). se Hp.D:X,PeSte. gid PAs.d.¥ Yo GJ (3) 
b.43594. 9 Dt a 2. Stee PM (4) 


F. (3). (4). #393101. F. Prop 


#359414. Fixe FM. Sell se = OS .a= init. >. Sa =init St % 
[Proof as in *359-411] 


«359415. br xe FM subm. Sell. Sas 1.0.84 ee FM subm 
Dem. 
F.*801°21. Dt: Hp. Yex.veNCind. >. Ptt= Yr ¥ (1) 
b.(1).x72601. DF: Hp. SP =(SVY.D. Si Petra (si vyta (2) 
F.(2).Induct. DF: Hp(1).>.83 P* =(93 Vy (3) 
b. «8511. Db: Hp.veNCind—10,.Xex.d.(q VY). X=V". Ven. 
[(3)] D.(qV). Vex. SiX=(S3 Fy (4) 
b. (4). #3511. #35941. +. Prop 


#35942, bs qifm conx ap subm‘’8 .asm 8.5.q! fin conx ap subm‘2 
[#359°41°412-413-415] 

#35943, b:Peiin.d.q! FM initsrsubm 2 (5x9 = P) 
[*359°42°21-414 . 274-44. 4123-18 . ¥304-47 . #273'4] 

«35944. FNP $1=6.3.q! PM init srsubm a 2 (5x, = P) 
[#859°42°31-414 . 42753 .#B10°15 . #20447] 


SECTION D. 
CYCLIC FAMILIES. 


Summary of Section D. 


The theory of measurement hitherto developed has been only applicable 
to open families, But in order to be able to deal with such cases as the angles 
at a point, or the elliptic straight line, we require a theory of measurement 
applicable to families which are not open. This theory is given briefly in the 
present Section. 


When a family is not open, two vectors which have one ratio will usually 
also have many others, ie. we shall not have q!XPeaVEu.d.X=Y, 
where X, Y are ratios. Also a ratio confined to the family will not usually 
be one-one. Under these circumstances, it is necessary, if measurement is to 
be possible, that there should be some way of distinguishing one among the 
ratios of two vectors as their “principal” ratio, and of then showing that, by 
confining ourselves to principal ratios, the requisite properties of ratios re- 


appear. 

The case of angles will serve to illustrate our procedure. Considered 
geometrically, not kinematically, a vector which is a multiple of 20 is identical 
with the null-vector, and if @ is any angle, 6 = 2va + 6, where v is any integer 
positive or negative, Weare here considering an angle asa vector whose field 
is all the rays in a given plane through a given point. Thus there will be two 
angles which are half of the null-vector, namely w and 27, and four angles 
which are a quarter of the uull-vector, namely 2/2, a, 87/2 aud 2a; and 
so on, ‘Lhe ratio of 7/2 to 7 is any number of the form (2u + 1)/(4v + 2); 
thus two terms may have miany different ratios. 

In order to evade this difficulty, we first arrange angles in a series ending 
with 2a, and having no first term, but proceeding from smaller to greater 
angles. Tben the angles which have a given ratio y/y to a given angle will 
be finite in number, and therefore one of them will be the smallest. We take 
this as the “principal” angle having the ratio w/v to the given angle, and 
define “(u/v),” to mean the relation between two angles consisting in the 
fact that the first is the “ principal”.angle having the ratio m/v to the second. 
Then of all the ratios between the two angles, the ratio z/» may be regarded 

30 
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as the “principal” ratio. It will be found that, with suitable hypotheses, 
(u/v). has the properties required in order to make measurement possible. 


In order to make the above method feasible, certain properties must be 
assumed to hold concerning the family «. (These properties are all verified 
in the cases that arise in practice.) We shall therefore only speak of a family 
as cyclic when it fulfils the following conditions : 

(1) It must be connected. 

(2) It must contain a non-zero member which is identical with its 
converse. This is the property which makes the family cyclic. In the 
case of angles, the member in question is 7. 

(3) It must be such that «;1U, is transitive. This is the property 
which enables us to arrange the field in a series. It will be observed that 
U, cannot be transitive, since, if A, is the member which is its own converse, 
we have 

(Tf s'1‘«) O Kee Ke OU, (Lf 86x), 
but we do not have (If s‘d“‘«)U, (I fs‘), because U, is contained in 
diversity (by *336°6). It is, however, possiblé that U, should be transitive 
so long as we do not start from J ['s‘C‘‘x, and this we assume as part of the 
definition of cyclic families. 

(4) In order to avoid trivial exceptions, we assume that « does not have 
only two members, since otherwise it might consist only of I fs‘ and K,. 

We are thus led to the following definition : 

FM cycl = (FM conx — 2) & {x51 Upetrans : (qk). Kens. K =K} Df. 
We prove that there is only one such relation as K, and therefore put 
K,=(0K)(Kexg.K=h) Df 

Also for the sake of brevity we put 

L,=If s*‘« Dt 

We then prove that « is a family having connexity, and satisfying the 

condition 

D\« = Cd «, 
te. having the domain of « member always identical with the common 
converse domain. Thus by #38421, «= « v Cnv“x. 

In a cyclic family, « v Cnv“« consists of two mutually exclusive parts, 
namely «; and K,|‘‘«,. (In the case of angles, K,|R would be w+ QR. 
Thus «;, would be the angles from 0 (exclusive) to 7 (inclusive), and K, | “«g 
would be the angles from @ (exclusive) to 2m (inclusive).) Also A,| “x, 
consists of the converses of « —UK,. 

We tak» up next (*371) the question of arranging « v Cnv « in a series. 
For this purpose, in order to avoid circularity, we have to erect a barrier at 
some puint; we choose J, as this point. By the definition of cyclic families, 
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xg1U;, is transitive; lence, since the family has connexity, U,[ «, is serial. 
This relation therefore arranges all the members of «g in a series, beginning 
with K, and proceeding towards J,, In order to extend our series to 
K,| “«g, we only have to make K,|R precede K,|S8 if R precedes S, where 
R and S are members of xg. That is, we arrange K,/ “xg in the order 
K,(3U,.[ «3. This gives a series which begins 
with f, and proceeds towards K, without 
reaching it. Thus taking the sum of the 
above two series (in the sense of *160), we 
get a series whose field is «vu Cnv‘‘x, which 
begins with .,, travels through K,|“xg to K,, & I, 
and on through «g towards [,, without quite 
reaching [, again. This relation we call W,; 
the definition is 


W.= KU. eg t O.f eg Def. Ky | ‘ka 


Taking an arbitrary origin, a vector may be indicated by the point to which 
it carries the origin. Thus in the figure, J, is at the origin, KX, is opposite 
the origin; the upper semi-circle, including both ends, is «; not including 
the right-hand end, it is «a; the lower semi-circle, including both ends, is 
Cnv“«; including K, but not J,, it is Cnv“«g; including I, but not Ky, 
it is K,|"«g. Then W, starts from I,, and proceeds through the lower 
semi-circle first, and afterwards through the upper semi-circle, stopping just 
short of [,. 


If « is cyclic, W, is a series. Under most circumstances, if Rex, we 
shall have 


x9 


PW.Q.3.(P\B)W.(Q) BR). 
The investigation of the various cases in which this holds occupies a large 
part of #371. 


In the remainder of this Section, our work becomes more full of ordinary 
arithmetic than it has been hitherto. We shall therefore, where cardinals 
are concerned, abandon the explicit notation we have hitherto employed, and 
substitute the ordinary notation, ‘Thus we shall write «+» in place of 7 +,», 
and wy in place of ~x,v. We shall, however, retain 4—,v for subtraction, 
in order to avoid confusion with the sign of negation of a class, 


We proceed next (#372) to consider what is in effect the class of vectors 
not greater than the vth part of a complete revolution (eg. in the case of 
angles, not greater than 27/v). We define this by means of the relation W,. 
It will be seen from the figure that if R is a non-zero vector, we shall have 
Rew W,R*, unless BR? belongs to the lower semi-circle and R+? to the upper, 
in which case R° W,R+. The first time this happens is the first time that 
R-*! becomes greater than one complete revolution. Hence if, for every 
number o less than v and not zero, R°+! W, RY, it follows that R” is not greater 
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than one complete revolntion, and therefore R is not greater than the vth 
part of a complete revolution. The class of such relations we call »,; thus 
we put 


m= (eV Cave)a Blo <v.c+0.2,.R™W,R) DE. 
The main propositions to be proved in this subject are 
Pex PWQ.3.PW.Q 
and (what is an immediate consequence) 
PiQeéu.-3:P*=Q.=.P=Q. 
This latter proposition is the foundation of the theory of principal ratios. 


Another important property of pv, is 


WED, Crp, 
so that v, is an upper section of W,. 


We proceed next (*373) to consider submultiples of identity, ie. vectors 
R such that &”=J,, where v is a cardinal. We assume here, and almost 
always henceforth, that « is a submultipliable family. We first consider 
vectors which can be reached from J, by successive bisections. We know 
that K=T,; if He=K,, then R4+K,, because K2+K,. Hence by con- 
tinuing th: same process we arrive at the existence of a vector Q such that 

Q” =Tip <2”.p+0.5,. 041. 

Hence we easily arrive at the result that, if » is any inductive cardinal, 
there is a non-zero vector whose yth power is J,. (This does not follow 
from xe FMsubm alone, because J,”=7,, so that from the definition of 
FM subm we cannot know that there is any vector except J, whose vth power 
is I,.) Thence we prove that there are non-zero vectors whose yth power is 
I,, and which are such that no earlier power is I,, 2.e. we prove 


(qR): Reng. Re=Iio<v.c0.5,. R$. 


The class of such vectors we call (/,, v). If Ris such a vector, the number 
of different vectors which are powers of Ris v. Hence the powers of RB have 
a maximum in the order W,; since W, proceeds from greater to smaller 
vectors, this will be the smallest vector, other than Z,, which is a power of R. 
Concerning this vector, we show that it is a member of »,, ie. it is such that, 
ifo<v.o+0, R°7 W,R*. Finally we prove that there is only one member 
of ve whose vth power is [,. This will be what we may call the “ principal” 
vth submultiple of [,; in the case of angles, it will be the angle 2e/y. It 
will be observed that 2cy/v always has identity for its vth power, and has no 
lower power equal to identity if » is prime tov. ‘Thus the uniqueness of the 
“principal” vth submultiple depends upon the fact that it is a member of »%, 
so that, by what has been proved in the previous number, no other member 
of », has the same vth power. 
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We next, in a short number («*374), extend the last of the above results 
to any vector, proving that, if R is any member of «vu Cnv‘‘x, there is a 
unique member of », whose »th power is R. We may call this the “principal” 
vth submultiple of R. We prove also in this number that, if 8 is the principal 
vth submultiple of £., », consists of all vectors not earlier than S in the order 
W,, ae. of all vectors not greater than 8. 


Finally (*375) we define “ principal ratios” and show that they are one- 
one and mutually exclusive. We denote the “ principal rat’ >” corresponding 
to p/v by “(u/v),.” This is defined as the relation holding setween FR and § 
when the principal »th submultiple of R is identical with the principal »th 
submultiple of S; that is, we put 


(ulr)e= RS (GP). Tepper R=T#.S=T% De 


It is obvious that (u/v), (w/v) > «.; aud there is no difficulty in showing 
that principal ratios are one-one and mutually exclusive. 


We have not thought it necessary to carry the development of this subject 
any farther, since, from this point onwards, everything proceeds as in the case 
of open families. We have given proofs rather shortly in this Section, 
particnlarly in the case of purely arithmetical lemmas, of which the proofs 
are perfectly straightforward, but tedious if written out at length. 


*370. ELEMENTARY PROPERTIES OF CYCLIC FAMILIES. 


Summary of *370. 

In this number, after the definition of cyclic families already cited, we 
proceed first to prove that only one non-zero vector is equal to its converse 
(«370°23). This one we define as K,. Next we prove that, if R is a non- 
zero vector other than K,, R| K, is the converse of a non-zero vector, and 
RIK, is a non-zero vector (#370°31'311), whence it follows that 

DR=TR=s' Ae (*370°82), 
whence further we obtain 
De=U«.«e FM connex (*370°33). 
Hence further, since by definition «g1U, is transitive, it follows that «g1U, 
is a series (*370°37). The remaining propositions (#370'4—'44) are concerned 


with the relations of the two semi-circles «xg and K, | “‘xg (ef. figure, p. 459). 


We have 
Cav'«n= Kyl (#370°4), 


wea Cnv“« tl, vik, (%370°42), 
Ky |", = Cav'e— SK, (#87048), 
and Ky n Ky Sega (*370°44). 


#37001. FM cycl = 
(FM conx — 2) @ {eg 1] U,e trans: (qh). exg K=k} Df 
487002. K,=(1K)(Kexg.-K=K) DE 
#37003. [=I fsx Df 
xBT01. bike FMcycl.=: 
«xe FM conx—2.«34U, etrans:(qkK). Keng. K=K [(*870-01)] 
KBTOLL. Free Mconx.D.«,1U, Ed  [%3366 . («836011)] 


#87012. bree #Mconx.«,4U,-trans- 8, Sexg.RU,S.SU,T.>.R+T 
[*370°11] 


437018, bree PM. Ken. K=K.D.K*=1, [433031] 
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48702. bi.we FM conx .«q1U,etrans. Keng. K=K.>: 
Rex. Ri Kexn.>.RU, (Ri K).(Ri K)UR 
Dem. 
b. #87013. D+:Hp.d.R K'=R (1) 
+.#886-41.(1).3h:Hp.>. BU,(R\K).(R| K)U.R: 3k. Prop 


#37021. b:Hp3702.Rexg-R\|Kee.>.R\Ke=I, 
Dem. 

+ .*370°12. Transp. +: Hp. RU, (R|K).(R| K)U.R.>.RiK~exs (1) 

F.(1). «8702.95. Prop 


437022. +:Hp«*3702.Rex,-UK.D.R| K~wer 


Dem. 
b .#370°21 . #3830325. Dk: Hp *870-21.5.R=K (1) 
F.(1). Transp. 3+. Prop 
437023. +: Hpx3702. Ree, R=R.D.R=K 
Dem. 
F . *331'33. Dt: Hp.d.R| KexvuCnv“« ql) 
b.4380°5°52. 4342. Db: Hp.>. BR} K=Cnv(RiK) (2) 
F. (1). (2). Db:Hp.d.R[ Kee. 
[*370°22.Transp] 3.R=K:5+. Prop 
487024. bie FMcycl.>.E! Ky [¥370°1-23..(370-02)] 


v 


437025, ki. FM cycl.D: Re xg. R= B.S. R=K, [*370-24.(437002)] 
437026. bie FM cycl.D. Kyens. Kea Ke. Kea 1, [#870 2425'13] 


«8703. bine #Mcycl.RUK,.9. R=], 


Dem. 
+, #338641 .3b:.Hp.d:Re«:(qS).Sexng.R=K,|S8 () 


F. (1) .#87021-24. 9. Prop 
487031. bine FMecycl. Re«,—K,.9.R| Kye Cuv''eg 
[#33133 . 4370-22] 
4370311. F: Hp ¥370°31.9.R Kye ns 
Dem. 
F.4870°31. 2: Hp.d.K,| Rens. 
[#330°5.437026] >. Ri Keex, s+. Prop 
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#37032. Fixe FM cycl. Rex. d.DSR=AUR=s8'dk 


Dem. 

b.#505-52. Dt. DY, = (0, = se qd) 
 . #37026 . #330°52.3+:Hp.d.D‘K,=1'5K, =s'1« (2) 
+. «37031 . *33052.3+:Hp.Reag—e'K,.>.D(R) K,) =8 1x. 
[330°52.43436] >. D'R= sx (3) 


+.(1).(2).(3). 3+. Prop 
#387033, bine FMcycl. 3. De = 1%«.«¢ #M connex 
[#37032 . 4334-42] 
#37034, b:ceFMcyci.>.U,econnex [*370°33 . 33662 . (*336°011)] 
#37035. +: Hp#37031.9.K,U,R.~(RUK,) 
(#370°3 . Transp . *370°34] 
#37036. Fixe FM cycl. >. x34 U, connex .C%34 U,= x 
Dem. 
b.aB3641. Dh: Hp.d. C's] U, Cx (1) 
b.#37034. Dh: Hp. h,Sexg.-R+S5.3: 
R(«g1 Ue) S.v.8(e31 Un) R (2) 
b.#38641. Db:Hp.Rexg-S=1,..R(xs1U)S (3) 
14338641. DE: Hp. Seng R=Ip.3.S(xg1U)R (4) 
b.(2).(3).(4). DF: Hp. By See. R4S.3: 
R51 U)S.v 8S («91 U,) R (5) 


+ 


F.(1).(5). 34. Prop 

«87037. bice FM cycl. 3. «91 U,eSer (#370°'11:136] 
#87038, b:xeFMcycl. R,Sex.D.R|S=S|R [4330-361 . 437032] 
#38704 bi xe FM cycl. >. Cnv“« = Ky 


Dem. 
F.437081 #3305. b: Hp. d. Ke| “(eg — UK) € Cav (1) 
F. (1). #87026. D+:Hp.d. K,| “« CCnv“« (2) 
437031126. Dt:Hp. Rew. D.R| Kyexe 
[370-26] D.(qS). Sen. R=S Ky. 
[330°5.437-6] Dd. Re K,| 3) 


+. (2). (3). DF. Prop 
#87041. bine fMecycl. R,Sex.D2(Ky| BR) Ve (Kj 8). 5. RUS 
Dem. 
b . #33654 . *370°33 . > 
ts. Hp.3:(K,| BR) V.(K, | 8).2 (ql). Leng. Kj R=T\K, |S. 
[#330°5.4370-26] =.(qP). Peng. R=T|S. 
[4336-41 ] RUS 22D. Prop 


i 
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#87042, Fixe FMcycl. dD. na Cov'®e Hel, vik, 


Dem. 
b. 487022, Db: Hp. Ree,—UK,.d. Ri Ker. 
[*370°311.Transp] D.Rwvexkg—uK, Q) 
b.A(l). 9 De Hp. 3: BR, Rex. d. Revl, vk, 2) 


F.(2).4370°26. Db. Prop 
487043. bre FM cyel dD. Kj “eg= Cuvee K, [4870-4] 


#37044. bine FMcycl.D.ngnK,|“eg=A [*370°42'43] 


R. & w. In. 


#871. THE SERIES OF VECTORS. 


Summary of *371. 

In this number, we begin by defining the relation W,, which takes the 
place, for cyclic families, of the relation V, defined in #336. The definition 
is 
#87101. W.=K. U.P eg t Ue Dg Df 

Then if «isa cyclic family, W, isa series (#371-12), and its field is « v Cav‘‘« 
(*371-14), which =x, since « has connexity. It will be observed that V, is 
not a series if « is a cyclic family; we have eg. 1,.V. Kx.» K.Vile. The above 
relation W, is constructed so as to make a barrier at I,, thereby preventing 
the relation W, from being cyclic. 

If P, Q are both members of xg or both members of K, | ‘«;, 

PW,Q.3.(qT).Texg.-P=Q|T (#871-15151). 
Most of the properties of W, depend upon the fact that «q4 U;, is transitive, 
in virtue of the definition of cyclic families. If « is any connected family, we 
have 
4g |U,etrans.=:P,Q,Q|R, Pi Q| Reng. Rew. Opor+P\Qexg (#3712). 
This proposition is required for most of the subsequent proofs in this number. 
It leads at once to 
#37121. b:xeFMcycl. P,Q,Q/R, PiQ| Reng. Rewe.d.P| Qexg 

Most of the propositions of this number are concerned with the circum- 
stances under which we can infer (P| R)W,(Q| R) fron PW,.Q. We have 
#87131. b:.ceFMcycl. RewgiPexg.v.P|Reengid: 

er PW,Q.2.(P|R)W, (| B) 

Another useful proposition is 

4871-27. bi.ceFMecycl. P,Qexg.3:PW.Q.=-QW,.P 


«387101. W.,= KU. Des tU.D xg DE 
KBT11. biz. ee FM cycl. 32: PW.Q. =: P, Qe Ke| xg: 
(qB,S8).R,Sexg-RU,S.P=K,|R.Q=K,\S:v: 
P,Qena.PUQiv: Pe Kx| “"g.Qe ng 
[202-55 .4370°34 . (a387L-01)] 
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#OTL11. bike PM. Ken. >.(K|)Peel—l 
Dem. 
+. «83031. 3+: Hp. BR, Sex. KIR=K|S.3.R=S:5+. Prop 
#87112. bie FM cycl.>.W,eSer [4370°37-44. «371-11 . #204-21:5] 
#87113. bie FM cycl. >. We= Vel (Cavite —UK,) $U, Peg [4870-41-43] 
487114. bine FM cyl. 3.0°W,=« v Onvna kau K,| “xg 


Dem. 
b .¥202'55 . 437034. #16014. 5b: Hp. 3. C'W, = Ky| xg u ny 
[*870°43] =«uCnv «rb. Prop 


437115. bi.ce PM cycl. P,Qeng-D:PW.Q.3.(q7T).Texy.P=Q|T 
[4370-44 . 4336-4] . (#371-01)] 
«B71 151. bine FM cycl. P,Oe K,| “eg. 3: PW.Q.=. (ql). Lexy. P=QiT 
Dem. 
b .*370°44..%33641.5b:.Hp. >: 
PW.Q.2.(qR,S,T).R,S8,Ten,.R=S|7.P=K,.|R.Q=K,|S8. 


[*370-26] =.(q7).Texg.P=Q|T:. 3+. Prop 
#371152, bee PM cycl. Pe Kx\"xg-Qeng-2+PW.Q [*3711] 
#87116. bie FM cycl.Pex,.PW.Q.>.Qeng [*370°44 . #371-1} 


4871161 bree FM cycl. Qe Ke| “eg. PWiQ. Dd. Pe Ky! ey 
[370-44 . 4371-1] 
#387117. bree FM cycl.Q,Texs.2.(Q|T)W.Q-(Q|T) WT 
[x871-15-152] 
> & 
#87118. Fixe FMcycl. 3. WK. = Ky eg. Wii Ke = eg — Re 
[aS71-15°152 . «370'311-22] 
#87119. bs. ee FM cyl. P+1,.3:PWiKe =. KW 
[4371-18 . #870°43] 
#8712. b::eeFMconx.3:.43] Ue trans. =: 
P,QQIR,P\Q\| Reng. Rex-Dpon  P\Qexg 
Dem. 
b.«88641. Dt: Bp.3:T («91 U.)S.S(«g]U.) R=. 
(qP,Q)-P,Q,5, Tex. Rex. T=P\S.S=Q\R (1) 
b.(1).*13-21.>b:: Hp. 3:49] Ue trans. =: 
P,Q,Q|R,P|Q| Reus. Rex. Ipon-(P|Q/R)UcR (2) 
+ .*830°315.) 
bi. Hp. P,Q, Rex. Mex;.P|/Q|R=M|R.>.P|Q=M (8) 
+. (3) #83641. D+:. Hp. P,Q,R,P|Q|Ren.>: 
(PiQ|R)U.R.=-P|Qeng (4) 
b.(2).(4). DF. Prop 


468 QUANTITY (PART VI 
#87121. tice FMcycl. P,Q,Q|R,P|Q|Rexg.Rex.d.P|Qexg 
[#371°2 . *8701} 


4987122. bine FMcycl. P,R,P|Rexy.-PWQ.3.Q|Rexg 
Dem. 


b.a3711516. 3b: Hp.>.(q%).Q, Tees P=Q|T (1) 
F.(1). Dt: Hp.d.(q7).Q2,7,Q|T.Q|T| Reng. 
[#37121] 3.Q|Rexgi dt. Prop 

487193. bce FMcycl. TW.S.>.7W,(8| 7) 

Dem. 

F.4330°31.437038.9:Hp.>.7=S}(8| 7") (1) 
F.(1) 48711516. Db: Hp. 7,8[ Teng. 2+ TW. (S|) (2) 
bexS7L1516.  Db:Hp.Pexy.d.8|Texg (3) 
b.(2).(8). Dh: Hp. Teng. >. TW.(S8|P) (4) 
b.xB71-152. DE:Hp.Trens.8| Teng. Dd. TW, (S|) (5) 
beaB7LISLIGL. Dt:Hp.Sweng dD. Trens S| Tex, (6) 
F.(5).(6)+ Db: Hp. Sweng.. TW. (87) (7) 
b.(1).a871151. Dk: Hp. 7S|Preng-Sexg.D-TW.(S|P) (8) 
F.(5).(8). Dh: Hp. Prens. Seng. TW. (S| 2) (9) 
F.(4).(7). (9). DF. Prop 


487124. b:ee FM cycl. P, RB, P|Rex,.PW.Q.>.(P|R) W.(Q|R) 
Dem. 
b. #8711516. +: Hp.>.(qf).P,Q,R,P|R,Tex,-P=Q|f. 
[371-21 .*330°5] D.(qT). P| R,Q|R,Texg-P|R=Q|RIT. 
[*871°15] >.(P| R)W.(Q| BR): 3+. Prop 
#871241. bie FM cycl. P, Rexs.P|R~ex,.PW.Q.>.(P|R)W.(Q| RB) 
Dem. 


b. 4871152. D+: Hp.Q|Renx,.>.(P|R)W.(Q|B) Q) 
b.x871-15.> 
b:Hp.Q|Rvens.>.(qT). Tees. P|R,Q| Rvexg.Pi/R=Q|R\T- 
[*871-151] 2>.(P| RB) W.(Q| RB) (2) 


b.(1). (2). DF. Prop 


#37125. tine FM cycl. P, Rexg.PW.Q-9-(P| RB) W.(Q| R) 
[4871-24'241] 
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4371-261. tice FM cyel. R,R\Qexz.PW.Q.>-(R| P) We (B|Q) 
Dem, 
F. «371-25. Transp .*871-12.5 


bree FM cycl. P,Rexg.(Q| R)W.(PiR).3.QW.P qQy 
0) SOE >t. Prop 
#87126. bi.eeFMcycl: P,Qewg.¥-P,Qrvengi od: 
PW.Q.= .(Ky| P) W, (Ki Q) 


Dem. 


F. 871-25 . #87026. Dh: Hp. Peng» PW.Q-D-(Ke|P)We(Ke/Q 


bh. #371251. 487026. Db: Hp. Qeng.(Kx| P)W.(Ke{Q)-3-PW.Q (2) 
F.(1).(2). Dh: Hp.P,Qens-D:PW.Q-=-(Ke| PYW,(Ke|Q) (3) 
ray PEI garvas. 9 

br. Hp. P,Qwensg-3:PW.Q.=.(K,|P) W. (Ke | Q) (4) 


F.(8).(4). DF. Prop 


AS7LOT. b 1. e FM cycl. P,Qexg-D:PW.Q-=-QWeP 


Dem. 
b.*87115.D+:. Hp. 3: PW.Q.=.(qT).Tex,.P=Q|T. 
(4#870°33] =.(qT).Texg.Q=P|T. 


[#871-151-19.4370°43] .OW.P D+. Prop 


#3713, bixeFMcycl. Rexg-P\|Revexg-PWQ.>.(P|R)W.(Q{R) 
Dem, 


b.437127.>+:Hp.>.QW,P. 


[#871-251] >.(R|Q We (RiP). 
[4371-27] >. (P| B) W,(Q|R): D+. Prop 


487131, b:.ce FM cycl. Reng: Pexg.v. P| Rvengi >: 
PWQ.>.(P|B)We(Q|R) [#371253] 


#872. INTEGRAL SECTIONS OF THE SERIES OF VECTORS. 


Summary of *372. 


The subject of this number is that section of W, which consists of 
vectors not greater than the vth part of the whole circumference of the 
cycle. This is defined by means of W,, as consisting of those vectors which 
(taking W, as “greater than”) are such that R7+ is greater than R? so long 
as o<y. It will be seen that so long as R” and all earlier powers of R 
do not exceed J,, R satisfies this condition; but if Rte K,|‘‘«g, while 
Ree «3, we shall have R7W,R™*, Thus our definition selects those vectors 
which, starting from any origin, do not, by » repetitions, take us farther than 
once round the cycle. The definition is 


487201. »,=(«u Cave) a Blo <v.040.3,. RW.) DE 
We then have 1,=«¥ Cnv‘‘« (437211), 2, #3 (#37218), wv. Dir, C pes 
i.e, v, diminishes as » increases (#87215); v > 1.3.» C eg (#37216). 
An alternative formula for »,, sometimes more convenient than the one 
given in the definition, is (assuming »v > 1) 
v= nga Puc ve e$0. PY tens. D,.P ens) (37217); 


te. so long as «<p, either P# comes in the upper semi-circle, or P#+! comes 
in the lower semi-circle; that is to say, the step from P# to Pet! does not 
cross J,, For an even uumber (not zero), this leads to a simpler formula, 
namely 
(Qv)e= 4g 0 Pip <v.w+0. De. PH ers) (487218), 
We have next a set of propositions leading up to 

4372-27. Fine FM cycl.veNCind—w0.Pev..PW.Q.2: 

: : ; pv. pt0.d. POW 
whence, since W, is a series, we obtain 
¥872-28, bi.«e FM cycl.veNCind—0.P,Qe%.3:P*¥=Q".=.P=Q 


It is largely owing to this proposition that v, is important. Ln virtue 
of this proposition, there is in », at most one vector which is the pth sub- 
multiple of a given vector. We shall show later that, if « is a submultipliable 
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cyclic family, there is at least one such vector; hence there is a unique vector 
in », which is the »th submultiple of a given vector. This does not hold in 
general for larger classes than v,. 

A specially useful case of the above proposition is obtained by putting 
v=2, which gives, in virtue of *372:13, 
#37229, b:.ceFMcycl. P,Qexy.3:P=Q.5.P=Q 

The remaining propositions of this number are concerned in proving that 
¥, ig an upper section of W,, te. 


4372.33. bree FMcycl.yeNCind >. Weve Cre 


#BT201. v= (xu Cave) a Rio <v.c 40.2. ROWR) De 


#3721. ob: Rexn-=:RexuCnv“«:o<v.c¢0.9,. RUWRe 
[6«37201)] 
#BT211. be 1p=eu Cove [48721. «117-53] 


#87212. bine FM cycl. Re K|x9.>.RW,R? 


Dem. 
+, #871152. +: Hp. Rien. >. RWeR? (1) 
b.487044. Dk: Hp. Riwees.D.B, Riven Reeg. R= RR. 
[*871°151] >. RW.R (2) 
F.(1).(2). 3+. Prop 


«372121. bixe FM cycl. Rexg.d. RWB [*871-17] 
#372:122. bi. xe FMcycl.3:Rexg.=.R'W.R («87212121 . ¥37112) 
#87213. bie FM cycl.3.2,=xg [*872°122] 
#387214. bine FMcycl.2. KR, ~e3, 

Dem. b.*871152.3+:Hp.d.Ke2W.K Ee: D+. Prop 
487215. bipgv.d.% Cue (*872:1] 
#87216. bike FMcycl.y>1.3.%Cxg [#8721513] 
«87217. Fixe FMcycl.y>1.3. 

we anga Pind ve pt0. PH ens. I.» PH eng) 


Dem. 

4872-116. #37116. 

brHp. dime Cuan Pip cv. pO. Pet eng. Dp. Phens) Q) 
b.x87115. Dk: Hp. P, Pe, Pttieny. >. PeW,Ps (2) 
F.xB71152. Dh: Hp.P, eens. Pttiweng. >. Peo W Pe (8) 
F.xS7LI51. Db: Hp. Pexg. Pt, Petiwen,. 2. Pe W,Pe (4) 
b.(2).(3).(4). Dk: Hp. Peng: Peexs.v. Pe imweng:).Penw,.P* (5) 
b.(5).48721. DksHp.d.xgn P(wecy. pO. Pens. In» Pens) Cr, (6) 
b.(1)-(6). D+. Prop 
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437218. bree FM cycl.v >0.D. (20) = Hg n P(w ve p00. Dus Pte ng) 
Dem. 
+4372] 287112. Db: Hp. Pe(2v)... PY WP’. 


[#872122] 2.Prexy (1) 
b.(1). 487217. DE: Hp. >. (2), Caan Pius. pt0.D,+ Phe es) (2) 
b.a37115152.  Db:Hp.P, Ptens.D- Pu W,Pe (3) 
.(3).487125. DE: Hp.P, PH Pres. >. Peter W,Pate (4) 
F.(4). Db: PexgimQv.p$0.9,. Phexgid: 

Bt+1l<Sv.p Sv. d,,.. Pere W, Pate : 
[4117-561] Dia <v.d,- POW, P? 
[43721] D: Pe(2v)e (5) 
+. (2).(5). 3. Prop 


#87219. b:eeFMcycl.p,veNCind—10. Pe(yv),. Dd. Pre vg 
[#8721 . 4371-12] 


48722. bine FMcycl.veNCind. Pex pav.iccp.c$0.3. Pew Po 
[#372-1 . 371-12] 


#37221. bixeFMcycl.veNCind.Pern.2nqQv.p+0.3. 


PHW,P. Pte ns 
Dem. 
b.48722.3+:Hp.>.PeW,Pe. qd) 
[*372°122] >. Phen, (2) 


F. (1). (2). +. Prop 


4372-22, tine FMcycl. PW.Q.P, Pt ens. PYw.Q. >. Pe W Que? 
Dem. 


t.*371-25. 3b: Hp: >. Pe WP | Qe () 
F.«87116.5b:Hp.d.Qten,. 
[#37125] >. P| ew Qn (2) 


+. (1). (2). #87112. DF. Prop 
*372:23. bixeFMcycl.veNCind. Pern. 2uqv.p+0.PW.Q.9. 
Pen Wet! [*372-21-22 . Induct] 
4872-24. b:.<eFMcycl.ce NCind—10.Pe(2c),.PW.Q.D: 
BSIQo.4+0.3. POW 
Dem. 
F.4872-21:28.>+:Hp.E<o.n<o.d. Py Qex,. PPW.Q. PoW.Q"- 


[4871-25] >. Pi WP} QE. Pa] W.Qet. 
[4871-12] >. PHWQt: Db. Prop 
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#37225. bi.«e FM cycl.ceNCind—00.Pe(20+1).-PW.Q.D: 
B20. p$0.D. PHWQ [4372-2415] 
#87226. bree FM cycl.ceNCind. Pe(Qo+1).-PW.Q. 3. PYOW, Qe 
Dem. 
b.«872°25. Dh: Hp.d:PeHW.Qt: (1) 
[*871:3] 2: P¥tlwenky. 3. PHHW,Pe| Qe (2) 
+. #87131 .(1). Dh: Hpi P| QHweks.v. Qrex,t). 
P| Qrw.Qet (3) 
b 4872-21. ¥371-15-151152.b:. Hp. 3: Pe] QW, Pe: 


[#871-16] I: Pri QeP ens. Dd. Qt ex, (4) 
F.(8). (4). Dr:Hp.d.Pe| Qu wer (5) 
b.(2).(5). #87112. 9b: Hp. Petiwen,. 2. PW Qu (6) 
+ .4372-22. Db:Hp. Pex... PH W.Qee (7) 
b.87116.43721. Der Hp. PK. D. Pex, (8) 


F.(6).(7).(8). DF. Prop 
#87227. bs.ee FM cycl.veNCind—'0.Pex,.PW.Q.>: 
pv p$0. Dd. POW Qe [437 2-24-25-26] 
#87228. bi.ce FM cycl.veNCind—t'0.P,Qexn,.3:P=Q.=.P=Q 
Dem. 
b.x87112. 3: Hp. P4Q.3:PW.Q.v.QW.P: 
[¥372-27] >: PPW,Q vi Q° WP: 
[x871-12] D:PrdQr (1) 
+.(1). Transp. 3+. Prop 
#87229. bree FM cycl. P,Qexg-I:P=Q@.=2.P=Q [#8722813] 
48723. b:«eFMcycl.ce NC ind—10.Pe(2c),-PW.Q-d.Qe(27)x 
Dem. 
b.48721827 Dts Hp. Dip<o.p$0.d,. Pte, POW. 
(*371-16] Due ekg: 
[*872:18] 2:Qey,.:. It. Prop 
487231, b:.0¢FMcycl.oe NC ind—1'0.Pex,.3:PW.P¥.d. Pe eng 
Dem. 
b. «87116. Dt: Hp.PW,P¥.3. Pex, (1) 
b . *301-28 . Db: Hp.d.P= P| pen 2) 


b.(1).(2).487115. 9: Hp. PW.P®.D. Petexg: Db. Prop 
31 
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#87232. bixceFMcycl.ceNCind. Pe(2o+1).PW.Q.>.Qe(2o+1) 
Dem. 


b AB 723-1517 « Dh Hp.dip<2e.Qeens.2-Qtex, (1) 
b 871-16 . 872271. 3b: Hp. Q* wens. Dd. PH wen,. 
[¥872'31.Transp] >. PH WP. 

[4371-27] >.OW.P. 

[Hp] >.Q°W.Q- 
[*872°31.Transp} D.Q"H Wek, (2) 
F.(1).(2). Transp. Db: Hp. DipQ2o+1. Mens. dy. Qe ng! 
[*872°17] 2: Qe(2o+1),:. D+. Prop 


487233. bine FM cycl. veNCind. 2. Wetvy Cog [4872832] 


#373, SUBMULTIPLES OF IDENTITY. 


Summary of *373. 


The purpose of this number is to prove that, in a cyclic submultipliable 
family, there exists a unique vector which is a member of » and satisfies 
Ry=I,. This we call the “principal” vth submultiple of 7,. It is the 
smallest vector (other than J,) which satisfies Ry=Z,. The proof of its 
existence proceeds by several stages; the problem is analogous to that of 
the cunstruction of a regular polygon. Suppose the cycle divided into v 
equal parts. Then a vector which takes us from any one point of division 
to any other is a vth submultiple of identity. If » is prime, every such 
vector will have every péwer less than the vth different from I,; but if v 
has factors, say p and o, if Ry=J,, (R°)7=T1,; thus Re, which is one of the 
vth submultiples of identity, has a power less than the vth which is equal 
to I,. We define (J,, v) as the class of those vth submultiples of Z, which 
have no power less than the vth equal to Z,; more generally, we put 


#37303. (S,v)=P(P*=S:i¢<v.c40.3,.P°48) Dit 


We then have first to prove the existence of «yn (J,, v) when « is cyclic 
and submultipliable. For this purpose, we put 


#37301. M,,.=QB(Qex,-Qr>=P) Dft 


Le. M,, is the relation of a vth submultiple of P to P, when the submultiple 
of Pisa member of «3. It is to be observed that although «is submultipliable, 
we do not know to begin with that Z, has submultiples which are members 
of «3, except in the case of X,, which is half of 7,. Owing to this, we proceed 
first by bisection, i.e, by means of the relation M,,. We prove that the 
process of bisection can be applied endlessly to any member of «a, and always 
gives new terms («373'14'13), hence it gives a progression starting from any 
member of «, (*373°141), and therefore the existence of a cyclic submultipliable 
family implies the axiom of infinity (#873'142); also we prove that v bisections 
starting from a member of x give a member of (2**), («373°15). Hence, 
taking K, as the member of «g to be bisected, we arrive at 


w=Q.D.qhega(le,m) (#87817). 


In order to extend this result to numbers not of the form 2”, we have 
Ble 
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first to prove that there are uth submultiples of identity. This we prove 
first for numbers of the form 2”41, then for (20 +1)2”+1, and then for 
Qo (#373'21:22'23); hence it holds generally, ue. we have 


«373-25. b:«¢ FM cyclsubin. we NC ind — 40 —21 .D.(qQ)-Qeng = T, 


Next, we prove that, if Rex, and R¥=Ry=T,, ther p, v have some 
common factor p such that Re (I,,p), te. such that Re is the earliest power 
of R which is [, (#873'3). Hence if » is prime, and R=J,, it follows 
that no earlier power of R is I,, te. Re(L.,~) (#87332), and that, if 
Re(I,,p) and Re=/,, then » is a multiple of p (*373°38). 

We now make a fresh start with the general relation M,,. Owing to 
#37325, we know that J,¢(‘M,,. Also since « is submultipliable, 
“aC U‘M,.. Hence if @ is any inductive cardinal, 7, ¢(‘M,,* (*373°404). 
Also it is easy to show that if y is a prime, and QM..c1.,Q”* is the first power 
of Q which is I,. Hence when vy is prime, «go (J, v*) exists (*373°43). In 
order to extend this result to numbers which are not powers of primes, we 
prove 


487345. bie FM cycl.p Prma. Re(Ie,p).Se(In,0). 2. R| Se (Ie, po) 
Hence by the help of a little elementary arithmetic we arrive at 
#87346. b:xe FM cyclsubm. pe NCind—«0-—11.3.q!4go (Le, p) 


Having now proved that there are vth submultiples of I, which have no 
power short of the pth equal to Z,, we have still to show that there is one 
among them which is a member of »,. For this purpose, we take any one 
of them and consider its powers. It is obvious that it has only » different 
powers (#373'5), since after reaching J, the previous values repeat themselves. 
It is this fact which makes it easier to deal with submultiples of I, than with 
submultiples of other vectors. 


Now let & be any vth submultiple of identity, and assume that S, 7’ are 
powers of R, but 7 is not a power of S,and 7W,S. Then 3| T is a power of 


FR but not of 8, and TW, (S| 7) (*873:53). Hence 7 is not the maximum, 
in the series W,, of the class Pot‘R— Pot*S. Hence by transposition, if 7 is 
the maximum of Pot‘R~— Pot‘S, we must have SW,7. Now since Pot*R is 
& finite class, Pot‘R — Pot‘S must have a maximum if it exists; but since S 
has the relation W, to this maximum, § is not the maximum of Pot‘R. 
Hence by transposition, if S is the maximum of Pot*R, Pot‘R—Pot‘S is 
null, and therefore Pot‘R = Pot‘S (487354). Hence it follows easily that, 
if Rewgo(d,,v), the maximum of the powers of R is a member of 
a 0 (I, v) (#373'55), and further that it is a member of », (873°56). Since 
we have already proved (#373'46) the existence of «gq (J,,v), we thus have 


#3736. b:«eFMcyclsubm.ve NCind—t0.3.q!y, a&(sr =I.) 
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The uniqueness of » 0 8(S* =I.) follows from #*372:28, and thus the 


principal 


vth submultiple of J, exists. Hence also it immediately follows 


that the other »th submultiples of J, are powers of the principal rth sub- 
multiple, and that the total number of vth submultiples is » (#373-63°64). 


#37301. 
#37302. 
4373-03. 
4«373'1. 

*#373:11. 


#87312. 
#37318. 


4873-14. 
Dem. 


#373141. 


#373142. 


*373°15. 
Dem. 


My =QP(Qexg.Q=P) Dft [*373—5] 
Prime=NCindnf(u=ox,7t. 32,80 =l.vic=p) Df 


(S,v)=P (Pra Sia<v.c40.3,- P74) Dft [¥373—3] 


:QM,P.=.Qexs.Q=P [(#373:01)] 
Fixe FMcycl.>.M,el—1 [#372'29] 
tree FM cycl. >. My E We [4372121] 


bree FM cycl. >. (Moro © We+(Mag)yo EF [4378-12 4371-12] 
biwee FM cyclsubm. Pexg.veNCind—¢0.3.E! MP 
b.4372-29 43511. 3b: Hp. Ds Qeng.D-E! Myf P Q) 
+.(1). Induct. 3+. Prop 


Lo > 
Fixe FM cyclsubm. Peg. 3. Mol (Max)y!P € Prog 
(#873°11°1314] 
Fiq!FMcyclsubm.>.Infinax [#373141] 
tixe FM cycl subm. Pex,.veNCind. >. Mag’*P ¢(2°*), 


b.x873114. Dt: Hp.Q=M-"P. R= M,"P.>.Q7=R* (1) 
b. (1). #87218. Di. Hp(1). Qe(2").. 3120 S2".D. Rew, (2) 
+. (2).#8731. Db: Hp(2).3: 20 <2. Ds RY, Ret, RY Rens. 


[*371:2] 2. Rex, (8) 
F.(2).(3). Dk Hp(2).Diw<2.D. Been? 

[#372'18] D: Re (2), (4) 
+ #37213. D+: Hp.v=0.3. My’ Pe 2, (5) 


F.(4).(5). Induct. D+. Prop 


#87316. b:.c¢FMcycl subm.ve NCind.Q=M,,K.. 9: 
Creal p<. pt0.d,. Rh, 
Dem. 
b.43731. Dr:Hp.>.Q”"=K,. 
[¥371-26] D.e=1, Q) 


b. #37315 #372-2.(1). Db Hp. Dip <2W.p4+0.3.QWile (2) 
F.(1).(2). Db. Prop 
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4873-17. bree FMcyclsubm.veNCind. p= 2. .qtegn (les p) 
[¥373-16-14 . (x373-08)] 
AST318. +: QeCnve,.Qr=le.3.Qees Qa ly [#50551] 
487319. (GQ). Qeng ¥ Cnvns. Qa Te. =. (GQ). Qeny Gale 
[*373'18]} 
#38732. bike FMcyclsubm.ve NC ind. P=M,,"K,. 
Sen, SH=P.P=Q.I.rHAL. Qh 


Dem. 
+.43015. Dt: Hp.d.Qrr=PPV=!, Q) 
b.x8731. Dt:Hp.d.PPr=K,|P. 
[#37022] D.PPHEP, 
[Hp] >, prYr + rt 
[¥30°37] D.P48 (2) 
b.4301-5-23. +: Hp. >. Q= (Sy 
[Hp] = PS 
[(2).*372-29} +1, (3) 


F.(1).(8).34. Prop 
437321. bie FM cyclsubm.veNC ind.» =2”+1.). 
(HQ). Qeus-Qe=TI, [#373219] 
#37322. bie FM cyclsubm.v,0¢NCind.u=(20+1)2"+1.5. 
(HQ) -Qees. hal. 
[The proof proceeds as in #373'2'21) 


#373:23. b:xe FM cyclsubm.o eNCind. yp =2o.3.(4Q).Qeneg- = 1x 


Dem. 
+. *37026.3+:Hp.d.Ken,.K*=I,: D+. Prop 


#373-231. b:.7¢NCind.3:(qo):o¢NCind:r=2c.v.7=2o0+1 [Induct] 


4373°24. b:peNCind.p+0.3. 
(qv, 0).v,0¢NC ind .2p+1=(20+1) 2°41 


Dem. 
b.#117-661.5 
bi. Hp. r¥=2 {(qr). te NOind—¢'0.p =72"}. Diver. D.p>y ql) 
F.*116301.3+: Hp(1).3.p=p2’. 
[10°24] D.06r (2) 


F. (1). (2). 261-26 . *263°47. Db :. Hp(1).3: 
(qv)ivertp>ueDepred (3) 
+ .#11652:321, Db :p=712".1=2¢.3.p=a2 (4) 
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+ .(8).(4). Db: Hp.3:(qu,7):y,reNCind.p=72"tu>v.d,. 
~(q7)+p=THi~(qo).7r=26: 

[373-231] 3: (qv, ¢).v,0eNCind. p=(20 +1)2": 
[#116°52°321]3:(qv,c).v,¢¢NCind. Ppt+l=(Qo+1)WH+ 1.9, Prop 
4873-25. bie FM cyclsubm. pe NC ind~tO-11.3. 

(HQ). Qexg- Qe= 0. [¥373-222423-141 
48733. bree FMcycl.u+0.v40.Reeg.R*=Rh=T,. ° 
(ap.4,8)-p+0.p+1.p=ap.v=Bp. Re(Ix,p) 


Dem. 
F .#300°28.9F:.Hp.3:(qp).p$0.R=I,:¢<p.040.3,.R° +1, (1) 
b.a3012. DE:Hp. R=,.d.p4¢l (2) 


+r 


- #30225 «DF: Hp.peNCind -10.5. 
(4%, B,y,8).m=apt+B.v=ypt+8.8<p.d8<p (3) 


+ 


- #301°23'504.3 

br: Hp(3).B=L..p=ap+B.veyptd. R= =1,.5.R=R =I, (4) 

F.(4). 3b: Hp (4)i:o<cp.c6 $0.9,. R741: 
H=aptB.v=qptd:9.8=0.5=0 (5) 

F.(3).(5). bs. Hp: p+0.R=I,:¢<p.c40.9,.R°¢],:3. 

(4%). #=ap.v=yp (6) 


7 


. (1) « (2). (6) « (4873-03). DF. Prop 


487331. Fixe FM cycl. Reng. pt0.v+0. = Ree l,. 3.0 (4 Prmy’ 
[*373'3] 

#87332. Fixe FMcycl. Rexg.pe Prime. Re=J,.3.ReUe, py) 
[#873:31 . Transp . (*373-03)] 


We assume here that a prime number is prime to all numbers less than 
itself except 1. This follows at once from the definition. 


437333. bie PMeycl. Reng a (Ix,p). Rt=l,.2.(qr).u=pr [#3733] 
48734. 1: QM,.P.=.Qens.P=@ {(#373-01)] 
4373401, tice FM cyclsubm.veNCind—10.3.2,eAM,, — [4373'25] 
4873-402. bs ee Ff subm. ve NC ind —10.3."9C OM, [373-4] 
4873408. b:yeNCind — 0.3. DM, C x3 [4373-4] 


#373404. b:«¢ FM cyclsubm.»,ae NCind—10.3.J,¢0'M,,* 
[¥373-401'402-408 . Induct] 


#873405. b:p,aeNCind—10.QMcl..3.Q" =I, [*373°4. Induct] 
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4373406. biv,aeNCind —10. ReDM,*.2. Ma R= R* 
[*373-4.. Induct] 

¥373-407. bi: v,0,yeNCind —¢0. RM,,2t77,.3.R" M20, [#373406] 
«373-41. b:v,a,8¢ NCind—10.QM,,*1,. RM PL. .a< 8. d.Q¢R 

Dem. 

+ .#373'405-407-403. DF: Hp.>.Q*=I,. Reng: Db. Prop 
«373-42. b:«eFMcycl.ve Prime —¢'l.aeNCind. 
QM, 21.6 Sv? .640.9.Q0H 1, 

Dem. 

+. *373'405 . *800°23 . > 


br. Hp.D:(qp):p+0.Q@a=lia<p-c40.5,.Q°41, qd) 
+ .&373'33'405 . > 
tr Hp: p#0.Qe=Ieta<p.c+0.9,.Q° $1.23. (qr). vt =prt- 


[Hp] >. (98). p= (2) 
b. 4873407 .D+:Hp.@<a.d.Q’? +I, (3) 
F.(2).(8). Dk: Hp(2).3.p=07 (4) 


F.(1).(4). 4. Prop 
In obtaining (2) of the above proof, we assume that if » is a prime, and 
pt is a power of v, then p is a power of vy, This is easily proved. 
#37343. b:«e FMcyclsubm.ve Prime—t'l.aeNCind—i'1.3. 
align (Te, 04) [#373'404405'42] 
*373-44. biyPrmp.yPrmo. 3. Prm po 
Dem. 
b.x3021. Dh :.y Prm p.~(y Prm po).ce NCind.3. 
(q7,4,8).7eNCind—10-¢'l.y=ar.po=8r (1) 
F.*303'39 . Db: Hp(1).reNCind—e0~—i'l.y=ar.pe=8r.D. 
ylp=ac/8 (2) 


(2). #303341 .3+:Hp(2).a0 Prm 8.3. y=ao (3) 
F.(3).#38021. Dt: Hp(3).¢+1.3.<(yPrmo) (4) 
+. #113621. Dh: peNC.c=1.~(y Prm pa). >. \(y Pro p) (5) 
F.(5), Transp» Dt: Hp(1). 3.041: 

[(4)] Db: Hp(3).3.<(y Prmc) (8) 


b #30236. 3+: Hp(2).~(ac Prm 8).>. 

(89,0). EPrmy.$+1l.ac=F&¢.8 =f (7) 
F.#303°39.3+:Hp(7).€Prmy. €4+1.a0 = &.8 =f.) .a0/B =E/n- 
[(2).#303-341] Diy=E.p=n- 
(Hp] 2. apa = By=aptr. 
[126-41] D.icats (8) 
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F.(7).(8). DE: Hp(7).3.(qo).ysar.c Hor. 

[*302'1.Hp] D.~ (y Prm a) (9) 
F.(6).(9). Dk: Hp(2).3.~(y Prm a) (10) 
F.(1).(10). Db sy Prm p.~(y Prm ps). ce NC ind. 3.~(y Pim o) (11) 
F.(11). Transp. 3+ . Prop 


#873441. b:. 9 Prm os (q8). pB = 80:3. (qo). B= bo 


Dem. 
b.#126-41.5 
biHp.pSB=8e.p=&s.d=n0.&Prmy.9.&8=ne.FPrmy. fF Prmo. 
[*873-44] 3. =no. E Prin go (e5) 
F.(). DE: Hpi). &4$1.3.E$1.F=Ex 1. go= Fx, 8. 
[*302°1] D.~+(€Prm qe) (2) 
b.(2). Transp.(1). 3+: Ap(1).3.&=1 (3) 


F.(1).(3). 34. Prop 


4373.45. bree PM cycl.p Prmo. Re(Iz,p)«Se(Ie,0)+ D+ B| Se (Lp, pa) 
Dem. 


F.487033. Db: Hp.d.(RiSy7=, (1) 
F. (1). 487331. Dbs. Hp. (R/S)¥= Igy $0.32 (y Prin po): 
[¥373°44] D:n(yPrmp).ven(yPrne) (2) 


F . #370°33 . #301°504 . > 
t:Hp(2).p=ar.y=Br. dD. 1, =(R| 8) = See" = S08, 


[4373'33] >. (q3). pA = Se. 

[*373-441] >. (qo). B= bo (3) 
(3). DE: Hp(3).D.(R]S)r= 1, SH L,. 

[*370'33] >. RraI,. 

[*373:33] 3. (qe). Br=par. 

[Hp] >. (qu)-y=up-u+0 (4) 
+.(8).(4). 3+: Hp(3).3.(qv).y =upo. v $0 (5) 
Similarly b:Hp.w(yPrno).>.(qv).y=vpor ev $0 (6) 
b.(2).(5).(6). Db: Hp (2).3. (qv) vt 0. y= po (7) 


b.(1).(7).#117-62.3. Prop 


#373451. bs. pe NC ind — 00: ~ (qv, a). ve Prime. p=": D. 


(qu v).ePrmvipppsy<p.p=my 
Dem. 


+. *26126 . #26347. > 

b:Hp.>.(qy, a). Prime. pe Dx, 97. pre Dix, yt. pt7> 

[4373'44.Induct] 3. (ay, ¢, 8) «ye Prime. p =978. 8 Prmy*. 8 +1: 31. Prop 
RaW. UL 
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#373452. b:.ve¢ Prime.ae NC ind. D6 »O(y*)ip Prm vy. op . gv Fi PP a 
(uv) Dt pe NCind—10.3,.6(p) [#373451] 


#37346. Fie FM cycl subm. pe NC ind — 10-1... qb ga (Ux, p) 
[*373°43°45°18-452] 
#8735.  biwe FMcycl.ve NCind. Rexgn (dz, v). >. Pot'Rev 
Dem. 
F . 4302-25 . *301°504.3 
t:Hp.aeNCind.>.(g&9).a=f+yn.79<v. =P. 


[¥*120°57] D>. Ne‘Pot'R <v (1) 
430123. Dh:Hp.p<v.c<p.d. Re| R= Res, 
[Hp] >. Re| Reel. 
[*330-32] >. Re4 Re (2) 
F.(2). Transp. Dk: Hp.p<v.c<cv.RP=R*.3.p=v (3) 
b.(3).#12057.D: Hp. >. NetPot'R >» 4) 
F.(1).(4). D4. Prop 

#37351. Fixe FMcycl. Re xg a (Le, mv). >. Re (1,,v). Pot! R* ev 

Dem. 

+ .*301°504.3 


br Hp.3:(Ry=l,:6 << v.c40.9,. (RY) $1, 2. 3+. Prop 


#37352. bie FMcycl.Rexga(e,v).~Prmv.>. 
Re e(I,, v) . Pot‘ R* = Pot'R 


Dem. 
F #87333 . Dt: Hp. Ree(,, p)- 2. (Gr). psu. 
[#873°441] 2.(99)-p=vb (1) 
F.#801504. Dh:Hp(1).3.(k)=/,- 
[Hp] J.pey (2) 
F.(1).(2)- Dh: Hp.d. Ree (I,,v) (3) 
F.(8).#373°51. Db: Hp. >. NePot' Re = Ne‘Pot'R =v (4) 
F.«91°6. Dt: Hp. Dd. Pot! RC Pot! R (5) 
F . (4). (5) «#120426. Transp. +: Hp. >. Pot‘ Re = Pot'R (6) 
F.(3).(6). DF. Prop 


4373521. b: ee FM cyel. Re («9 v Cav'ng)-veNCind. Rr=J,.2.RePot!R 
Dem. 
F.*801-2.413-14.5+:Hp.d.v+0 qd) 
b.(1).#801-21. Db: Hp.d. R=: Db. Prop 
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#373522. | : Hp #373521 .S8, Te Pot'R.D. Sj Le Pot'h 


Dem. 
b. 4373521 .Dt:Hp.d. Se Potts. 
[x91-6] D.Sc Pot'R. 
[*91-343] 2.8 \TePot*Ri D+. Prop 


#87353. +: Hp¥378521. 8, Te Pot'R. T~e Pot'S. TW,8.D. 
TW, (S|T).S| Te Pot’R— Pots 


Dem. 
b.4371-23. Dt: Hp.d.7W, (8/7) (1) 
b. «373-522. Dt: Hp.d. 8} Le Pot!R (2) 
+.#91-36. Transp. DF: Hp.d. S| Te Pots (3) 


F.(1).(2).(8). 3+. Prop 
4373531. + : Hp *873°53.3.~ {7 = max (W,)(Pot'R — Pot‘S)}  [*373:53] 
#373532. | : Hp #373521. Se Pot‘R. T = max ( W,)(Pot‘R — Pot*S).3. 
SW, (#373531. Transp . «371:12] 
#873533. | : Hp *373°521. Se Pot‘R. E! max (W,)(Pot‘R - Pot‘S).3. 
~ {S= max (W,)'Pot'R} [#373532] 
487354. +: Hp #373°521. 8 = max (W,)'Pot'R.D. Pot'R = Pot'S 
Dem. 
+. #373533. Transp. D+: Hp.3.~ HB! max (W,)(Pot'R — PotS) (1) 
b.(1).*373°3'5 . #261-26. Transp. +: Hp.2. Pot'R- PotfS=A (2) 
F.(2).*916.354. Prop 


#373°55. bie FM cycl ve NC ind ~c0. Reng a (L,,»)- 
S=max(W,)'Pot'R. D3. Se (Ui, ») 
Dem. 
b.4373:35. Db: Hp.d.(qyp).peNCind—c0.Se(Z,,p).Pot*Sep (1) 
+. #373'545.5b:. Hp. 3: Pot‘Sev: 
[#10034] D:peNC. Pot'Sep-D. p=» (2) 
b.(1).(2). D4. Prop 


#87356. | :Hp#373'55.3.Sen, 


Dem. 
b.x20521. Dr: Hp. Qe Pot'R-8.3.QWS qd) 
b.(1).#801-21. Db: Hp.aeNCind. S48. 3:50 WS. Se = SS: 
[#371715] 3:8 ug. D.Stexg (2) 
b.(2).«87355. Dh: Ap. Ddiatd.acy.Sen,.3. Sen, (3) 
baBT116. Dh: Hp.d. Sex, (4) 
b.#301-2.41914.3F:Hp.d.y>1 (5) 


F. (3). (4). (5) 487217. +. Prop 
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48736. bre FM cyclsubm. ve NCind 10.3. q!% nd (8" = Ie) 
[¥373-46°56°5 . 261-26 . #37211] 


#87361. +: Hp#3736.3.»,0S(8 =) 61 [#37228 .. #3736] 


«373-62. |: Hp#3736.Ser,.8=1,.3. 
Se(I,,»). Pot'S = B (Pe =1,) a(x v Cnvx) 
Dem. 
+ 4373553661. b: Hp. >. Se(I,,v) (1) 
+ .*8735654. Db: Hp. Re(L.,v)a xg. T= max (W,)'Pot'R.D. 
S,Tev,.S°=T’. Re Pot'T. 
[#37 2°28] D.S=f.Re Pot. 
[x13-12] >. Re Po'S (2) 
+ .*373:33. Db: Hp. Re(l., plan, RY =1,.3.(qr)-v=pr (3) 
b. «87219. Dh:.Hp.divspr.d. Step, « 
(()} D. Be Potts (4) 
+.(3).(4). Dk: Hp(8).D. Re Potts (5) 
b. (1). (2). (5). DF. Prop 


#37363. +: «eFMcyclsubm.»eNCind-10.3. 
B (Pre 1) a (ev Cnvx) = Pot(9S) (Seve. 9 = I.) [373-6162] 
#37364, bie FMcyclsubm.»eNCind—20.5. 
Ne‘\P (P= I.) n (eu Cav"e)} =» [«373'63°3] 


#874. PRINCIPAL SUBMULTIPLES, 


Summary of *874. 


In this number we prove for any vector what was proved for J, in *873, 
namely that, if » is any inductive cardinal not zero, and R is any vector, 
there is just one member of », vhose pth power is R. This one we call the 
“principal” pth submultiple of & The proof of its existence is as follows. 

Assume 2 is a non-zero vector, and Q is a vth submultiple of R. (Q exists 
provided we assume that « is submultipliable.) Let 7’ be the principal vth 
submultiple of I,, whose exisfence has been proved at the end of #373, We 
wish to prove that there is a vth submultiple of R which isa member of »,. 
By #372:33, Q is a member of », if TW.Q. But if QW.7, then 7 must have 
a last power 77 such that QW, 7’, and for this value of o we shall therefore 
have 7°#1W,Q. (We cannot have T¢+'=Q, because if Q were a power 
of 7, we should have QY= Tey whereas by hypothesis QY=R.) Now if 
TOW, «Qs QW,T’, the veetor T\Q must be less than 7’, #.e. we shall have 
TW, (Pe) Q), and therefore Hig |Q will be a member of »,, by #872°33. More- 
over since 7” = I,, we have (Te) Qy = Q’ =B by hypothesis. Hence Te| Q is 
a pth submultiple of R and a member of »,. In virtue of #372°28, it is the 
only vth submultiple of R which is a member of »,. Thus the existence of 
the principal vth submultiple of any vector is proved, assuming the family 
concerned to be cyclic and submultipliable. 

We prove also in this number that », consists of all non-zero vectors 
not greater than the principal vth submultiple of J,, which is therefore the 
greatest member of »,; that is, we have 


yee 
#37421. b:«<e FM cyclsubm. 3.» =(Wi)yiQR) (Rev. RY =I.) 
48741. biwceFMcycl. R,Qeng-Qak.Tern,.T’=1,.3: 
TW.Q.>-Qev, [*372°33] 
The above hypothesis is not all necessary for the conclusion, but is 
adopted because it gives the construction with which we shall be con- 
cerned. 
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«87411. +: Hps3741.QW.7.9. (qo). T7OW.Q. QW, T° 
Dem. 


F. «8015043. t: Hp. ceNCind.>.Q47° (1) 
+ .*373625. It:Hp.d. Pot‘Tev. 
[*261-26] >. Et min(W,)(Pot'T'a WQ) 2) 


F.(1).(2). #8721... Prop 


487412, b: Hpa87411. TeHW,Q. QWeT?. P=T*|Q. >. Perg 


Dem. 
F.#871:23:16.3:.Hp.3:Penxy.Texg: 


[*871-25] 2:PW,T.>.P\|TOW.T. 
[Hp] >.QW.T: 
[Transp.Hp] D:7W,P: 

{*372'33] 2: Pev.i. D+. Prop 


#87413. Free PM cyclsubm.Rex,.d.(qP).Pev,.P*=R 
Dem. 


b.x8741 Dh: Hps3741. 2W.Q.9.Qer.-Q=R (1) 
b.xB7412. Db: Hp¥87412.>.Pev,.P*=R (2) 
b.(1).(2). #87411. b: Hpx8741.3.(qP). Pex. Pr=R (3) 
+ .#373'6. Db: Hp.d.(q?). Ter, P=, (4) 


F.(8). (4). 4. Prop 

#87414, Fixe FM cyclsubm. Rex vu Cnv“«.>.(qP). Pern. P=R 

Dem. 
b.¥37413.43736. +: Hp. Sex). R=S.2. 
(qT, Q-T.Qey%,.T=1,.Q=8.R=8. 

[x372-27] >. (GF, Q).T, Qeve. TW.Q.(Q| TY =S=R. 
[#371-16.#372'33] >.(q7,Q)-T.Qen-Q|Tex%(Q\TY=R (A) 
F.(1).#374'13 .4373'6.F. Prop 

#3742. oF: we FM cycl subm. Rex v Cov“x.d.y0 B(P=R)e1 

[4374-14 4372-28] 


487421. te FM eycl subm. > .¥,=(Way(IR) (Reve. R’ =I) 


Dem. 
b.48742. Dh: HP.D.ELGQR)(Rey,. BY=I,) a) 
+.437233. Dh: Hp. Rev. B’=1,.).(WoeRCr, (2) 
} #372152. Db: Hp. Reve. R= [qs P eves D. Re (Woy P” 
[4372-27] >.R(WdyeP (8) 


F.(1).(2).(3). DF. Prop 


#375. PRINCIPAL RATIOS 


Summary of *375. 

In this number we define a relation (u/v)., which is contained in 
(u/v)f «.*, but has the advantage of being one-one, and of excluding (p/c), 
unless y/v = p/o. The relation (/v), is defined as holding between R and S 
when the principal pth submultiple of R is identical with the principal vth 
submultiple of 8, Ze. we put 


#87501. (u/v).= RSW qT). Tener. R=T.S=T| Df 
(Here p. 0 ¥en = pe if pv, and =», if v > pw, by #387215.) 


The properties of («/v), result from *374°2. We find that, except when 
e=v=0or F=7=0, 


y[v = Elm. = «(u/v)e=(Elne (#87527). 


Ifw<y, (w/v). = ¢ ¥ Cave (#375°141), 
and D‘(ujv)e=(Woue(u/v)eLe (#37522). 


The principal yvth submultiple of S is (1/v),‘S, and its wth power is 
(n/v)fS. Also we have 
(L/p)e(L)v)e6S=(1/pv)efS (87515), 
Nev... (A/p)fN €(pv)e (*375'16), 
(u/v)e= (uf De] /)e (#875'2). 


The propositions 
(4) )e|(p/o)e = (u/v Xs p/o)e 
and {(u/v)eB} | {(p/o)eER} = (u/v +e p/o)efR 
do not hold without limitation. The former requires either 


BBV Vic Sp, 
or that the converse domain should be limited to 


yous 
(We)a(e/p)a‘Ze, 
we. to D(o/p)e- 
The latter requires either 
Bly +s p/o<,1/1, 
or ReA(u/v te p/o)e- 


* Except in the trivial case when »=0.¥=0. In this case, (u/v)[xc=A but (u/e)e=Jep Ix. 
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437501. (u/r)e=RS (qT). Tena R=le.S=T) Df 
W751. bi R(ylv) SS -(Gl)-Tepwenre R=T*. S=T" [(87501)] 


#87511. fixe FMecycl.p,ve NCind —U0.9.(u/v)ee Lol 
Dem. 


+. *372°28 3 

trHp.ReevCuv«. 7, Wenean R=TH= We.d.T=W (1) 
b.(1).*8751.3b: Hp. R(u/v) S.R(p/v). 8.9.8 =" (2) 
Similarly F:Hp.R(u/v) S.R (piv). 8.9.R=R (3) 


F .(2).(3). DF. Prop 
437612. Fixe PM cycl.~(p=v=0).9-(u/r)E(u/v) Pe [487033] 


#87513. +. (v/a), = Cav“(u/v). [*375°1] 
#387514, bippv.«ce FM cycl subm.3.D(u/v),=« ¥ Cav“ 6 
[#3742 ..%872°15] 


#875141. biu<mv.nce FM cycl subm.3.0(p/v)=« ¥ Cav« [43751314] 


#37515. bixeFMcyclsubm. Sex vu Cnv‘‘«.p,ve NC ind—¢0.3. 


(Lp)x(1/)eS = (1/pu)e6S 
Dem. 


b.x87514. Db: Hp.d.E!(1/p)(/v)S. E! (1/pv). 8 qd) 

b.(1).«8751. 3+: Hp.d:M=(1/p)‘(1/v)(S. =. 
(qN).Nexu.»Mep,.N’=S.Me=N (2) 

F.(1).#8751.5b:. Hp.d:M=(i/pv)(S.=.Me(pv),» Mr =S8. 

[4372-19] D.Mep,. Meev,.(Mey=S. 

{(2)] >. M=(1/p)e(1/r) 6S (3) 

F.(1).(8). +. Prop 

*875101, tice FM cycl.Nex.2.N=(1jv) iN’ [4375-1] 


¥875:16. tice FM cyclsubm. Nev,. pe NCind — 00.5. (1/p)xtN € (pv) 
Dem. 
b.xS75°15°151.Db:Hp.>.(1/p)(N=(1/pr)etN*, 
[*375°1] D.(1/p)SN €(pv)e2 Dt. Prop 
48752. bree FM cycl.p,ve NC ind—e0.9.(u/v).=(u/1) | (l/r) 
Dem. 


b.a3751. Db: Hp. >: R ((u/L),| ivr) 8-5 - 
(qT). Teper R= T#.8=T":. D+. Prop 
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«875-21. bice PM cycl subin. y (p/P) A(p/o ke D+ w/v = plo 
Dem. 
b.#B8751. 3b: Hp. P (uly) Q. P (pio) Qs 2: 
(WS, 7). Sepang. Te pene. P=S*=T?.Q=S8"=f* (1) 
Fe (1). #3742. 437516. Db: Hp(1).D.(qR,S, 1)-Se peo ve 
Te pp non. P=Se= Te. Q=S*=T".S= RB. Re(uc). ave). 
[#301504] (GR, S, 1). Sepenre. 
Te ppnog- Re(uo) a (vo)e. P= St = Te = Ree, = S’= To = Re, 
[#37228] D.(qR,S8,T).Seucnny. 
Tepe nog. Re(uo), a (vo) P= S#= Te = Re. T= PR. 


[*301:504] D.(qR). Re(uc), a (vp), Re = Re (2) 
b . #8722. (2). b: Hp (1). po vp. Dd. po=vp (3) 
Similarly F:Hp(l).vp Spo. .po'= vp (4) 


F.(8).(4). DF: Hp. >. po=vpi: 3+. Prop 


#87522. bree FMcyclsubm.p<v.d.D(p/v)= CWo'(uelv) Da 
Dem. 


F.x875°1.3 

Fi.Hp.3: Re Di(y/v),.=.(q8,7).Tep ny R=T*.8S=T, 
[¥372°15.421-2] =.(q7).Tev,.R=T. 

[#37421] =.(qS,7). Sen S*=1,.S(Weoy fl Ral. 
[*372-27] =.(qS, 7). Serv,. 8° =1,.S¢(Wy)y T*- RT. 
[Hp] =.(qS). Sen. S*=1,.S# (Wee R- 
[xB75-L-11] =. {(u/v)Te} (Wey Ri. D+. Prop 


4 
#375221. bee FM cycl subm. py. d.C(p/v)c=( Wedge (v/e Le 


[+3752 se ars 


#87523. bree FM cycl subm.p,veNCind.~(w=v=0).9. 4! (n/r 
[4375-14141] 
«876-24. bree FM cycl subm. (u/v)e= (poe D-p/v=p/o [*3875°21-23] 


The cases when we do not have y,v,p,o¢NC ind —¢0 require separate 
treatment in obtaining *375°24, but they offer no difficulty. 
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#876-25. bree FM cyclsubm.p Prono. p/y=p/o.d.(p/v)n = (p/o)x 
Dem. 

b. #30339. #380235. 9+: Hp.d. (qr). w=pt.v=ot ql) 

b.4387219. 3b: Hp.p=pr.eveor. Tew ny R=T*.S=T”.P=T1".3d. 
Pepenog R= Pe.S=Pr (2) 

b.(1).(2).#8751. 5b: Hp. dD. (u/v)e E (p/o), (3) 

+ .*875'15.9 

b:Hp(1).p=pr.v=or.Pepno,.R=P.S=P",T=(1/7)'P.9. 
Tepave»R=T*.8S=T” (4) 

b.(1). (4). #8751. 9b: Hp... (p/o)e €(u/r). (5) 

F.(3).(5). DF. Prop 


#37526. b:Ke FM cyclsubm.~(p=v=0).~(E=7=0).p/y= Efn. 9d. 


(u/v}« = (El) 
Dem. 


b .*803:39 . #302°34. > 

FrHp.y,v, & ye NC ind. >. (qp, ¢)+(p,o) Prm (y, v). (p, 7) Prm (€, 7). 
[#375-25.%303°211] 2. (Gp. 7) + (p/o)n= (Hiv) (p/o): = (Ele 
(¥13-171] D. (u/v). = (p/o)c (1) 
b.#375°1 . #803°11-14182 . 5 

F:Hp.~(u,v,& 9)eNCind. 3. (u/y). =A. (poe =A (2) 
F.(1).(2). 34. Prop 


#87627. F:.ce FM cyclsubm..(u=v=0).~(£=9=0).3: 
wiv Ely. =. (u/v)e=(Eln)e [#8752426] 


#3753. bixe FMcycl subm. p,v,p,oeNC ind—0.>. 


(u/v)« | (p/o)e © (uplvo)e 
Dem. 


F.x8751. 3b: Hp. P(u/v).Q-Q(p/o) R.D. 
(GS, T). Spe ngs P= St. Q=S8". Tepe nog. Q=T?.R=T" (1) 
b.&375-141-15.5 
Fi: Hp. Sep.pnve. P=S#.Q=8".Tep no. Q=T?.R=T7.). 
(qM).M =(1/p)S.P=M".Q=Me=Te,R=T".Me(up)e- 


[¥872-28] D.(qM). Me(up)e. P= Mu. T= Me. R=T? (2) 
t .(2).¥8751.5: Hp (2). up ve. Dd. P(upive). RB (3) 
F.(1).(8). DE: Hp(l)-pp deve. Dd. P (uplve) BR (4) 
Similarly Fi: Hp(1).vo Spp.d.P(up/vo) BR (5) 


F.(4).(5). +. Prop 
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#87631. bi. ce FM cycl subm.y,v,p,0¢NC ind—tOrwev.v.cppid. 


(up[ve). = (w/v x | (p/o)e 
Dem. 


If P (up/vc), R, we have 
(GM). Me(up) a (vo). P=M, R= Mr, 
The result follows by putting Q= Me. 
Witbout the hypothesis p2v.v.o 2 p, we have 
(up/va)tR = (u/v)"(p/a)cR, 
if R is sufficiently small to ensure (1/vc),.‘R € (vp)k, Le. if 
(o/p)‘Ze (Wada BR, 
eit Re M(p/o)e. 


#37532, b:ce FM cycl subm. p/yt,p/o <i, 1/1. Rex vCnvK«. 3. 
(lve Bh | (plod RB = {(ulv +e p/o eB} 
The proof-follows immediately from the definitions. 
The same result follows, without the hypothesis p/v +, p/o <,1/1 pro- 
vided R is sufficiently small to ensure 
(1vo)éRe(up + v0), 
1.8. Re A(u/v +s p/o)e- 


